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FROM THE PREFACE TO THE FIRST 
EDITION, 

The present Work on Elementary Trigonometry 
contains that part of the subject which can con- 
veniently be explained without the use of infinite 
series. It is intended either for class-teaching or 
for private study. Accordingly the Examples are 
numerous and for the most part easy. Those which 
are not original have been selected from the Cam- 
bridge and Army Examination Papers of the last 
few years. 

The Miscellaneous Examples are somewhat more 
difficult, and should in most cases be postponed until 
the student reads the subject for the second time. 

The order in which the chapters are read may 
be varied at the discretion of the Teacher. 



J. B. L. 

Eton, 
Maieh, 1882. 



In the Second Edition a short course has been 
indicated for the use of Students who wish to read 
the Solution of Triangles as early as possible. Such 
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PREFACE, 



Students are advised to omit every article that is 
marked with an asterisk. 

A double asterisk has been placed before those 
articles which should be omitted by all Students 
until they are reading the subject for the second 
time. 

An Appendix containing a description of the 
Vernier, the Theodolite, the Sextant etc. has been 
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CHAPTER I. 
On Mbasubembmt. 

1. It is usual to say that we have measured any oon- 
csrete quantity, when we have found out how mcmy times it 
contains some familiar quantity of the same kind. 

We say for example, that we have measured a line, when we 
have f oimd out how Trumy feet it contains. We say that we have 
measured a field, when we have found out how many acres or 
how many square yards it contams. 

2. To know the measurement of any quantity then, we 
must have two things. First, we must have a tmt^, or 
standard of reference, of the sa/mA kind as the thing 
measured. Secondly, we must have the meastMre, or the 
7mml>er of times the thing measured contains the unit, or 
standard quantity. 

3. Hence, the measure of a quantity is the niUllbery 
and the TUlit is the Concrete quantity^ by means of which 
it is measured. 

Excmple 1. A line contains 261 feet Here the vtiecufwre or 
number is 261 and the unit a foot 

ExampU 2. What is the measure of 2^ miles when a yard 
is the unit ? 

2^ milessef x 1760 yards, 

=4400 yards=4400 x 1 yard, 

therefore the measure is 4400 when a yard is the unit 

L. E. T. 1 
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2 TRIGONOMETRY, 

Example 3. What is the unit when the meaaure of a fifeld of 
10 acres is 242 ? 

10 acres 



10 acres =242 X- 



242 



. , .. . 10 acres ^,^ , 

.-. the unit IS — 5^^- =200 square yards. 

Example 4. If the unit be a yards, what is the measure of 

6 miles? 

h miles=6 x 1760 yards, 

, ., 6x1760 , 

.*. miles= X a yards, 

^, . J . ft X 1760 
/. the measure required is . 



EXAMPLES. I 

(1) What is the measure of 1 mile when a chain of 66 feet is 
the unit ? 

(2) What is the measure of an acre when a square whose 
side is 22 yards is the unit ? 

(3) What is the measure of a ton when a weight of 10 stone 
is the unit ? 

(4) The length of an Atlantic cable is 2300 miles and the 
length of the cable &om England to France is 21 miles. Express 
the length of the first in terms of the second as unit. 

(5) The measure of a certain field is 22 and the unit 1100 
square yards : express the area of the field in acres. 

(6) Find the measure of a miles when h yards is the unit. 

(7) The measure of a certain distance is a when the unit is c 
feet Express the distance in yards. 

(8) A certain sum of money has for its measures 24, 240, 
960 when three different coins are units respectively. If the first 
coin is half a sovereign, what are the others ? 
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ON MEASUREMENT, 3 

* 4. The measure of a quantity is the number of times 
which that quantity contains the unit. 

We may express the same thing in different ways, 
(i) The measure of a quantity is the ratio of that 

quantity to the unit. 

(ii) The measure of a quantity is the fraction that 

the quantity is of the unit. 

* 5. This last statement is in the language of Arith- 
metic, and the word ' fraction ' is to include whole numbers, 
and improper fractions. 

* 6. The following are therefore different forms of the 
same question : 

(i) What is the measure of 4 miles when 66 feet is 

the unit? 

(ii) How many times does 4 miles contain 66 feet) 
(iii) What is the i-atio of 4 miles to 66 foetf 
(iy) What fraction of 66 feet is 4 miles f 
Example (i) What is the measure of a yards when b feet is 

the unit ? 

a yards=3a feet=-r- x b feet, 

1.1- • 3a 

.*. the measure is -^ . 



(ii) How many times does a yards contain b feet ? 

•>_ 
As in (i), a yards=»-T- x b feet. 

^ 3a . 

Anstoer, -r tmies. 



(iii) What is the ratio of a yards to b feet ? 

As in (i), a yards»-^ x b feet, 

g yards 3a 
•*• Tfeif b' 

/. the required ratio is -^ . 



b 
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4 TRIQONOMETRT. 

(iy) What fraction is a yards of h feet ? 
. . ,.... a yards 3a 

.•. the required fraction is -v- . 

* p-yAMPT.PA n. 

(1) The ratio of the area of one field to that of another is 
20 : 1, and the area of the first is half a square mile. Find the 
number of square yards in the second. 

(2) The ratio of the heights of two persons is 9 : 8, and the 
height of the second is 5 ft. 4 in. What is the height of the first? 

(3) The measure of a field with 3 acres for imit is 65. Find 
the ratio of the field to an acre. 

(4) One field contains a sec(>nd of 2^ acres, 6| times. 
What is the measure of the first field in terms of the second ? 
What is the ratio of the first field to the second f 

Express the first as the fraction of the second. 

(5) A certain weight is 3*125 of a ton. 
What is its measure in terms of 4 cwt f 
How many times does it contain 4 cwt ? 
What is its ratio to 4 cwt ? 

What fraction is it of 4 cwt ? 

(6) The ratio of a certain sum of money to 3 guineas is V« 
Find its measure in terms of one pound. 

Find the unit when its measure is 22. 

(7) What is the measure of a miles when h chains is the 
onitf 

How many times do a miles contain e chains f 
What is the ratio of a miles to d chains ? 
What fraction is a miles of k chains ? 
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BXAMPLES, n. 6 

(8) What IB the unit when the measure of j£20 is ^ f 
£i& contains a certain sum ^ times. What is that sum f 
The ratio of ;^0 to a certain sum is ^. What is that sum f 
The fraction which £\0 is of a certain sum is ^. What is 
that sum? 

7. It is explained in Arithmetic, in the application of 
square measure, that the measure of the area of a rectangle 
is found in terms of a square unit, by multiplying together 
the measures of the sides in terms of the corresponding 
linear unit. 

Example, Find in square feet the measure of a square 
sur&ce whose side is 12 foet. 

The area is 12 x 12 square feetail44 x 1 square foot, 
.*. the measure required is 144. 

8. We shall apply this result to Euclid L 47. 

ExcmpU 1. The sides containing the right angle of a right- 
angled triangle are 3 ft. and 4 ft. respectiyely ; find the lengUi of 
the hypotenuse. 

Let X be the number of feet in the hypotenuse. 

Then by Euclid L 47, the square described on the side of 
X feetathe sum of the squares described on the sides of 3 feet 
atid 4 feet respectively. 
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6 TRIGONOMETRY. 

/. «* square feet « 9 square feet+ 16 square feet 

«25 square feet, 

Therefore the length of the hy{)otenuse is 5 feet. 

Example 2. Find the length of the perpendicular drawn 
from the vertex to the base of an isosceles triangle whose equal 
sides are 10 feet each, and whose base is 12 feet. 

Let ABG be the isosceles triangle such that AB is 10 feet, 
AC is 10 feet and BG is 12 feet. 




Draw AD perpendicular to BG. 

Then because the triangle ABC is isosceles AD will bisect 
the base BGmD\ therefore BD is 6 feet. 

Let AD contain x feet. 

Then by Euclid L 47, the square on -4J?=the sum of the 
squares on BD and AD. 

.-. 102 aq^ ft. =62 sq. ft. + «» sq. ft. 
.-. 102=62 + ^, 
.-. ^« 100 -36, 
.'. ^=64, 

Therefore the required length of AD is 8 feet 
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EXAMPLES, m. 7 

Example 3. Find the length of the diameter of the square 
one of whose sides contains a feet. 




Let ABCD be the square, so that AB is a feet, and AD ia a 
feet. 

Let the diameter BD be x feet 

Then the square on DB^ the sum of the squares on DA 
and AB, 

,\ x^ sq. fL=a* sq. ft + a* sq. ft. 

/. x^'c^a^-^-a^, 

/. x^»J2.a, 
Therefore the required length of the diameter is V2 . a feet 

P.yAMPT.P.fl TTT 

(1) Find the length of the hypotenuse of a right-angled 
triangle whose sides are 6 feet and 8 feet respectively. 

(2) The hypotenuse of a right-angled triangle is 100 yards 
and one side is 60 yards : find the length of the other side. 

(3) One end of a rope 52 feet long is tied to the top of a pole 
48 feet high and the other end is fastened to a peg in the ground. 
If the pole be vertical and the rope tight, find how for the peg is 
from the foot of the pole. 

(4) The houses in a certain street are 40 feet high and the 
street 30 feet wide : find the length of the ladder which will 
reach from the top of one of the houses to the opposite side 
of the street 
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8 TRIGONOMETRY. III. 

(5) A wall 72 feet high is built at one edge of a moat 54 feet 
wide ; how long must scaling ladders be to reach from the other 
edge of the moat to the top of the wall ? 

(6) A field is a quarter of a mile long and three-sixteenths 
of a mile wide : how many cubic yards of gravel would be 
required to make a path 2 feet wide to join two opposite comers, 
the depth of the gravel being 2 inches ? 

(7) The sides of a rectangular field are 4a feet and 3a fiset 
respectively. Find the length of its diameter. 

(8) If the sides of an isosceles triangle be each 13a yards 
and the base 10a yards, what is the length of the perpendicular 
drawn from the vertex to the base ? 

(9) Show that the perpendicular drawn from the right 
angle to the hypotenuse in an isosceles right-angled triangle, 

each of whose equal sides contains a feet, is ^ . a ft 

(10) If the hypotenuse of a right-angled isosceles triangle 
be a yards, what is the length of each side 1 

(11) Show that the perpendicular drawn from an angular 
point to the opposite side of an equilateral triangle, each of whose 

sides contains a feet, is ^. a ft 

(12) If in an equilateral triangle the length of the perpen- 
dicular drawn from an angular point to the opposite side be 
a feet, what is the length of the side of the triangle ? 

(13) Find the ratio of the side of a square inscribed in a 
circle to the diameter of the circle. 

(14) Find the distance from the centre of « circle of radius 
10 feet, of a chord whose length is 8 feet 

(15) Find the length of a chord of a circle of radius a yards, 
which is distant 6 feet from the centre. 

(16) The three sides of a right-angled triangle, whose hypo- 
tenuse contains 5a feet, are in arithmetical progression : prove 
that the other two sides contain 4a feet and 3a feet respectively. 
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* CHAPTER II. 
On Inoomhensurable Quantities. 

9. Two numbers are said to be Commensurable when 
their ratio can be expressed as an arithmeHcal fraction : 
that is, as a fraction whose numerator and denominator are 
both whole numbers. 

Exam^, 4*9$ and 81| are two commensurable numbers. 

AAA v4. 

Their »tio is 4Si-81}=.^^. 

10. Two numbers are said to be incommensiirable 
when their ratio eamm/ot be expressed as an arithmetical 
fraction. 

Example, ,J2 and 1 are two incommensurable niunbers. 
For ^ cannot be expressed ezactlj as an arithmetical quantity. 
So V3 and ^2 are two incommensurable number& 

11. One number alone is said to be on inc(ymmen8wr- 
able number when it is, incommensurable with imity. So 
that an incommensurable number cannot be expressed as 
an arithmetical fraction. 

Example, ^2 and >JZ, and all surd numbers, are incom- 
mensurable numbers. 
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10 TRIGONOMETRY. 

12. Two quantities are said to be commensurable 
when their Tneasures referred to a common unit are com- 
mensurable. 

Example. A mile and a thousand yards are two commen- 
surable quantities. Their measures with a yard for unit are 
1760 and 1000 ; and these are commensurable numbers. 

13. Two quantities are said to be incommensurable 
when their measures referred to a common unit are incom- 
mensurable. 

Example, The side of a square and its diameter are two 
incommensurable quantities. For if the side of a square contain 
a feet, the diameter (see Example 3, p. 7) contains 'J 2 . a feet, and 
therefbre the ratio of their measvires is 1 : »J2. So that their 
measures are incommensurable. 

14. There is no practical difficulty in dealing with 
incommensurable quantities. We can always find for their 
measures arithmetical expressions sufficiently accurate for 
all practical purposes. 

15. A little consideration will convince the student 
that no measurement can in practice be made with absolute 
accuracy. 

For example : A skilful mechanic is probably satisfied 
if in measuring some material two or three feet in length 
the error iu his measurement is less than the thirty-second 
part of an inch. (The thirty-second part of an inch is less 
than half the height of the smallest letter on this page.) 
That is to say, he is satisfied if he make no greater error 
than about a thousamdth pwrt of the whole length to be 
measured. He would record such a measurement thuB, 

2 ft 3f| inches, 
which is 891 thirty-second parts of an inch. 
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ON INCOMMENSURABLE QUANTITIES. 11 

16. We will suppose that the length thus measured is 
the side of a square, and that the workman wishes to know 
to the same degree of accuracy as his measurement, what 
is the length of the diameter of the square. 

He can find it thus. 

The diameter of a square = ^2 x its side, 
.*. the diameter of this square =» ^2 x 891 thirty-second pai*t8 
of an inch. 
Also ^2 = 1-414 nearly, 
.-. ^2x891 = 1-414x891 
= 1259-8. 

.-. the required diameter = 1260 thirfcyHsecond pai-ts of 
an inch, nearly. 

The error being less than one thirty-second part of an inch. 

17. The student will be able to see from the above 
example, that if the value of an incommensurable number 
is found to 4 figures, a very considerable degree of accuracy 
is attained. Also that a much greater degree of accuracy is 
attained for ever}' additional figure. 

18. It is no advantage in calculations such as the above 
to have the value of such quantities as J2 calculated to any 
greater degree of accuracy than the observed measurement 
For instance, our calculation being correct as far as the 
whole numbers are concerned we should gain nothing by 
using 1-4142 instead of 1*414 for ^2. This would give 
us the answer 1260*0 instead of 1259*8; the diflference 
being a fifth of a thirty-second part of an inch, a quantity 
by hypothesis too small to be of any importance. 
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1. The side of an equilateral triangle contains 

2 feet ; find, correct to the ten-thousandth part of a foot, the 

length of the perpendicular drawn from an angular point to 
the opposite side. 

Here (as in Example 2, p. 6), let the perpendicular contain 
X feet, then 




^sq. fb.=2«sq.ft.-l2sq. ft, 
.-. «»=4-l=3, 

=1-7320 &a; 
/. the length of the perpendicular =1*7320 feet. 

Example 2. Find the length, correct to the ten-thousandth 
part of a foot, of the side of the square described upon a dia- 
meter whose length is a feet. 

Let X be the number of feet in each of the sides of the square. 
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EXAMPLES. IV. 13 

Then «*8q.ft.+^sq.ft«a2 8q.ft 

.•.^2.^=0, 

a aJS 

••*=V2- 2 

-|x(l-4142)=ax-707l..., 
/• the length of the perpendicular = a x *707l . . .feet. 



♦ EXAMPLES. IV. 

(1) Find, correct to the thousandth part of a foot, the 
length of the diameter of a square whose side is 7 feet. 

(2) Find, correct to a yard, the length of the diameter of a 
square whose side is one mile. 

(3) Find, correct to the hundredth part of an inch, the 
hypotenuse of a right-angled triangle whose sides are 3 ft. 6^ in. 
and 3 ft. 4 in. respectively. 

(4) Find, to the nearest inch, the side of a square whose 
area is 1000 square yards. 

(6) Find, correct to the tenth part of a foot^ the diameter 
of a square field whose area is ten acres. 

(6) Find, to the nearest inch, the side of a square field 
whose area is one acre. 

(7) Find the height of an equilateral triangle whose side is 
10 foot. 

(8) Find the height of an equilateral triangle whose side is 
6-32 feet. 

(9) The top of a table measures 24*6 inches and 41*3 inches 
along two adjacent sides. What should the diameter measure 
if the table is rectangular 1 

(10) Find, to the nearest inch, the diameter of a lawn-tennis 
court whose length is 78 feet, and breadth 36 feet, supposing 
that it is properly marked out. 
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CHAPTER III. 

On the Relation between the Circumference of a 
Circle and its Diameter. 

19. The circumference of a circle is a line, and therefore 
it has length. 

We might imagine the circumference of a circle to consist of 
a flexible wire ; if the circular wire were cut at one point and 
straightened, we should have a straight line of the same length 
as the circumference of the circle. 

20. A polygon is a figure enclosed by any number of 
straight lines. 

21. A regvXa/r polygon has all its sides equal and aU 
its angles equal. 

22. The peri/meter of a polygon is the sum of its sides. 

23. If .we have two circles in which the diameter of 
the first is greater than the diameter of the second, it is 
evident that the circumference of the first will be greater 
than the circumference of the second. 



ee 



24. It seems, therefore, not unlikely that, if the dia- 
meter of the first circle be twice that of the second, the 
circumference of the first will be twice that of the second. 
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THE CIRGUMPBRENCE OP A CIRCLE, 15 

25. And also not unlikely tbat whatever l>e the ratio 
of tiie circamferenoe of the first circle to its diameter, the 
same \idll be the ratio of the circnmf erenoe of the second 
circle to its diameter. 

This suggests that it is not unlikely that the circum- 
ference of a circle = k times its diameter, where k is some 
wumber which is the same for aU circles. 

We shall presently prove that this is the case. 

26. But although we can prove that 

the circumference of a circle ^ , . . 

7- — i7 ; = a fixed numerical quantity, 

its diameter ' ^ ^* 

the method of calculating the value of this number is beyond 
the limits of an elementary treatise. 

27. We shall therefore simply state here, what is 
proved in the Higher Trigonometry, 

(i) that this numerical value is incommensurable, 

(ii) that it is approximately 3*14159265 dbc. 

28. When we say that this number is incommensurable 
we mean (cf. Chapter II.) that its exact value cannot be 
stated as an a/rithmetical fraction. 

It also happens that we have no short algebrmcal ex- 
pression such as a surd, or combination of surds, which 
represents it exactly. 

So that we have no rvumiericai expression whatever, 
arithmetical nor algebraical, to represent exactly the ratio 
of the circumference of a circle to its diameter. 

Hence the universal custom has arisen, of denoting its 
exact value by the letter tt. 
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29. Thus TT stands always for the exact value of a cer- 
tain incommensarable numberi whose approximate ralue is 
3*14159265, which number is the ratio of the ciicumference 
of any circle to its diameter. 

It cannot be too carefully impressed on the student's 
memory that ir stands for this number 3*14159265.. .<S&c., and 
for nothing else; just as 180 stands for the number one 
hundred and eighty, and for nothing else. 

* 30. We proceed to prove that the ratio of the circum- 
ference of a circle to its diameter is the same for all circles. 

The proof depends on the following important principle ; 

The length of the circumference of a circle is that to which 
the length of the perimeter of a regtUar inscribed polygon 
approaches J as the nvmber of its sides is continually increased, 

* 31. We take for granted that the straight line is the 
shortest line that can join two points. 

* 32. Let ABGDEF be any regular polygon inscribed in 
a circle. 
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THE CIRCUMPEnENCE OF A CIRCLE. 17 

Then the side AB is shorter than anj other line join- 
ing AB^ so that the side AB is less than the arc AB-^ 

therefore the perimeter of the polygon, y^l 
AB + BG-^GD-^DE^EF^-FA 
is less than the sum of the arcs, that is, is less than the 
circumference of the circle. 

Now let each of the area AB, BG^ eta be bisected in a, 
A y, S, €, rf, and let the lines -4a, a5, ^)8, )8(7, etc. be joined ; 

then the figure AaBfiGy eta is a regular polygon of 
twice as many sides as the first polygon. 

And since the sides Aa + aB are together greater than 
tihe side AB, 

it follows that the perimeter of the second polygon, viz. 
Aa + aB + Bp + pG + Gy + yD'^etG. 
is greater than the perimeter of the first. 

But the perimeter of the second polygon is less than 
the circumference of the circle, 

because each side is less than the corresponding arc. 

Hence the perimeter of the second polygon is necMrer the 
circumference, but is less than the circumference. 

By bisecting the arcs of the second polygon we should 
get a third polygon, whose perimeter is nearer the circum- 
ference of the circle than the second. 

It is clear that by continuing this process, we can get a 
polygon whose perimeter is as near as we please to the 
circumference of the circle. Hence, 

The length of the circiimference of a circle is that to which 
the length of the perimeter of a regular inscribed polygon 
approaches, as the number of its sides is continu^y increased. 
L. E. T. 2 
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* 33. Peop. The ratio of the drcumference of a circle to 
its diameter is the same for aU circles. 

Let ABGDEF^ ahcde/he any two circles 
Let a regvJUur 'polygon of any, the same number of sides 
be inscribed in each of them. 

Join A^ By Cy etc., a, 6, c, eta the anguUjr points of the 
polygons to the centres 0, o respectively. 

A 





Then AOB any one of the isosceles triangles in the first 
figure is equiangular with*, and therefore similar to, aoh 
any one of the isosceles triangles in the second figure. 

.'. AB : OA=ah : oa, [Euc. vi. 4.] 
and BC : OA^^be : oa, 

and so on. 

.'. AB + BC + CD + etc. : OA = db'^bc + cd + etc. : oa ; 
or, the perimeter of the first polygon is to the radius of the 

* For at O and at o, four right angles are each divided into the 
game number of equal angles, so that the verHeal angles AOB, aoh of 
the isosceles triangles AOB, aoh are equal. 
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6r8t circle as the perimeter of the second polygon is to the 
radius of its circle. 

This is true whatever be the number of the sides of the 
two polygons. 

And therefore it is true however great be the number of 
sides of the two polygons. 

But the circwn^ferencea of the circles are what the peri 
meters of the polygons become, when the number of the sides 
is indefinitely increased. Therefore the circumference of the 
first circle is to its radius OA as the circumference of the 
second circle is to its radius oa. 

Thus the ratio of the circumference of any circle to its 

radius is equal to the ratio of the circumference of any other 

circle to its radius. 

« xi X ^1- X. circumference ... ,. , 

So that the ratio — r- w *"0 same numencal 

diameter 

quantity for all circles, q. e. d. 

34. We said above (Art 29) that this number is 314159 
etc., and that it is denoted by ir. 

Hence the circumference of any circle of radius r 
= (3-1 4169265 etc.) x its diameter = 2irr. 

35. We may notice that ^ = 3142857. 

So that ^ and w differ by less than a thousandth part 
of their value. 

Also Iff = 31415929 etc. So that fff may be used 
for IT with sufficient accuracy for any practical purpose. 

Hence ^, 3*14159 and ff| are each used for v accord- 
ing to the degree of accuracy required. 

2—2 
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20 TRIGONOMETRY, 

36. Of these 3-14159 is the most frequently used. The 
student should notice however that in dividing by tt it wUl 
be more convenient to use fff than 3*141 59. 

37. The following results are instructive. 
The ratio of the perimeter of a regular polygon inscribed in a 
circle to the diameter of the circle, when the polygon has 

four sides, is 2^/2 =2-8284. . . 

six sides, is 3 =3 

eight sides, is 4 a/(2 - ^2) == 3-0614. . . 

ten sides, is j («/6 - 1) = 3*0901 . . . 

twelve sides, is 3^2 (\/3 - 1) =3-1058... 

twenty sides, is 5y(3 + V5)-V(5~V5)} =3-1287... 

* 15 

sixty sides, is ^-^ {(^5 - 1) (^3 + 1) 

-V(10 + 2V5)(V3-1)}=3-1401... 

These numbers approach 3*14159 as the number of sides is 
increased, while the surd expression becomes more complicated. 

The first of these results the student will be able to verify ; 
the second is proved in Euclid iv. 15. The rest will be proved 
later on. 

Example 1. The driving wheel of a locomotive engine is 
5 ft. 6 in. high. What is its circumference ? 

Here we have a circle whose diameter is 5 J feet ; 
.*. its circumference = IT x 6*6 feet, 

= (3*14159...) X 5-6 feet, 
=17-278... feet. 

The circumference is 17 ft. 3 in. approximately. 

Example 2. If a piece of wire 1 foot long be bent into the 
form of a circle, what will be the diameter of the circle ? 

Here the circumference =1 foot, 
that is TT X diameter = 1 foot, 
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/. diameter= = ^ x 1 foot 

ir ** 

»ff inches 

«3'8 inches, nearly. 

If a greater d^;ree of accuracy be desired, we must use f{| 

instead of ^ • 

We then get, the diameter » 3*7699 inches, 

=3-77 inches very nearly. 



EXAMPLES. V. 

In the answers of the first 12 of the following examples '^f 
is used for ir. 

(1) Find the circumference of a circle whose diameter is one 
yard. 

(2) Find the circiunference of a circle whose radius is 4 feet. 

(3) Find the circumference of a 48 inch bicycle wheeL 

(4) The circumference of a circle is 10 feet; find its diame- 
ter. 

(6) What must be the diameter of a locomotive driving 
wheel, that it may make 220 revolutions per mile? 

(6) How many revolutions does a 36 inch bicycle wheel 
make per mile? 

(7) How many more revolutions per mile does a 50 inch 
bicycle wheel make than one of 62 inches ? 

(8) A locomotive whose driving wheel is 5 feet high has an 
instrument to record the number of revolutions made. What 
nimiber will the instrument record in running 100 miles? 

(9) If the instnmient in Question 8 indicates 3 revolutions 
per second, how many miles per hour b the engine running? 
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22 TRIOONOMBTRY. V. 

(10) What is the diameter of the driving wheel of a locomo- 
tive engine whioh makes 4 reYolutions per second when the 
engine is going at the rate of 60 miles per hoar t 

(11) The large hand of the Westminster clock is 11 feet long; 
how many yards per day does its extremity travel? How tar 
does the extremity move in a minute? 

(12) The diameter of the whispering gallery in St Paul's is 
108 feet; what is its circumference? 

(13) Find the number of inches of wire necessary to con- 
struct a figure consisting of a circle with a regular hexagon 
inscribed in it, one of whose sides is 3 feet. 

(14) How many inches of wire would be necessary in a 
figure similar to that in Question (13), if the circumference of the 
circle were ten feet ? 

(15) Find how many inches of wire are necessary to make a 
figure consisting of a circle and a square inscribed in it, when 
each side of the square is 2 feet. 

(16) How many inches of wire are necessary for a fig^'jre 
similar to that in Question (15), when the circumference of the 
circle is 12 feet? 

(17) Find the length of string necessary to string the handle 
of a cricket bat ; having given the diameter of the handle= IJ in., 
the length of the handle = 12 in., the diameter of the string = ^th 
of an inch. 
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CHAPTER IV. 
On the Measursmsnt of Angles. 

38. In elementary Geometry (Euclid I. — ^VI.) the 
angles considered are each always less than two right 
angles. 

For example, in speaking of the angle BOP in Euclid we 
should always mean the angle less than two right angles, 



R 

* not an angle measured in the opposite direction greater than 
two right angles. 

39. In Trigonometry, by the cmgle EOF Ib meant, not 
the present inclination of the two lines OR, OP but, the 
amount of turning which OP has gone through when, start- 
ing from the position 0-ff, it has turned about into the 
position OP, 

Example. Suppose a race run round a circular course. The 
position of any one of the competitors would be known, if we 
remark that he has described a certain angle about the centre of 
the course. Thus, if the distance to be run is three times round, 
the line joining each competitor to the centre would have to 
describe an angle of 12 right angles. 

When we remark that a competitor has described an angle of 
6| right angles, we record not only his present position, but the 
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24 TRIGONOMETRY. 

total distance he has gone. He would in such a case have gone 
a little more than one and a half times round the course. 

40. Definition. The angle between two lines OR, OP 
is the amoimt of turning about the point which one of 
P 



R 

the lines OP has gone through in turning from the position 
OR into the position OP. 

41. The angle ROP may be the geometriccd representa- 
tive of an unlimited number of Trigonometrical angles. 

(i) The angle ROP may represent the angle less than 
two right angles as in Euclid. 

In this case OP has turned from the position OR into 
the ^position OP by turning about in the direction contrary 
to that of the hands of a watch. 

(ii) The angle ROP may represent the angle described 
by OP in turning from the position OR into the position 
OP in the same direction as the hands of a watch. 

In the first dase it is usual to say that the angle ROP is 
described in the positive direction, in the second that the 
angle is described in the negative direction. 

(iii) The angle ROP may be the geometrical repre- 
sentation of any of the Trigonometrical angles formed by 
any number of complete revolutions in the positive or in 
the negative direction, added to either of the first two 
angles. (We shall return to this subject in Chapter IX.) 
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EXAMPLES. VI 

Qive a geometrical representation of each of the following 
angles, the starting line being drawn in each case from the tm-n- 
ing point towards the right. 



1. 


+ 3 right angles. 


7. 


-lOJ right angles. 


2. 


+ 5 right angles. 


8. 


+4 right angles. 


3. 


+ 4} right angles. 


9. 


- 4 right angles. 


4. 


+ 7 J right anglfes. 


10. 


4n right angles. 


5. 


- 1 right angle. 


11. 


(4n + 2) right angles. 


6. 


lOj right anglea 


12. 


- (4n + J) right angle 



42. There are two methods of measuring angles, 
(i) The rectangular measure. 

(ii) The circxdar measure. 

Rectanoular Measure. 

43. Angles are always measured in practice with the 
right angle (or part of the right angle) as unit 

44. The reasons why the right angle is chosen for a 
unit are : 

(i) All right angles are equal to one another, 
(ii) A right angle is practically easy to draw, 
(iii) It is an angle whose size is very familiar. 

45. The right angle is a large angle, and it is therefore 
subdivided for practical purposes. 

It is usual to explain two methods of subdivision, 
(i) The sexagesimal method, 
(ii) The centesimal, or decimal, method *. 
• See Art. 66. 
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26 TRIGONOMETRY . 

I. The Seosagesimal Method, 

46. In this method the right angle is divided into 90 
equal parts, each of T^^hich is called a degree ; each degree is 
subdivided into 60 equal parts, each of which is called a 
minute ; and each minute is again subdivided into 60 equal 
parts, each of which is cailed a second. 

Instruments used f6r measuring angles are subdivided 
accordingly ; and the size of an angle is known when, with 
such an instrument, it has been observed that the angle 
contains a certain number of degrees, and a certain number 
of minutes beyond the number of complete degrees, and a 
certain number of seconds beyond the number of complete 
minutes. 

Thus an angle might be recorded as containing 79 
degrees +18 minutes + 36*4 seconds. 

Degrees, minutes, and seconds are indicated respectively 
by the symbols ', ', ", and the above angle would be written 
79" . 18' . 36-4". 

* n. The Centesimal or Decvmal Method. 

47. The other method of subdivision is the Centesimal or 
Decimal. Here each right angle is divided into 100 equal 
parts each of which is called a grade; each grade is sub- 
divided into 100 equal parts, each of which is caUed a 
minute; and each minute is again subdivided into 100 equal 
parts, each of which is called a second. 

Instruments of observation would be subdivided accord- 
ingly, and any observed angle would be recorded as contain- 
ing so many grades + so many minutes + so many seconds. 
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ON THE MEASUREMENT OP ANGLES. 27 

Grades, minutes and seconds are indicated respectively by 
the symbols ', \ ^ So that an angle of 26 grades + 19 
minutes + 34*2 seconds would be written 
36» 19^ 34•2^ 

^48. It will be observed that this method is simply that 
of the decimal system of notation. 

The above angle for example-^ + 11^ + jTjIiiftnF <*^ a nght 
angle. 

That is '3619342 of a right angle. 

This is equal to 36*19342 of a grade. 

Also to 3619*342 of a minute. 

Also to 361934*2 of a second. 

Example, Express 302< 2' 4*6'^ as the decimal of a right angle. 

mu- 1 302 2 4*6 • . 1.x , 

ThiBaBgle-j^ + j^^+ ^^^j^^ of a nght angle 

1-3*0202046 of a right angle. 

* 49. Hence, to express an angle given in grades, minutes 
and seconds as the decimal of a right angle, we have only to 
observe that the^Sr^ amd second decimal places are occupied 
by the grades, the ihi/rd cmd fowrth decimal places are occu- 
pied by the minutes, and the fifth amd eiocth decimal places 
are occupied by the seconds. 

* 50. The same observation will enable us to express in 
grades, minutes, and seconds an angle given as the decimal 
of a right angle. 

Example, Express 3*4650023 of a right angle in grades, 
minutes, and seconds. 

3 right angles a 300 grades. 

46 of a right angle =46 grades. 

^00,50 of a right angle « 60 minutes. 

"00,00,02,3 of a right angle»2*3 seconds. 

Therefore the angle is 346« 60' 2*3 *\ 
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""EXAMPLEa vn. 

Express as the decimal of a right angle, 

(1) 63« Sr 18r\ (7) 32« 4^ S'S* 

(2) 1048 26^ 99-r\ (8) 1« 2* 8*4?* 

(3) 2« 18' 2r . (9) 69« 0' TV\ 

(4) 3«29^48-9r. (10) 119« ST 0-4^\ 

(5) 62f 4r. (11) 1006« IfiT T 

(6) 1000" 8^ 12'\ (1*2) 2« 26* 4-8\ 

Express in grades, minutes and seconds, ' 

(13) -367891 of a right angle. (19) I'-OOl of a right angle. 

(14) 1-043021 of a right angle. (20) -0101001 of a right angle. 

(15) -012003 of a right angle. (21) 6-461 of a right angle. 

(16) -00102 of a right angle. (22) -023 of a right angle. 

(17) -0625 of a right angle. (23) -00011 of a right angle. 

(18) 3-02125 of a right angle. (24) -00001 of a right angle. 



51. An angle given in degrees, minutes, and seconds 
may be expressed as the decimal of a right angle by the usual 
method. 

Example, Express 39® 4' 27" as the decimal of a right angle. 

60 " ) 27 seconds 

60 \ 4-45 minutes 

90 ^39-07416666 etc. degrees 

-43415740740 etc. right angles 

Answer, -43415746 of a right angla 
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52. An angle given as the decimal of a right angle may 
be expressed in degrees, minutes, and seconds by the con- 
verse of the abova 

Example, Express '43415746 of a right angle in degrees, 
minutes, and seconds. 

'43415740740 eta right angles 

90 

39*07416666600 degrees 

The last two figures would be 66 if we were to write down the 
recurring part to more figures. 

This gives 39*07416666666 etc. degrees 
60 





4*4499999960 minutes 


that is 


4*44d minutes 


or 


4*45 minutes 




60 




27*00 seconds. 


The result is 


390 4' 27". 



'^53. We have seen that an angle expressed as the 
decimal of a I'ight angle can be at once expressed in grades, 
minutes, and seconds. 

Hence an angle expressed in degrees, minutes, and 
seconds, can be expressed in grades, etc. by first reducing 
the angle to the decimal of a right angle. 

Example. Express 39^ 4! 27" iu grades, minutes, and seconils. 
This angle is '43416746 of a right angle, by Art. 61 
and this «43« 4r 57'4or\ 

^ 54. An angle given in grades, minutes, and seconds can 
be expressed in degrees, minutes, and seconds by first ex- 
pressing the angle as the decimal of a right angle. 
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30 TRIGONOMETRY. 

Example. Express •43« 4r 57-40r in degrees, minutes, and 
seconds. 

This angle is •43416740 of a right angle, which is Z^ 4! 27" 
from Art. 52. 



""EXAMPLES. Vm. 

Express each of the following angles (i) as the decimal of a 
right angle, (ii) in grades, minutes, and seconds ; 

(1) 8n5'27". (4) 160 14' 19". 

(2) 60 4' 30". (5) 1320 6'. 

(3) 970 5' 15'^ (6) 490. 

Express in degrees, minutes and seconds, 

(7) 1« ZT bQ\ (10) 24« 0^ 2^\ 

(8) 8« 7{f . (11) 18« r 15^\ 

(9) 170« 41? 3^\ (12) 35«. 

55. The decimal or centesimal system of subdividing a 
right angle was proposed by the French at the commence- 
ment of the present century; but, although it possesses 
many advantages over the established method, no one has 
been found willing to undertake the great expense that 
would have to be incurred in rearranging all tables and all 
books of reference, and all the records of observations, which 
would have to be transferred from the old system to the new, 
before the advantages of the decimal system could be felt. 
Thus the decimal system of angular measurement has never 
been used even in France, and in all probability never will 
be used in practical work. 
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On Circulab Measubs. 

56. By the following coiurtruction we get an angle of 
great importance in Trigonometry. 

On the circumference of a circle whose centre is 




LOR 

let an cure RS be measured so that its length is equal to the 
radvua of the circle, and let R and S be joined to the centre. 

57. We are about to prove (Art 60) that this angle 
ROS is B, faced fraction of a right angle, so that all such angles 
are equal to one another. 

58. We may state the same thing thus — We are about to 
prove that if we take any number of different circles, and measure 
on the circumference of each an arc equal in length to its radius, 
then the angles at the centres of these circles which stand on 
these arcs respectively, will be all of the same size. 

59. Definition. The angle which at the centre of a 
circle stands on an arc equal in length to the radius of 
the circle is called a Sadiail. 

60. To prove that aU Radicme a/re equal to one amatJier, 
Since the Badian at the centre of a circle stands on an 

arc equal in length to the radius, 

and an angle of two right angles at the centre of a circle 
stands on half the circumference, 
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and since angles at the centre of a circle are to one 
another as the arcs on which they stand (Euc. VI. 33), 

therefore the radian is to an angle of two right angles 
as the i*adius is to half the circumference; 
that is, as the diameter is to the whole circumference; 
that is, in the constant ratio 1 : ir. 

Therefore the radian = — . 

TT 

That is, the radian is a fixed fraction of a right angle. 
But all right angles are equal to one another. 
Therefore all radians are equal to one another. Q. £. D. 

61. Thus the radian possesses the qualification most 
essential in a unit, viz. it is always the same. 

The student will find, in the theoretical part of Trigo- 
nometry, that many expressions can be written more shortly 
when a radian is used for the unit of angle, than when any 
other unit is used. 

62. Thus the reasons why a radian is used as a unit are : 
(i) All radians are equal to one another. 

(ii) Its use simplifies many formulsB in Theoretical 
Trigonometry. 

63. The system of angular measurement in which a 
radian is the unit is called Girculax Measure. 

Therefore the circvZar measure of cm cmgle is the num- 
ber ofradicmB which the angle contains. 

64. A radian = — x 2 right angles, 

IT 

= ill of 180^ nearly, 
-57-2957 degrees. 
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The student should notice that a radian is a little leas 
than an angle of an equilateral triangle. 

65. Circular measure is, as we have said, used in theo- 
retical investigations, in which the angle under consideration 
is almost always expressed by a letter. This is usually one of 
the Greek letters a, ^, y . . ., <^, ^, ^. . .. 

Strictly speaking these letters represent numhers, i.e. 
measures; so that some unit of cmgle must be understood in 
such an expression as 'the angle 6.* (Art. 2.) 

For this reason, when an angle is denoted by a Gre^ 
letter such as a, ^, y, etc., 0, <^, ^, etc., it is understood that 
circular meaev/re is the measure used, unless the contrary 
is expressly stated. 

So that 'the angle B* means ' radians.' 

Similarly *the angle tt' means *ir radians* or *3'14159... 
radians,' thrt is two right angles. 

\Note. It will also be convenient, in using such letters 
as Ay B, C...S, Ty etc. to represent angles, to agree that the 
unit understood with this kind of letter shall be a degree^ 
so that when A stands for an angle, that angle contains 
A degrees.] 

66. In numerical examples it will be necessary to use 
some letter (c suppose) to denote a radian. 

Thus 2* denotes 'two radians.' 

67. Strictly speaking then 'the angle 0* should be 
written ^. (Just as in speaking of 'the angle ninety,' we 
ought to say ninety degrees,) But if it is clearly understood 
that 'the angle 6' means radia/ns, there can be no am- 
biguity in the expression. 

L. E. T. 3 
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68. The student cannot too carefully notice, that unless 
an cmgle is obviously referred to, the letters ^, ^,... a, ft .. 
stand for Tnere v/umbera. 

Thus as we have said above (29) ir stands far a number 

and a number only, viz. 3*14159 , but in the expression 

'the angle IT ' that is 'the angle 3*14159 ' there must 

be 8ome unit understood. The imit tmderstood here is a 

radian, and therefore Hhe angle w' stands for 3*14159 ', 

that is two right angles. 

Hence, when am, a/ngle is re/erred to, iris a very convenient 
abbreviation for two right angles. 

69. To express in degrees or grades an angle given in 
radians, we first express the angle in right angles, remem- 
bering that 

2 right angles^TT radians. 

ExaftypU. How many degrees are there in the angle whose 
circular measure is 2 ? 

This angle « 2 radians «=2 x — ^ i — = __ right angles, 

IT IT 

^ 4x90P ^36(y> 

TT IT ' 

.-. the angle contains — degrees. 

TT 

♦70. If 2>, G and a be the number of degrees, grades 
and radians respectively in any angle, then 

180 "200 IT* 
For each fraction is the ratio of the angle to two right 
angle& 
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Example. Find the number of degrees in two radians. 
Let D be the number, then 

180"ir' 

... /)=???. 
n 



TgTAiyfPT.TBfl XX. 

1. Express the following angles in reotangular measure. 
' (1) n..'< (2) ^. (3) U 

(4) 3°. (5) 3-14169265«etc. (6) -. 

(7) 3. (8) •00314159* etc. (9) 10»r. 

•^ 2. Express the following angles in circular measure. 

/ (1) 18(y>. (2) 86(y>. (3) 60^. 

(4) 22^0. (6), P. (6) 57-2950 etc. 





(7) nO. 


(8) ^. (9) ^ 




*3. 


Express the following angles in circular measure. 




(1) 33« 3^ 33-3". 


(2) 60?. (3) 


16-*«. 




(4) 1«. 


(6) r. (6) 


l(f\ 




(7) n«. 


(8)7- (9) 


1000«. 


V*'- 


Find the ratio of 
(1) 45»tof . 


(2) 600to60«. 






(3) 25«to22«30'. 


(4) 24«to2-. 






(6) 1-75'to— . 

TT 


(6) Ptol*. 


3—2 
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36 TRIGONOMETRY. 

* 71. To prove that t/ie measv/re of am, cmgle at the centre 
of a circle in radians (le. in CirctUo/r Meastire) is tJie ratio 
oft/ie arc on which it stands to the radius of the circle. 




LOR 
Since angles at the centre of a circle are to one another 

as the arcs on which they stand (Eua VI. 33), 

Therefore any angle ROP at the centre of a circle is 

to the radian as its arc RP is to the arc of the radian. 

Bat the arc of the radian is equal to the radius, 

^^ , any angle ROP . , ^ its arc RP 

Therefore — 77 — ^-r- is equal to -^ rv— . 

the radian ^ the radius 

its arc 
And therefore any angle ROP is equal to -^. — x (a 

radian). 

That is, the measure a of an angle in radians is the ratio 

arc _ arc 

radius ' * *^ ~ radius * 

TT / * A . »»/%x J) G a arc 1 

Hence (ct Art. 70)^=200=-=^^--. 

Example, Find the number of grades in the angle subtended 
by an arc 46 ft 9 in. long, at the centre of a circle whose radius 
is 25 feet 

The angle stands on an arc of 46|fb. and the radian, at the 
centre of the same circle, stands on an arc of 25 feet. 

.% the angle=-^ radians, =^^ x — ^ » 

=i*i ^ ^^U^' nearly. 

IS 
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* EXAMPLES. Z. 

(In the answers ^ is used for tt.) 

(1) Find the number of radians in an angle at the centre of a 
circle of radius 25 feet, which stands on an arc of 37 J feet 

(2) Find the number of degrees in an angle at the centre of a 
circle of radius 10 feet, which stands on an arc of Sir feet. 

(3) Find the number of right angles in the angle at the cen- 
tre of a circle of radius 3^ inches, which stands on an arc of 2 feet. 

(4) Find the number of French minutes in the angle at the 
centre of a circle of radius 8 ft 4 inches, which stands on an arc of 
1 inch. 

(5) Find the length of the arc subtending an angle of 4} radians 
at the centre of a cirde whose radius is 25 feet 

(6) Find the length of an arc of eighty degrees on a circle of 
4 feet radius. 

f/ (7) Find the length of an arc of sixty grades on a circle of 
Hen feet radiua 



/ 



t/ 



(8) The angle subtended by the diameter of the Sun at the 
eye of an observer is 32^ ; find approximately the diameter of the 
Sun if its distance from the observer be 90,000,000 milea 

(9) A railway train is travelling on a curve of half a mile 
radius at the rate of 20 miles an hour; through what angle has 
it turned in 10 seconds ? 

IX (10) A railway train is travelling on a curve of two-thirds of a 
mile radius, at the rate of 60 miles an hour; through what angle 
has it turned in a quarter of a minute? 
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(1 1) Find approximately the number of English seconds con- 
tained in the angle which subtends an arc one mile in length at 
the centre of a circle whose radius is 4000 miles. 

4/ (12) If the radius of a circle be 4000 miles, find the length of 
an arc which subtends an angle of 1" at the centre of the circle. 

(13) If in a circle whose radius is 12 ft. 6 in. an arc whose 
length is *6545 of a foot subtends an angle of 3 degrees, what is 
the ratio of the diameter of a circle to its circumference % 

(14) If an arc 1*309 feet long subtend an angle of 7| degrees 
at the centre of a circle whose radius is 10 feet, find the ratio of 
the circumference of a circle to its diameter. 

(15) On a circle 80 feet in radius it was foimd that an angle 
of 22^ 30" at the centre was subtended by an arc 31 ft. 5 in. in 
length ; hence calculate to four decimal places the numerical 
value of the ratio of the circumference of a circle to its diameter. 

^-^ (16) If the diameter of the moon subtend an angle of 30', at 
the eye of an observer, and the diameter of the sim an angle of 32^, 
and if the distance of the sun be 375 times the distance of the 
moon, find the ratio of the diameter of the sim to that of the 
moon. 

(17) Find the number of radians in (i.e. the circular measure 
of) 10" correct to 3 significant figures. (Use ff| for tt.) 

(18) Find the radius of a globe such that the distance 
measured upon its siurface between two places in the same meri- 
dian, whose latitudes differ by 1^ 10', may be one inch. 

(19) Two circles touch the base of an isosceles triangle at its 
middle point, one having its centre at, and the other passing 
through the vertex. If the arc of the greater circle included 
within the triangle be equal to the arc of the lesser circle without 
the triangle, find the vertical angle of the triangle. 



Circular measure is less than 60^ 



(20) By the construction in Euc. I. 1, prove that the unit of 
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(21) On the 31st December the Sun subtends an angle of 
32^ 36", and on 1st July an angle of 31' 32'' ; find the ratio of the 
distances of the Sun from the observer on those two days. 

(22) Show that the measure of the angle at the centre of a 
circle of radius r, which stands on an arc a, is -^ , where k 
depends solely on the unit of angle employed. 

Find k when the unit is (i) a radian, (ii) a degree. 



* 72. Questions concerning angles expressed in different 
systems of measurement are easily solved by expressing each 
cmgle in right cmgles, 

Examvple 1. The sum of the measure of an angle in degrees 
and twice its measure in radians is 23^, find its measure in 
degrees (7r=^). 

Let the angle contain x right angles. 

Then the measure of the angle in degrees =90^, 

„ „ „ „ „ radians=2a?. 

.'. 90^ + 2. ^^=23f, 
.-. 652^=163, 
The angle is J of a right angle, that is 22^^*, nearly. 
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Example 2. The three angles of a triangle are iu arithmetical 
progresfflon, and the measure of the least in grades is to that of 
the greatest in circular measure as 120 : n. Express each angle 
in degrees. • 

Let the angles contain x-y^x^x+y right angles respectively ; 
they are then in a.p. 

Their sum is 3^; right angles ; but since they are the angles 
of a triangle, their mm is 2 right angles; 
.-. 307=2, 
.-. ^=f . 

Again, the least angle contains (x^y) x 100 grades, and the 

greatest angle contains (x+y) ^ radians, 

.MOO (a: -2^) : |(^+2^)=120 : tt. 

.\lOO{x'y)-=60{x+y), 

or, 4007=160^, 

or, x=4y. 

.-. 4y=5, 

because ^=S, 

or,y=J. 

Thus the angles contain ^, §, and f right angles respec- 
tively ; 

therefore the angles are 45^, 60<>, 760. 

«« EXAMPLES. XL 

(In the following examples the answers will be given in terms 

of TT.) 

(1) The sum of the degrees and of the grades in a certain 
angle is 38 ; find its circular measure. 

(2) The difference of two angles is 20^, and their sum is 48® ; 
find them. 
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(3) One angle is double of a second, and the sum of theic 
measures in degrees and in grades respectively is 140 ; express 
the angles in degrees. 

(4) Two angles are in the ratio of 4 : 5, and the difference of 
their measures in grades and in d^;rees respectively is 2^ ; find 
the angles in degrees. 

(5) The difference between two angles is ^ , and their sum 
is 66 degrees ; find the angles. 

(6) If the three angles of a triangle are in arithmetical pro- 
gression, show that the mean angle is 60^. 

(7) The three angles of a triangle are in arithmetical pro- 
gression, and the number of grades in the least is to the number 
of degrees in the mean as 5 : 6. Find the angles in degrees. 

(8) The three angles of a triangle are in arithmetical pro- 
gression, and the number of grades in the greatest is to the 
number of degrees in the sum of the other two as 10 : 11. 
Find the angles in degrees. 

(9) The three angles of a triangle are in arithmetical pro- 
gression, and the number of grades in the least is to the number 
of radians in the greatest as 200 : Zn. Express the angles in 
grades. 

(10) If i> be the number of degrees and G the number of 
grades in any angle, prove that Q-D^^D, 

(11) If If be the number of English minutes and m the 
number of French minutes in any angle, prove that 

(12) If (?, D and C be the number of grades, degrees and 
radians in any angle, prove that G - 2) = — . 

IT 

(13) If an angle be expressed in French minutes, show that 
it will be transferred to English minutes by multiplying by '54. 
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(14) Divide 33® 6' into t^o parts so that the number of Eng- 
lish seconds in one part may be equal to the number of French 
seconds in the other part 

(15) Find the ratio of 9® 27' to 128 50' . 

(16) Find the nxunber of radians in an angle of n English 
minutes. 

(17) Express in each of the three systems of angular mea- 
surement the angles 

(i) of a regular hexagon, 
(ii) of a regular octagon, 
(iii) of a regular quindecagon. 

(18) Show that the number of degrees in an angle of a 
regular decagon is to the number of grades in an angle of a regu- 
lar pentagon in the ratio of 6 : 5. 

(19) Show that the mmiber of grades in an angle of a regular 
pentagon is equal to the number of degrees in an angle of a 
regular hexagon. 

(20) Find in English minutes the difference between the 
angle of a regular polygon of 48 sides and two right angles. 

(21) If we take for imit the angle between a side of a 
regular quindecagon and the next side produced, find the 
measures (i) of a right angle, (ii) of a radian. 

(22) Find the unit when the sum of the measures of a degree 
and of a grade is 1. 

(23) What is the xmit when the simi of the measures of ^ 
and of 5> is ^ ? 

(24) If the measure of h grades is a, find the measure of 
c degrees. 

(25) What is the unit when the sum of the measures of 
a grades and of h degrees is c ? 
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(26) The number of grades in a certain angle exceeds the 
number of degrees in it by ^ of the nmnber of degrees in a 
radian. If this angle be taken as unit, what is the measure of a 
right angle ? 

(27) The three numbers which express the three angles of a 
triangle are all equal, and the imits of angle in each are respec- 
tively a degree, a grade and the sum of a degree and a grade ; 
express each of the angles in circular measure. 

(28) The three angles of a triangle have the same measure 
when expressed in degrees, grades and radians respectively ; find 
this measure. 

(29) The measures of the angles of a triangle in degrees, 
grades and radians respectively are in the ratio of 1 : 10 : 100 ; 
find the number of radians in the smallest angle. 

(30) The interior angles of an irregular polygon are in a. p. ; 
the least angle is 120^ ; and the conmion difference 5^ : find the 
number of sides. 
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CHAPTER V. 

The Trigonometrical Ratios. 

Y 73. Let BOB be any angle (see the figure in Art. 83). In 
one of the lines containing the angle take any point P, and from 
P draw PM perpendicular to the other line OR. 

Then, in the right-angled triangle OPMj formed from the 
angle BOB, 

(i) the side MP, which is opposite the angle tmder considera- 
tion, is called the perpendicnlar ; 

(ii) the side OP, which is opposite the right angle, is called 
the hypotenuse; • 

(iii) the third side OM, which is adjacent to the right angle 
and to the angle imder consideration, is called the base. 

From these three, — ^perpendicular, hypotenuse, base, — we can 
form three different sets containing two each. 

The ratios or fractions formed from these sets, viz. 

... perpendicular .... base ,...» perpendicular 

(i) ^ ^ r- , (u) X 1 > (lu) t • 

^ ' hypotenuse * ^ ' hypotenuse ' ^ ' base ' 

and the ratios formed by mverting each of them, viz. 

., . hypotenuse > . hypotenuse . .. base 

^ ' perpendicular' ^ ' base * ^ ' perpendicular ' 

will be foimd to be of great importance in treating of any angle 
ROB, Accordingly to each of these six ratios has been given a 
separate name (Art 75). 
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f 74. The student should observe carefully 

(i) that each ratio, such as ^™ . , is a mere nv/mber; 

^ ' ' hypotenuse ' 

(ii) that^ as we shall prove in Art. 83, these ratios remain 
unchanged as long as the angle remains unchanged; 

(iii) that if the angle be altered ever so slightly, there is a 
consequent alteration in the value of these ratioa 

[For, let ROE^ ROE' be two angles which are nearly equal; 




Let OP^OF\ then OM is not^OWy and therefore the ratios 

OM OM 

jjp and jrpi are not equal ; also MP is not^M'F and therefore 

MP M'P' 
the ratios -^ and -^^ are not equal] 

(iy) that by giving names to these ratios we are enabled to 
apply the methods of Algebra to the Geometry of Euclid VI., just 
as in Chapter I. we applied the methods of Algebra to Euc. 1. 47. 

The student is recommended to pay careful attention to the 
following definitions. He should be able to write them out in 
the exact words in which they are printed. 
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V* 75. Definition. To define the three principal Trigono- 
metrical Ratios of am a/ngle. 

E 






Let ROE be an angle. 

In OJSone of the lines containmg the angle take any point 
P, and from F draw FM perpendicular to the other line 
ORy or, if necessary, to RO produced. 

Then, in the right-angled triangle OFM, the side MF, 
which is opposite the angle under consideration, is called the 
perpendiciUa/r, 

The side OF, which is opposite the right a/ngle, is called 
the hypotenuse. 

The th^rd side OM (which is adjacent to the right angle 
and to the angle under consideration) is called the base. 

Then the ratio 
,.. MF perpendicular 
(i) -Qp = h)T)otenuse ' ^^ ^^^ ^^ ®^® ^^*^® ^^S^® ^OK 

.... OM base 

<"> C>F° hypotenuse " «»™« 

..... MF perpendicular . . 

<"') g]g= base " **^»8:«"* " 

NoTB. The order of the letters, in MP, OM and OP, indicates 
durection and decides their algebraical signs. [Art. 132.] 
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76. If A stand for the angle BOE, these ratios are 
called sine A^ cosine A and tangent A^ and are usually 
abbreviated thus : 

sin J, cosii, tauii. 

77. There are three other Trigonometrical Ratios, 
formed by mvertmg the sine, cosine and tangent respectively, 
which are called the cosecant, secant, and cotangent respec- 
tively. 

I/' 78. To define the three other Trigonometric<d Eaiios of 
amy cmgle. 

The same construction and figure as in Art. 75 being 
made, then the ratio 

,. . OP hypotenuse 

(''') MP ^ perpendicukr ^ ^^ ^^^ COSecant of 

the angle ROE, 
, , OP hypotenuse 
^^) Q]y= base " »««^* - 

... OJf base , ^ 

(^'> MP = perpendicular " Cotangent „ 

79. Thus if A stand as before for the angle ROE, these 
ratios are called cosecant .A, secant A, and cotangent A, 
They are abbreviated thus, 

cosec Ay sec A^ cot A, 



80. 


Prom the definition it is clear that 




. 1 
cosec A = - — -. , 
sin -4 




Bec^= \ 
qobA 




cot -4 =7 J . 

tan^ 
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81. The above definitions apidy to an angle of any 
magnitude. (We shall return to this subject in Chapter X.) 

For the present the student maj confine his attention 
to angles which are each less than a right angle. 

82. The powers of the Trigonometrical Eatios are 
expressed as follows : 

/ • i\« • /perpendicular\« . .^ . , , 

(sm -4)', 1. e. ( . ^ ) , is written sm A. 

^ ' ^ \ hypotenuse / ' 

(cosil)', i.e. (, ) , is written cos' -4, 

^ ' Vhypotenuse/ 

and so on. 

The student must notice that 'sin il' is a nngU symbol. It is 
the name of a rvwmbery or fraction, belonging to the angle A ; and 
if it be at any time convenient^ we may denote tin A by a 
single letter, such b& s or x. Also sin^ ^ ii^ an abbreviation for 
(sin A)\ that is for (sin A) x (sin A). Such abbreviations are used 
because they are convenient, 

83. The Trigonometrical Baiios are alwaye ihe same for 
the same a/ngle. 
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Take any angle ROB ; let jP be any point in OB one of 
the lines containing the angle, and let F, P*' be any two 
points in OR the other line containing the angla Draw FM 
perpendicular to OR^ and FM\ F'M" perpendiculars to OB, 

Then the three triangles OMP, OM'F, OM"F' each 
contain a right angle, and they have the angle at com- 
mon ; therefore their third angles must be equal. 

Thus the three triangles are equiangular. 

Therefore the ratios jrp , yrp, , 77577 ar© all equal. 

(Eu. yi. 4.) 

But each of these ratios is , " , wiih reference 

hypotenuse 

to the cmgle at ; that is, they are each sin ROE. 

Thus, sin ROE is the same whatever be the position of 
the point P on either of the lines containing the angle ROE, 

Therefore sin ROE is always the same. 

84. A similar proof holds good for each of the other 
ratios. 

85. Also if two angles are equal, it is clear that the 
numerical values of their Trigonometrical Ratios will be the 
same. 

We have already shown (Art. 74), that the values of 
these ratios are different for different angles. 

Hence for each particular value of A, sin A, 00s Ay tan A, 
eta have definite numerical values. 

Example. We shall prove (Art. 92) that 
8in3(y>«i=-5, cos 3(y>=-^= -8660..., tan3<y>=Jg=:-577... 
L.E.T. ^ 
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86. In the following examples the student should 
notice 

(i) the cmgle referred to, 

(ii) that there is a rigJU cmgle in the same triangle as 
the angle referred to, 

(iii) the perpendicula/r, which is opposite the angle 
referred to, and is perpendicular to one of the lines contain- 
ing the angle, 

(iv) the hypotenuse, which is opposite the right angle, 

(v) the hose, the third side of the triangle. 

Example. In the second figure on the next page, in which 
BDA is a right angle, find sin DBA and cos DBA. 

In this case 

(i) DBA is the cmgle, 

(ii) BDA is a right angle in the same triangle as the 

angle DBA, 
(iii) DA is the perpendicular, for it is opposite DBA and 

18 perpendicular to BD, 
(iy) BA is the hypotenuse. 
(v) BD is the haee. 

Thereftxre sin DBA, which is ^^^. , = ^r-r , 

' hypotenuse ' BA ' 

cos DBA, which is r 1 » =* n^ • 

hypotenuse BA 

EXAMPLES, "^nr. 

(1) Let ABC be any triangle and let AD be drawn perpen- 
dicular to BC. Write down ^e perpendicular', and the base when 
the following angles are referred to : (i) the angle ABD, (ii) the 
angle BAD, (iii) the angle ACD, (iv) the angle DAC. 
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a 

(2) Write down the following ratios in the above figure; 
(i) msiBAD, (ii) coa ACD, (iii) ianDAC, (iy) ainABDy 
(v) ianBADf (vi) 8in2)il(7, (vii) cobDCA, (viii) tan2>(7ii, 
(ix) coSii^Z), (x) anACD. 

(3) Let ilO!^ be any angle and let ABC and BDC be right 
angles ; (see next figure). Write down two values for each of the 
foUowing ratios; (i) smACB, (ii) oosACB, (iii) tanACB^ 
(iv) Bin BAG, (y) cob BAG, {Yi)tsaiBAa 

£ 




(4) In the accompanying figure BDG, GBA and BAG are 
right angles. Write down (i) sin DBA, (ii) sin BEA, (iii) sin GBD^ 
(iv) cos-5iiJ&, (v) (xmBAD, (vi) cobGBD, (vii) tan^(7Z>, (viii) 
tan 2)^il, (ix) tan BEA, (x) tan (7^2), (xi) sin DAB, (xii) sin BAE 

4—2 
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(5) Let ABC be a right-angled triangle such that ^15=5 ft, 
^(7=3 ft., then ^C will be 4 a 

B 




Find the sine, cosine and tangent of the angles at A and B 
respectively. 

In the above triangle if A stand for the angle at A and 
B for the angle at By show that sin*^ + oos*^=l, and that 
sin«5+cos8i?=l. 

(6) If ABC be any right-angled triangle with a right angle 
at Cy and let A^ B, and (7 stand for the angles at A, B and C 
respectively, and let a, b and c be the measures of the sides oppo- 
site the angles Ay B and C respectively. 

Show that sin ^=-, cos^=-, tan^i*:?- 

Show also that sin* A + cos' -4=1. 

Show also that (i) a=c . sin A, (ii) 6«c . sin B, (iii) a^c . cos B, 
(iv) 5»o. cos ii, (v) sin il»cos^, (vi) cos ul^^sin B, (vii) tan A 
-cot^. 

(7) The sides of a right-angled triangle are in the ratio 
5 : 12 : 13. Find the sine, cosine and tangent of each acute 
angle of the triangle. 

(8) The sides of a right-angled triangle are in the ratio 
1:2: V3* Find the sine, cosine and tangent of each acute angle 
of the triangle. 

(9) Prove that if il be either of the angles of the above two 
triangles sin' A + cos' ^ « 1. 
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CHAPTER VI. 
On the Trigonombtbioal Ratios of Oebtain Anolis. 

87. The Trigonometrical Ratios of an angle are wwineri- 
cotl qicarUiHea simply^ as their name ratio implies. They are 
in nearly all oases incommensurable numbers. 

Their practical value has been found for all angles 
between and 90\ which differ by T ; and a list of these 
values will be found in any volume of Mathematical Tables. 

The student is recommended to get a copy of Chambers' 
Mathematical Tables for instruction and reference. 

88. The finding the values of these Ratios has involved 
a large amount of labour; but, as the results have been 
published in Tables, the finding the Trigonometrical Ration 
does not form any part of a student's work, except to ex- 
emplify the method employed. 

89. The general method of finding Trigonometrical 
Ratios belongs to a more advanced part of the subject than 
the present, but there are certain angles whose Ratios can 
be found in a simple manner. 

90. To find the sme^ cosine amd tcmgent of cm angle of 

If one angle of a right-angled triangle be 45*^, that is^ 
the half of a right angle, the third angle must also be 45^. 
Hence 45° is one angle of an isosceles right-angled triangle. 
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Hencei sin 45" = sin POM= ^^ = —j^^ 



oos45* = oosPOJf= 



^ M 

Let POM be an isosceles triangle such that FMO is a 
right angle, and OM = MP. Then POM= 0PM = 46", 

Let the measures of OM and of MP each be 9n. Let 
the measure of OP be x. 

Then a' = w' + wi' = 2w*; 

,-. x=J2.m, 

MP w_ _1^ 

Oif w _ 1 

OP " J2,m^ J2' 

tan45" = tanPOif=^=-=i = 1. 
Oif w 1 

9L To find the sine, cosine cmd tangent of 60". 

In an equilateral triangle, each of the equal angles is 
60", because they are each one third of 180". And if we 
draw a perpendicular from one of the angular points of the 
triangle to the opposite side, we get a right-angled triangle 
in which one angle is 60". 

Let OPQ be an equilateral triangle. Draw PM per- 
pendicular to 0Q» Then OQ is bisected in M, 

Let the measure of OM be m ; then that of OQ is 2m 
and therefore that of OP is 2m. 
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M 

Let the measure of MP be x. 
Then a? = (2m)* - m* = 4m* - w* = 3m", 

,*. aj=: ^3 . m. 

Hence, sin 60' = sin i»Oif =^ = ^^-^ = i^, 

Oif m 1 



cos60*' = coBPOJf= 



OP 



2m 



2 = 



tan60« = taiiPOif=^= >/1i^ = n^ = 



Oif" 



1 



= V3. 



92. To find the sine, cosine and tangent of 30^ 
With the same figure and construction as above, we have 
the angle OPJf = 30", since it is a half of OPQ, Le. of 60". 

Hence, sin 30" = sin OPif=^= ^ = I, 
ooB30»=cosOi>if=5^ = 4^=4. 



tan30" = tanOPJf= 



m 



iro^ ^_ 

Pif ~ V^ . m ^3 • 
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•*93. To find the dm of 18». 



iV^ 



In the 10th Prop, of Euclid IV. a triangle is described 
such that each of the angles at the base is double of the 
third angle. [See also Example (6) p. 140.] 






Let FOQ be such a triangle, and let the vertical angle 
FOQ contain n degrees ; then 

w + 2w + 2w=180, 
n=36. 
Draw OM perpendicular to PQ, bisecting the angle POQ, 
Then since QOP = 36", MOP = 18^ Also PM= MQ. 

Let the measure of MP be m, and the measure of OP 
be X. From OP cut oflf OR = PQ. Then by Euclid IV. 10 
PO.PR^P^. 

.-. a;(aj-2m) = {2m)», 

,\ af — 2mx + wi* = 4w* + wi* = 5m*, 
.*. a5~w» = ^5.m, 
,'. aj= ^5. m + w, 

MP m !_ ^ ^5-1 

'op ~ V^.w + rw" ^5 + 1 4 • 



sin 18" = sin if OP = 
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X 

94. To Ji^ the ame, cosine (md Umgent of 0^. 

By this is meant, — To find the vcUues, if any, to which 
the Trigonometrical Ratios of a very small angle approach, 
as the angle is contintudly diminished. 




Let EOP be a small angla Draw FM perpendicular to 
OB, and let OP be always of the same length, so that F lies 
on a circle whose centre is 0. 

Then if the angle EOF be diminished, we can see that 

MF 

MF is diminished also, and that consequently jr^ , which 

is sin EOF, is diminished. And, by diminishing the angle 
EOF sufficiently, we can make MF as smaU as we please, 
and therefore we cam, make sin EOF smaller than a/ny assignr 
able nwmher however small that nwmher may he. 

Thus we see that the value to which mi EOP ap- 
proaches as the angle is diminished, is 0. 

This is expressed by saying, sinO* = L 

Again, as the angle EOF diminishes, OM approaches 
OF in length; and cos EOP, which is -y^ , approaches in 

value to jypi 1.©. to 1. 

This is expressed by saying, cosO'=l ii. 

MP 
Also, tan EOF is ^rv^ ; and we have seen that MP ap- 
proaches 0, while OM does not ; .•. tan EO P approaches 0. 
This is expressed by saying, tan 0^ = iii. 
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96. To find the sine, cosine and tangent of 90°. 

By this is meant^ — To fimd the valueSf if any, to which 
the Trig<mometrical Eatios of cm cmgle approiichf as the at^gle 
approaches a right a/ngle. 

Let ECU he 9L right angle = 90^ 




Draw EOF nearly a right angle ; draw FM perpen- 
dicular to OE, and let OF be always of the same length, so 
that F lies on a circle whose centre is 0, 

Then, as the angle EOF approaches to EOU, we can see 
that MF approaches OF, while OM continually diminishes. 

MP 

Hence when EOF approaches 90*, sin EOF, which is -^jp , 

OF 1 

approaches in value to ^y= , that is to j , Le. to 1. 

Hence we say, that sin90° = l i. 

Again, when EOF approaches 90*, cos EOF, which is 

-^p , approaches in value to jy^ , that is to 0. 

Hence we say, Uiat cos 90° = ii. 
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MP 
Again, when ROP approaohes 90*, tan ROP which is ^^^ 

approaches in value to -rr t-t^ i 7. . 

a quantity which approaches 

But in any fraction whose numerator does not diminiah, 
the smaller the denominator the greater is the value of that 
fraction ; and if the denominator continually diminishes the 
value of the fraction continually increasea 

Hence, UmROP ca/n be made larger than any assignable 
rmmber by making the amgU ROP approach 90® near enough. 

This is what we mean when we say, that 

tan90*isinflnity, or, tan90* = oo iii 

96. The following table exhibits the results of this 
Chapter. 



angle 


0" 


180 


300 


450 


600 


900 


sine 





V5-1 
4 


1 
2 


1 
n/2 


V3. 
2 


I 


cosine 


1 




V3 
2 


1 
72 


1 
2 





tangent 







1 
V3 


1 


V3 


00 



The student may notice that the sine increases with the 
angle, while the cosine diminishes as the angle increases. 

Also that the squares of the smes of OO, 30^, 450, 6O0 and 900 
are respectively 0, J, J, } and J, and that the squares of the 
cosines of the same angles are |, }, f , i, and 0. 
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EZAMPI1E& zm. 

If ^ =90®, 5=600, (7=300, 2>=450, E^W, prove the following : 

(I) 2.smi>.cosi>»smil. (2) 2. sin (7. cos (7a sin jB. 

(3) C08aj?-sina5-l-2sin«A 

(4) sin5.cos(7+sin(7. oosJ?»sinil. 

(6) cos«i)-sin«Z>=coB^. (6) 4.sin«^+2.sin JF=1. 

(7) sin«5 + cos«-5=l. (8) cosa(7+sin2(7=l. 

(9) cos«/) + sin«2>=l. 

(10) sin jB . cos (7- sin (7. cos 5=sin (7. 

(II) 2(cosjB.cos2) + sinjB.sin2))*=l + cos(7. 

(12) 2 (sin 2>. cos (7- sin (7. cos 2))*= 1- cos a 

(13) sin 300= -5. (14) sin 450= -7071.... 
(15) sin 600 = -8660.... (ig) tan 600=1-7320508.... 
(17) tan 300 = -5773.... (ig) sin 180 = -3090... 

97. The actual measurement of the line joining two 
points which are any considerable distance apart^ is a very 
tedious and difficult operation, especially when great accu- 
racy is required; while the accurate measurement of an 
cmgU can, with proper instruments, be made with compara- 
tive ease and quickness. 

98. A Sextant is an instrument for measuring the angle 
between the two lines drawn from the observer's eye to each 
of two distant objects respectively. 

A Theodolite is an instrument for measuring angles in a 
horizontal plane ; also for measuring ' cmglea of elevation ' 
and * angles of depreaeion,* 

99. The angle made with t^he horizontal plane, by 
the line joining the observer's eye with a distant object, 
is called 
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(i) its angle of eleyation, when the object is above 

the obeerver ; 
(ii) its ani^ of depreBsion, when the object is hdow 
the observer, t 

100. Trigonometry enables us by measuring certain 
cmgleSy to deduce, from one known distance, the lengths of 
other distances : or, by the measurement of a convenient 
line, to deduce by the measurement of cmgles the lengths of 
lines whose actual measurement is difficult or impossible. 

[In the Trigonometrical Survey of England, made by the 
Ordnance Department, the only distance actually meai^ured was 
one of about seven miles on Sidisbury Plain.] 

101. For this purpose we require the numerical values of 
the Trigonometrical JRatios of the angles observed. Ac- 
cordingly mathematical tables have been compiled, contain- 
ing lists of the values of these Ratios. These Tables 
constitute a kind of numerical Dictionary, in which we can 
find the numerical value of the Trigonometrical Ratios of 
any required angle. 

Example 1. At a point 100 feet from the foot of a tower the 
angle of elevation of the top of the tower is observed to be 60^. 
Find the height above the point of observation of the top of the 
tower. P 




t In measuring the angle of deprestion the telesoope is tamed 
from a horizontal position dotonwardi. See Ex. (3) p. 63. 
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Let be the point of observation; let P be the top of the 
tower; let a horizontal line through meet the foot of the tower 
at the point M. Then OJf^lOO feet, and the angle MOP^^, 
Let MP contain x feet. 



Then 



MP 

g~=tan Jf(?P=taii 600=^3 



X 

lOO' 



V3. 



.-. a?=100.V3=100x 1-7320 etc. 
= 173-2. 
Therefore the required height is 173-2 feet. 

Example 2. A flagstaff 25 feet high, stands on the top of a 
clifi^ and from a point on the seashore the angles of elevation of 
the highest and lowest points of the flagstaff are observed to be 
47« 12' and 460 13' respectively. Find the height of the cliff. 




Let be the point of observation, PQ the flagstaff. 

Let a horizontal line through meet the vertical line PQ 
produced in M, 

Then §P-25 feet, MOP-^AV 12', MOQ^^^ IS*. 

Let MQ^xtoei ; let OM^y feet. 
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Then ^=tan 470 12', .-. ^— =tan 47« 12', 

and ^^=tan45M3', .-. - -tan46«13'. 

„ u ^- • • ^+25 tan47®12' 
Hence, by division /. -^ fiEip-lS' ' 

In the Tables we find that 

tan 47® 12' =.1-0799018, and tan46^ 13'= 1-0076918, 

25^1- 0799018 ^ -0723100 
" ^x 1-0076918 "^1-0076918' 
X _ 1-0076918 100769 
25 -0723100 "" 7231 * 

2518975 ,.- , 

••'^='7"23r=^®°^^^^- 

Therefore the cUfi' is 348 feet high. 



EXAMPLES. XIV. 

The answers are given correct to three significant figures. 

(1) At a point 179 feet in a horizontal line from the foot of 
a column, the angle of elevation of the top of the column is 
observed to be Ab\ What is the height of the colmnn ? 

(2) At a point 200 feet from, and on a level with the base of 
a tower, the angle of elevation of the top of the tower is observed 
to be 60<> : what is the height of the tower? 

(3) From the top of a vertical cliff, the angle of depression 
of a point on the shore 150 feet from the base of the cliff, is ob- 
served to be 30® : find the height of the cliff. 

(4) From the top of a tower 117 feet high the angle of de- 
pression of the top of a house 37 feet high is observed to be 30^; 
how far is the top of the house from the tower 1 
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/ 
^ (5) A man 6 ft. high stands at a distance of 4 ft. 9 in. from 

a lamp-post, and it is observed that his shadow- is 19ft. long. 

Find the height of the lamp. 

(6) The shadow of a tower in the sxmlight is observed to be 
100 ft. long, and at the same time the shadow of a lamp-post 9 ft 
high is observed to be 3^/3 ffc. long. Find the angle of elevation 
of the sun, and the height of the tower. 

>r (7) From a point P on the bank of a river, just opposite a 
post 5 on the other bank, a man walks at right angles to P§ to 
a point R so that PR is 100 yards; he then observes the angle 
PRq to be 320 17' . fin^ the breadth of the river, 
tan 320 ir= -6317667. 

\/(8) A flagstaff 25 feet high stands on the top of a house ; 
from a point on the plain on which the house stands the angles 
of elevation of the top and bottom of the flagstaff are observed 
to be 600 an(i 450 respectively : find the height of the house above 
the point of observation. 

v/ (9) From the top of a cliff 100 feet high, the angles of depres- 
sion of two ships at sea are observed to be 450 and 300 respectively ; 
if the line joining the ships points directly to the foot of the cliff, 
find the distance between the ships. 

(10) A tower 100 feet high stands on the top of a cliff; from 
point on the sand at the foot of the cliff the angles of elevation 

of the top and bottom of the tower are observed to be 760 and 
600 respectively ; find the height of the diff. (Tan 760=2 +^/3). 

(11) A man walking along a straight road observes at one 
milestone a house in a direction making an angle 300 with the 
road, and that at the next milestone the angle is 600 : how far is 
the house from the road ? 

(12) A man stands at a point A on the bank AB of a straight 
river and observes that the line joining ^ to a post C on the 
opposite bank makes with ^^ an angle of 300. He then goes 
400 yards along the bank to B and finds that BG makes with BA 
an angle of 6OO; find the breadth of the river. 
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* * (13) A building on a square base ABCD has two of its sides, 
AB and CD, parallel to the bank of a river. An observer, stand- 
ing at ^ on the other side of the river so that DAE is a straight 
line, finds that AB subtends at his eye an angle of 45^. Having 
walked a yards parallel to the bank, he finds that DE subtends 
an angle whose tangent is *J%, Show that DB^a yards. 

(14) From the top of a hill the angles of depression of the 
top and bottom of a flagstaff 25 feet high at the foot of the hill 
are observed to be 46® 13' and 47® 12^ respectively ; find the height 
ofthehilL 

tan450l3'=l-0076918, 
tan47« 12' =.1-0799018. 

(15) From each of two stations, East and West of each other, 
the altitude of a balloon is observed to be 45®, and its bearings to 
be respectively N.W. and N.E. : if the stations be 1 mile apart, 
determine the height of the ballooa 

(16) The angle of elevation of a balloon from a station due 
south of it is 60®; and from another station due west of the 
former and distant a mile from it it is 45®. Find the height of 
the balloon. 

(17) An isosceles triangle of wood is placed on the ground 
in a vertical position facing the sun. If 2a be the base of the 
triangle, h its height, and 30® the altitude of the sim, find the 
tangent of half the angle at the apex of the shadow. 

(18) The length of the shadow of a vertical stick is to the 
length of the stick as ^3 : 1. If the stick be turned about its 
lower extremity in a vertical plane, so that the shadow is always 
in the same direction, find what will be the angle of its inclina- 
tion to the horizon when the length of the shadow is the same as 
before. 

(19) What distance in space is travelled in an hour in conse- 
quence of the earth's rotation, by a person^ sitaated in latitude 
CO®? (Earth's radius=4000 miles.) 

L. K.T. 5 
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CHAPTER YIL 



On the Eelations between the Trigonometbical 
Batios of the Same Angle. 

102. The following relations are evident from the 
definitions : 



Bin^' 



sec 6' 



1 
cos^' 



cottf = 



1 

tan^' 



ein /} 

103. To prove tan^= ■^. 




We have ^j^ <> ^ P^T^'^dicular 
hypotenuse 



and cos 6 = 



base 



hjrpotenuse ' 



sin 6 pei'pendiciilar ^ ^ 

.\ 2 = — S: = tan ^. 

cos base 

104. We may prove similarly oot tf = -r— ^ . 

1 oos^ 



Or thus, cot ' 



tan sin ^ * 
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* 105. Euclid L 47 gives U8 that in any right-angled 
triangle the square on the hypotenuse » the sum of the 
fiquares on the perpendicular and on the base, 

or, (hypotenuse)' •- (perpendicular)' + (base)*. 

(i) Divide each side of this identity by 
(hypotenuse)', and we get 

(hypotenusey /perpendicular\« / base \' 
hypotenuse/ \ hypotenuse ) \hypotenuse/ * 

that is, 1 - sin' ^ + cos' . 

(ii) Divide each side <^ the same identity by 
(base)', and we get 

( hypotenuseX ' _ /perpendicularX' /baseX' 
base / " \ base / Vbasey ' 

that is, sec'^ = tan'+l. 

(iii) Divide each side of the same identity by 
(perpendicular)*, and we get 

(hypotenuse \'_ /perpendicularN' / base \' 
perpendicular/ "" vperpendicular/ \perpendicular/ * 

that is, cosec' = cot' ^ + 1 . 

* 106. Thus the three results 
(i) cos'^ + sin'^=l 



(i) cos"^ + sm'^=l 1 
(ii) l+tan'd=sec'^ i, 
(iii) l + cot'^ = cosec'tf J 



are each a statement in Trigonometrical language of Eucl. 47. 

5—2 
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107. We give the above proof in a different form. 
To prove that cos^O + sin* 0=^1, 
Let BOB be any angle 6. 




In OJU take any point P, and draw FM perpendicular 
to OB, Then with respect to 0, MP is the perpendicular, 
OP is the hypotenuse, and OM is the base ; 



sin' tf = 



MP' 



,. OM' 



OP" 

We have to prove that sin* + cos" ^ = 1. 

Now 

,. . ,. MP' OM* 
cos'^ + .m'tf=.^^-+-^^ 

MP' + OM' OP" 
OP* "OP' 
since by Euclid I. 47, MP'-^- OM'^ OP', 
Therefore cos*^ + sin*^ = 1. 
Similarly we may prove that 

l + tan*tf = sec'^, 
And that 1 + cot'fl = cosec'A 



= 1, 
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108. The following is a List of Formuljb with which 
the student must make himself familiar : 

COSeC $ = -: — 7; , 

sin^ 

. ^ sin^ 
tan ^ = J, , 

COt^ = ^r-%, 

sin* + cos' fl = 1, 
tan'^+l=sec«^, 
cot* tf + 1 = cosec* 0. 

109. In proving Trigonometrical identities it is often 
convenient to express the other Trigonometrical Ratios in 
terms of the sine and cosine, 

JExcmple, Prove that tan A + cotA^tecA, co$ec A. 

«. . ' sin^ . . cos^ 

Smce tan A^ . , cot A —-. — . , 

cos A sin -4 

8ecil=» 7 and cosecil—-; — ; , 

cos ^ sm .1 

we have to prove that 

sin J . cos J. 1 1 

cos A sin A cos ^ ' sin ^ ' 
or that 

8in*^ + cos*-4 1 



cos ^. sin ^ cos^.siDil' 
aDd this is true, because sin^ A + cos^ ^ = 1. 
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110. Sometimes it is more convenient to express all 
the other Trigonometrical Eatios in terms of the sine only, 
or in terms •£ the cosine only. 

Example (iX Prove that 

sin* ^+2 sin* $ cos*^= 1 - cos* 6. 

Here the right-hand expression does not contain sin ^; hence 
for sin*^ in the left-hand expression we substitute (1-cos*^) ;' 
thus ' 

sin*^+2 sin2^cos«^=(sin«^)«+2 (sin*^) cos^tf 

=(1 -cos«^)a+2 (1 -cos2^)cos«^ 

■=l-2cos«^+cos*^+2cos«tf-2cos'd 

= 1-C0S*^. Q.E.D. 

Example (ii). Prove that 

sm«tf +cos8^= 1 - 3 cos«^+3cos*^. 

Here 

ain«^+cos«tf=(sm2^+cos»^)(sin*^-sina^cos*^+coe*^) 
■six (sin*^- sin*^ cos*^ + cos*^) 
= (sin2^)2- (sin*^) cos2^+cos*d 
«(1 - cos«^)8- (1 - cos2^) cos«^+cos*d 

«=l-2C0S*^ + C08*d-C0S*d + C0S*d + C0S*^ 
«= 1 - 3 COS*^ + 3 COS*^. Q.B.D. 

Note. (1 - cos ^) is called the versed sine of 6; it is 
abbreviated thus vei-sin $. 



\ 
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EXAMFT.EB. ZV. 

Prove the following statementa 
^ (1) coe^.tanil-smJ, /^2) cot^l.tan^l-l. 

^ (3) coBil— smil.cot-4. y (4) sec^.cotJ—coseo J. 

(5) cosecil.tan^=8ec /(. 
^(6) (tan^+coti4)Binil.co8il«l. 

(7) (tan^-cot-4)sm^.co6il«Bm*^-008»-^l. 

(8) coa«i!-8iaM=2co8M-l-l-2smM. 

(9) (Bmii+cos-4)2«l+28inii.coSil. 

(10) (sm^-cos-4)*=»l-2sin^.cos J. 

(11) cos*-5-sm*5=2oos2/?-l. 

(12) (sm«i?+cos«5)«-l. ' 

(13) (sm«J?-cos«5)*»l-4co8«5 + 4cos*J5. 
/(14) l-tan*-B=«2seo«i?-8ec*A 

-^Tiis) (sec.B-tan5)(sec5+tan5)=l. 

(16) (cosec ^ - cot ^) (cosec d+cot ^)=1. 

(17) Bm*^+oo8'd»(smd+cos^)(l-Bin^cos^). 

(18) oos»^*8m8^*=.(oos^-Bin^)(l+sm^co8e^). 

(19) sin«^+co8«d=l-3sm«^.cos2^. 

(20) (siii« ^-cos«^)=(2 sm«d- 1) (1 - sin* ^ + sin^ 6). 

(21) ^f+^^ -tan^.tan^. 
^ ' cotul + cot^ 

/««\ cota+tanfl . . ^. 

(23) ri£2-(««^-t»»^)'- 

(24) l±.^_(coaecil+cot.4)». 

(26) 2Ter8intf-Ter8m*tfs:sin>d 
(26^ reraintf(l+ioa^=sm>A 
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' 111. All the Trigonometrical Katies of an angle can be 
expressed in terms of any one of them. 

Example 1. To express aU the trigonometrical ratios of an 
angU in terms of the sine 

Py 




Let BOB be any angle A, 

We can take F anywhere in the line OU; so that we can 

make one of the lines, OP, OM, or MF any length we please. 

Let us take OP so that its measure is 1, and let « be the 

ifp g 
measure of MF; so that sin A, ^wdiich is -rrjj , =t ; or, «=sin A, 

Let X be the measure of OM. 
Then since (92/^= OF^ - MF^, 

.-. ^=l-«2, 



Hence 



and so on. 
Note. 



A OM 

C03^=^ = 



sIl^S^ 



sV'l -siu^jl, 



tan -4= 



MP s 

om'^^jtz^' 



Jl - sin^ A 

s 1 - «*, gives 



The solution of the equation x^= 

and therefore the ambiguity (i^) must stand before each of the 
root symbols in the above. This ambiguity, as will be explained 
later on, is of great use when the magnitude of the angle is not 
limited. When we limit ^ to be less than a right angle we have 
no use for the negative sign. 
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Exam^ 2. To express all the other trigonometrical ratios 
of an angle in terms of the tangent 




MP 
In this case tan ^^-pyfH * 

Take F so that the measure of OM is 1, and let < be the 

MP t 
measure of MP ; so that tan 6, which is ^^ > ""T » ^^» ^=tan 0. 

Then we can show that the measure of OP is ^^1 + ^. 

„ . ^ MP t ta.n6 

Hence, sm ^ = 7^„ =» . « -.- . 

OP sl\ + t^ Vl+tau=^tf 



OM 



1 



1 



'o/^"'Vi+t«"vr+tMi2d' 



and so on. 



112. The same results may be obtained by the use of the 
formula on page 69. 

Example cos* 6 + sin* ^ = 1, 

.*. cos* ^=1- sin* ^, 
.-. cosd=»Vl-sin^^. 



Again 
and so on. 



A sin B 

tan ^ = ;: = 



sin^ 



cos^ VFTSn*^' 
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EXAMPLES. ZVI. 

(1) Express all the other Trigonometrical Ratios of A in 
terms of cos J. 

(2) Express all the other Trigonometrical Ratios of A in 
terms of cot J. 

(3) Express all the other Trigonometrical Ratios of A in 
terms of sec ii. 

(4) Express all the other Trigonometrical Ratios of ^ in 
terms of cosec A. 

(5) Use the formulse of page 69 to express all the other 
Trigonometrical Ratios of A in terms of sin A, 

(6) Use the formulsa of page 69 to express all the other 
Trigonometrical Ratios of il in terms of the tan A. 

113. Oiven one of the Trigonometrical Ratios of an 
angle less than a right angle^ we cam, Jmd all the others. 

Since all the Trigonometrical Batios of an angle can be 
expressed in terms of any one of them, it is clear that if the 
numerical value of any one of them be given, the numerical 
value of all the rest can be found. 

Example. Given sin^af, find the other Trigonometrical 
Ratios of 6. 

Let ROF be the angle 6. 

Take P on 0^ so that the measure cf OP is 4. Draw PM 
|)erpendicular to OR. 




y? M 
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(MP \ 
BO that YYp "■ 2 ) » cmd since the meaaui'o 

of OP is 4, therefore the measure of MP must be 3. 

Let X be the measure of 0M\ 
then OM^nmOP^-MP^, 

x^s/7. 

Therefore the measure of OM is »J7. 

„ ^ OM Jl 

Hence, ^^^"gp^T' 

^ ^ MP 3 3v^7 

^^■as^"V7^~r- 

cot^=^^^ 



EXAMPLES. ZVn. 

•r 

(1) Given that sin il » f , find tan A and coseo A. 

(2) Given that cos B'^i, find sin ^ and cot B. 
^ (3) Given that tan ii — f , find sin ^ and sec A, 

(4) Given that sec ^«4, find cot and sin $. 

(5) Given that tan ^ » >/3, find sin ^ and cos 0, 

2 

(6) Given that cot tf = -7= , find sin $ and sec B, 

v5 

(7) Given that sin 6^«= - , find tan 6, 

c 

(8) Given that tan O^j- , find sin 6 and cos 6. 

(9) Given that cos ^a- , find sin B and cot B, 

(10) If sin d-o, and tan tf »6, prove that (1 - a«) (1 + ft«)- 1. 

(11) If cos^=A, and tan 0='kj find the equation connecting 
h and k. 
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^ 114. The following propositions are important 

PROP. L To trace the changes in the magnitude of an A as 
f A increases from Oft to 90®. 




Take a line OR, of any length ; and describe the quadrant 
I^FU of the circle whose centre is and radius OR, 

Draw the right angle ROU, cutting the circle in U. 

Let OF make any angle ROP {=A) with OR ; draw FM per- 
pendicular to OR, 

Then 



sm^=^. 



When the angle A is 0^, MF is zero, and when A is 90®, MF 
is equal to OF ; and as A continuously increases from 0® to 90*^, 
MF increases continuously from zero to OF ; also OF is always 
equal to OR 

MF 

Therefore, when ^ =0®, the fraction jyp is equal to ^^, that 

MF OF 

is ; when -4=90<^ the fraction jrp is equal to -y^, that is 1 ; 

and as A continuously increases from 0® to 90®, the nwmerator of 

MF 
the fraction jr= contimuyudy increases from zero to OP, while 

MF 

the denominator is unchanged, and therefore the fraction -jrp , 

which is sin il, increases continuously from to 1. 
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PROP. IL To trace the ekangee in the magnUude of tan A 
€U A increaees from (fi to 90®. 

With the same construction and figure as in the last article, 
we have 

tan^-^j^. 

When the angle ^ is 0®, MP is zero ; when A is 90^, MP is 
equal to OP; and as the angle continuously increases from 0® to 
90^, MP increases continuously from aero io OP, 

When the angle ^ is O®, OM is equal to 0P\ when il is 90^, 
OM is zero; and as A continuously increases from, (fi to 90^, 
OM continuously decreases from OP to zero. 

MP 

Hence, when ^ is 0^, the fraction ^p is equal to to., that is 

MP OP 

0; when A is 90®, the fraction ^™ is equal to -^, that is *in- 

finity' (see art 95) ; and as A continuously increases from 0® to 

90®, the numerator continuously increases from zero to OP, 

while the denominator continuously diminishes from OP to zero ; 

MP 
so that the fraction jrj^, which is tan^, continuously increases 

from until it is greater than any assignable numerical quantity, 

EXAMPLES. XVnL 

(1) Show that as A continuously increases from 0® to 90®, 
cos A continuously diminishes from 1 to 0. 

(2) Trace the changes in the magnitude of sec ^ as ^ increases 
from to|. 

(3) Trace the changes in the magnitude of sin ^ as ^ dimin- 
ishes from 90® to 0®. 

(4) Trace the changes in the magnitude of cot ^ as increases 

from to |. 
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y^ 115. Since the hypotenuse is the greatest side in a right- 
angled triangle, it is clear 

/•\ xi- X • A !-• 1 • perpendicular . 

(i) that sin A, which is \ ^ , is never 

' hypotenuse 

greater than unity, 

(ii) that cos A, which is -; ; , is ne^er 

^ ' hypotenuse 

greater than unity, 

..... ,, ^ J 1 . 1. . hypotenuse 

(m) that cosecAi which is — ^^-^ — r^ — =-— » is never 

^ . perpendicular 

nvmvericcdly less than unity (we shall see 

later on that it may be nega/tive)^ 

/. X .1 , A 1 • 1 . hypotenuse . 
(iv) that sec A, which is ^. , is never nume- 
rically less than unity (it may be negative). 

Hence such a question as ^ Find cm angle v)hose sine 
is 4' has no solution, since there is no angle whose sine 
is greater than unity. 

And such a question as ' Find an angle whose secant 
is f ' has no solution, because thero is no angle whose secant 
is numerically less than unity. 

116. If -4 be small, the perpendicular is smaller than 

the base; and tan A^ which is - — ~- , can be made as 

Dase 

small as we please (see figure in Art. 114). Also if the 

angle A be nearly a right angle, the perpendicular is greater 

than the base; and tan A^ which is ^ ^, , can be made 



as large as we please. 
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So that an angle whose tangent is a can aluxiys be found 
if a be positive ; that is, there is always an angle A between 
(f and 90*^, such that tan il s a, if a be a poflitive number. 

[The student will find as he proceeds that the equation 
tan x = a can always be solved if a be any arithmetical 
quantity]. 

£xa7nple 1. To draw an angle A whoie tine i$ }. 

Draw any line OR^ and take R such that the measure of OR 
is unity ; describe the quadrant RPU of the circle whose centre is 
and radius OK 

In OU which is perpendicular to ORy take ON so that the 
measure of ON is j. 




Draw NP parallel to OR cutting the quadrant in P, (The 
student should observe that if the measure of ON were greater 
than unityy iT would be outside the circle altogether, and the line 
parallel to OR would not cut the circle at alL) 

Join OPy and draw PM perpendicular to OR, 
Then ROP is the angle required. 

Therefore an angle POR has been drawn whoa* sine is j. 
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Example 2. To draw am, angle wkoee cosine ie b ; where 5 is a 
proper fraction and positive. 




Draw any line OR^ and take OR so that its measure is unity. 

Describe the quadrant RPU of the circle whose centre is 
and radius OK 

Take M in OR so that the measure of OM is h, OM will be 
less than OR because h is b, proper fraction. 

Draw MP perpendicular to OR cutting the quadrant in P. 
(The student will observe that if h were an improper fraction, 
M would be outside the circle altogether.) 

Then the angle ROP is the angle required. 

Forcosi20P = ^ = ^=6. 

Therefore an angle ROP h(U3 been described such that the 
cosi26)P=6. 

Example 3. To draw an angle A such that tan ^.==0^ where 
a is any positive numerical quantity. 

P 
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Draw any line OR, and take J/" in it so that the measure of 
DM is unity. 

Draw MP perpendicular to OM^ and take P so that the 
measure of MP is a. Join OP, Then the angle ROP is the 
angle required. 

FortanjBOP-^ = j=a. 

Thus an angle ROP has been drawn so that tan ROP^^a, 

117. Definition. One angle is called the complement 
of another, when the two angles added together make up a 
right omgle. 

Example 1. The complement of -4 is (90^ - A), 

Example 2. The complement of 190<> is (90> - 190>) = - 100^. 
For 19(y>+(900-19O>)=900. 

Example 3. The complement of-T-is(o--j) = --j-. 

118. To prove that the sine of an amjgU A ii equal to 
tJiO cosine of its complement (90® — A), 

[This is true whatever be the magnitude of -4, as will be 
proved later on.] 

If ul be less than 90", let ROP be A (see last figure). 

Draw PM perpendicular to OR. 

Then since PMO = 90", therefore POM + 0PM = 90® and 
therefore OJPJf = (90® - A). 

Kow, sin ii = ^ = cos 0PM = cos (90° - A), q.e.d. 



S2 TRIGONOMETRY. 

EXAMPLES, ynr 

(1) Draw an angle whose sine is |. 

(2) Draw an angle whose cosecant is 2. 

(3) Draw an angle whose tangent is 2. 

(4) Can an angle be drawn whose tangent is 431 ? 

(5) Can an angle be drawn whose cosine is ^ ? 

(6) Can an^angle be drawn whose secant is 5 ? 

(7) Find the complements of 

(i) 300. (ii) 1900. (iii) 90^. (iv) 350^. 

(v) -260. (vi) -3200. (vii)^. (viii) -|. 

(8) Prove that sm 700=cos 20^. 

(9) Prove that cos 47^ 16'=sin 42^ 44'. 

(10) Prove that tan 790=cot 110. 

(11) Prove that sec 360=cosec 540. 

(12) If A be less than 900, prove 

(i) cos ^ = sin (900 - A), 
(ii) tan ^= cot (900-^). 
(iii) sec -4 = cosec (900 —A), 
(iv) cot^=tan(900-ul). 

On the Solution of Trigonometrical Equations. 

119. A Trigonometrical equation is an equation in 
which there is a letter, such as 6^ which stands for an angle 
of unknown magnitude. 

The solution of the equation is the process of finding an 
angle which, if it be substituted for ^, satisfies the equation. 
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Example 1. Sclve cob B'^^, 

This is a Trigonometrical equation. To solve it we must 
find some angle such that its cosine is \. 

We know that cos 60°=^. 

Therefore if 60^ be put for 6 the equation is satisfied. 
.*. ^«60^ is a solution of the equation. 

Example 2. Solve sin ^ - cosec B + }-"0. 

The usual method of solution is to express all the Trigono- 
metrical Ratios in terms of one of them. 

Thus we put -r—j. for cosec ^, and we get 

sin^ — r^>, + i«0. 
sm^ * 

This is an equation in which B, and therefore nn ^ is unknown. 
It will be convenient if we put x for nn B^ and then solve the 
equation for 4; as an ordinary algebraical equation. Thus we get 

X 
or, ^ + y = l, 

.'. x-^i^^l 
Whence x^ - 2, or 4?= J. 

But X stands for sin B. 
Thus we get sin ^= - 2, or sin ^ = |. 

The value - 2 is inadmissible for sin B, for there is no angle 
whose sine is numerically greater than 1 (Art. 115). 
.*. amB=^. 
But sin30«=i. 

.-. sin^=sin30^. 
Therefore one angle which satisfies this equation for B is 30*. 

6—2 
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Example 3. To solve the equation cosec B - cot^ ^ + 1=0. 

We have 1 + cot* ^ «coseo2 $, [Art. 108] 

/. cot^^^oosec^^-l. 
and we get cosec B - cosec^ ^ + 2=0. 

Let X stand for cosec B, Then 

x-x^ + 2=0, 

.', X^-X^'+i, 

or .*. x^-x + i=^ +1 + 2^1, 

Whence 07=2, or a?= - 1, 

.*. cosec ^=2, 
but cosec 30^=2, 

.% cosec ^= cosec 30^ 
therefore 30^ is one angle which satisfies the equation for B, 



EXAMPLES. XX. 

Find one angle which satisfies each of the following equations. 
(I) sin ^=-7^. (2) 4 sin ^ « cosec ^. 



:,>- 



V2- 
(3) 2cos^=sec^. (4) 4 sin ^-3 cosec ^=0. 



^\ 



(6) 4cos^-3sec^=0. (6) '3tan^=cot^. 

"^ (7) 3sin^-2cos2^=a (8) V2sin^=tan^. 
(9) 2cos^«V3cot^. (10) tan ^=3 cot ^. 

\ *^ (11) tan^ + 3cot^=4. (12) tan^ + cot^=2. 

(13) 2sin2^ + V2cos^=2. (14) 4sin2<9+2sm^=l. 
(15) 3tan2^-4sin2^=l. (16) 2sin2^ + V2sintf=2. 

(17) cos2^-V3cos^ + J=0. 

(18) cos«^ + 2sin2^-5sin^=.0. 
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««MI80ELLANE0TJS EXAMPLES. XXL 

(1) Prove that 3 sin 60^-4 Bin* 600«4co6«3(y>- 3 COB 30». 

(2) Prove tliattaii30<>(l+oo83(y>+oo8600)-8m300+Bm60». 

(3) If 2 cos* ^-7co8^+3«0, show there is only one value 
of cos ^. 

(4) Find cos from the equation 8 cob' ^ - 8 cos ^+ 1 ">0. 

(5) Find tmd from the equation 8Bin*^-10sin^+3«0, 

and prove that one value of ^ is ^ . 

(6) Find tan B from the equation 12 tan' ^-13tan^ + 3">0. 

(7) If 3 cos' ^ + 2 . V3 . COS ^ = 5 J, show that there is only one 

value of COS ^, and that one value of ^ is 2« 

o 

(8) Prove that the value of sin* 6 + cos* ^ + 2 . sin' 6 . cos'^ 6 is 
always the same. 

(9) Simplify cos* ul + 2 . sin' -4 . cos'^A 

(10) Express sin« A + cos* A in terms of sin' A and powers of 
ein'il. 

(11) Express 1 +tan* B in terms of cos B and its powers. ' 

/ION -D i.1 . cos il+cos-fi , siuil+sin^ . 

(12) Prove that-; — -. : — d+ — 7 5=0* 

^ * sm -4 - sm ^ cosui - cos B 

(13) Express (sec A - tan AY in terms of sin A, 

(14) Trace the changes in the magnitude of cosec ^ as ^ iu« 

creases from to ^ . 

(15) Trace the changes in the magnitude of cot^ as ^ de« 
creases from ^^0, 

(16) Solve sin(^+</>)=y,cos(^-<^)=^. 
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CHAPTER VIIL 

On the Use op the Signs + and — . 

120. The student is probably aware that, in the appli- 
cation of Algebra to Problems concerning distcmce, we some- 
times find that the solution of an equation gives the measure 
of a distance with the sign — before it. 

Example. Let MyNjO he places in a straight line ; let the 
distance from if to iV be 3 miles, and the distance from NioO^ 
3 miles. 

« i ^ — t ft 

One man A starting from M^ rides towards at the rate of 
10 miles an hour, while another man B starting simultaneously 
from iV, walks towards at the rate of 4 miles an hour ; 

If § be the point at which they meet, how far is Q beyond ? 

Let P be any point beyond 0, and let ^ be the number of 
miles in OP. We wish to find ^, i. e. the measure of OP, so that 
P may coincide with Q, the point at which A overtakes B. 

When A arrives at P, he has ridden 6-1-07 miles. The time 

6 + ^ 
occupied at the rate of 10 miles an hour is -j^ hours. 



When B arrives at P, he has walked 3 + 4; miles. The time 

±i 
4 
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occupied at the rate of 4 miles an hoiur is -j- hours. 
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When P is the point at which they meet, these times are 
equal, so that 

ltf = 34^; whence or- -1. 
10 4 ' 

Thus the required nvmber (jf miles has the sign - before it ; 
and we have failed to find a point bet^ond at which A over- 
takes jS. 

121. Such a result can generally be interpreted by 
altering the statement of the problem, thus : 

The line whose measure appears with the sign- before 
it, must be considered as drawn in the direction opposite to 
that in which it was drawn in the first statement of the 
problem. 



Af 



y ^ 9 — ?. 



Exampie, Taking the former example, let us alter the ques- 
tion as follows : 

If § be the point at which A overtakes jB, how far is § to 
the left of 01 

Let P be any point to the left oi 0, and let x be the number 
of miles in OP, 

We wish to find x (Le. the measiure of 0P\ so that P may 
coincide with ft the point at which A overtakes B. 

When A arrives at P, he has ridden 6 -a? miles. 

When B arrives at P, he has walked 3 - a? miles. 

Proceeding as before, we get 

-j~r- =— J— ; whence x— + 1. 

Therefore if P is to coincide with Q (the point at which A 
overtakes B\ OP must be one mile to the left of 0, 
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88 TRIQONOMETRY. 

122. The consideration of such examples as the above 
has suggested, that the sign - may be made use of, iu 
the application of Algebra to Geometry, to represent a 
direction exactly opposite to that represented by the sign +. 

Accordingly the following Bule, or Convention, has been 
mada 

-RdaR Any straight line -4^ being given, then 

lines drawn parallel to AB in one direction shall be posi- 
tive; that is, shall be represented algebraically by their mean 
surea with tlie sign + be/ore them : 

lines drawn parallel to BA in the opposite direction 
shall be negative; that is, shall be rejyresented algebraically 
by their mea-sv/res tmth the sign — be/ore them. 

123. We may choose for the positive direction in each 
case that direction which is most convenient. 

Example. Let LR be a straight line parallel to the printed 
lines in the page, 

L 2 £ — ft 

and let lines drawn in the direction from Z to jR in the figure 
that is, from the leffc-hand towards the right, be considered 
positive. Then by the above rule, lines drawn in the direction 
from Rto L, that is, from right to left, must be negaHve. 

124. In naming a line by the letters at its extremities, 
we can indicate by the order of the letters, the direction in 
which the line is supposed to be drawn. 

Example. Let and P be two points in the line LR as in 
the figure, and let the measure of the distance between them 
be a. 

Then OP, i.a the line drawn from to P, which is in the 
positive direction, is represented algebraically by + a. 

While PO, Le. the line drawn from P to 0, which is in the 
negative direction, is represented algebraically by - a. 
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125. Hence in using the two letters at its extremitiei 
to represent a line, the student will find it advantageous 
always to pay careful attention to the order of the letters. 

Example. Let ZR be a straight line parallel to the printed 
lines in the page. 

Let Ay B, (7, A -^ be points in LR, such that the measures of 
ABf BG, CD, DEy are 1, 2, 3, 4 respectively. 

Find the algebraical representation of 

(i) AC^-CB (ii) AD + DC-BC. 

H-8 — ^ 2 ^ 

(i) The algebraical representation of -4 C is +3, 

the algebraical representation of CB is - 2. 

Hence that of AC^- CB la +3 - 2 ; that is, +1*. 

(ii) The algebraical representation of AD is + 6, that of DC 
is - 3, and that of BCia + 2. 

Therefore that of ^/) + i)C-i?(7«6-3-2=: +1. 

This is eqiuvalent to that of AB. 

EXAMPLES. XXn. 

In the above figure, find the algebraical representation of 

(1) AB-^BC+CD. (2) AB+BC+CA. 

(3) BC + CD + DE-\- EC. (4) AD - CD. 

(5) AD + DB+BK (6) BC-AC+AD-BD. 

(7) CD + DB + BE. (8) CD - BD -^ BA + AC + CE 

* BjAG+CB (attention being paid to direetion)^ we mean 'Go 
from A to C and from C to B.* The result is equivalent to starting 
from A and stopping at B, i.e. equivalent to AB. 
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CHAPTER IX. 
On the Use op the Signs + and - in Trigonometry. 

126. In Trigonometry in order conveniently to treat 
of angles of any magnitude, we proceed as follows. 

We take a fixed point 0, called the origin ; and a fixed 
straight line OR, called the initial line. 

The angle of which we wish to treat is described by a 
line OP, called the revolving line. This line OP starts 
from the initial line OR, and turns about through an 
angle ROP of any proposed magnitude into the position OP, 
Py 



fnitistl LfnB 




127. We have already said in Art. 41 

(i) that, when an angle ROP is described by OP turning 
about in the direction contra/ry to that of the hands of a 
fjoatchf the angle ROP is said to be positive ; that is, is re- 
presented algebraically by its measure^ toith the sign + before it. 

(ii) that, when an angle ROP is described by OP turning 
about in the same direction as the hands of a watch, the 
angle is said to be negative; that is, is represeinted alge- 
braically by its meastire toith the sign - before it. 
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Example. (18(y> - ^1) indicates 

(i) the angle described by OP turning about from the 
position OR in the positive direction until it has described an 
angle of (180 - A) degrees. 




"v* 



Or, (ii) the angle described by OP turning about 0, from 
the position OR^ in the positive direction until it has described 
an angle of 180^ (when it has turned into the position 0L\ and 
then turning back from OL in the negative direction through 
the angle - A into the position OP, 

Or, (iii) the angle described by OP turning about from 
the position OR^ in the negative direction through the angle - Ay 
and then turning back in the positive direction through the 
an^e ISO**, into the position OP. 

The student should observe that in each of these three ways 
of regarding the angle (180^ - A\ the resuUmg angle ROP is the 
same. 

EXAMPLES. XXIir. 

Draw a figure giving the position of the revolving line after it 
has turned through each of the following angles. 

(1) 2700. (2) 370^. (3) 4250. (4) 690». 

(5) -30». (6) -3300. (7) .480©. (8) -750«. 

(9) ^-^-. (10) 2n^ + g. (11) (2n+l)7r + |. 

(12) (2n + l)7r- J. (13) 2n7r-|. (14) (2n + l) ir-|. 

Note, nir always stands for a whole number of two 
right angles. 
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128. It is often convenient to keep the revolving line 
of the same length. 




In this cajse the point P lies always on the circumference 
of a circle whose centre is 0. 

Let this circle cut the lines LOR^ UOD in the points 
Ly R, Z7, D respectively. 

The circle RULD is thus divided at the points 7?, U^ Z, D 

into four Quadrants^ of which 

RUi& called the first Quadrant. 

UL is called the second Quadrant. 

LD is called the third Quadrant. 

DR is called the fourth Quadrant. 
Hence, in the figure, 

ROP^ is an angle of the first Quadrant 
ROP^ „ „ second Quadrant. 

ROP^ „ „ third Quadrant. 

ROP. „ „ fourth Quadrant 
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129. When we are given the initial and the final line 
of an angle, we can at once decide the Quadrant of which 
it is. We cannot however decide the magnitude of the 
trigonometrical angle. 

For we do not know how many oompltte revolations the revolying 
line may have made. 

In other words, when the geometrical representation of 
an angle (consisting of the positions of the initial line and 
of the final line) is given, we are not (without further 
information) given the Trigonometrical angle. 

The Gbometrioal angle is here taken to be the amoimt of taming 
in the positive direction, which will transfer the revolving line from 
the initial to the final line. 

130. Let A" be the magnitude of a given geometrical 
angle EOF; then, every trigonometrical angle having 
OB for its initial line and OF for its final line, is included 
in the expression 

nxSeO'^ + A'; or, 2nxl80' + A% 
where n is some integer positive or negative. 

For nx860° indicates a number of complete revolations of the 
revolving line. 

When we know the magnitude of the trigonometrical angle, then 
we know what integer n is. 

Example. In the figure on p. 92 the geometrical angle ROP^ con- 
tains 135^ This angle is the geometrical representation of the angles 

4960,866°, -225°, etc., 
for496°=360°+135°; 866° =720° +136°; -226°= -860° +135°. 

K.6. Let be the circular measure of a geometrical 
angle EOF ; then, every trigonometrical angle represented 
by EOF^ is included in the expression 

nx27r+^; or, 2n7r+e* 
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EXAMPLES. XXIV. 

State in which Quadrant, the revolving line will be after desoribing 
the following angles: 
(1) 120°. (2) 840«. (3) 490°. (4) -100°. 

(6) -380°. (6) -1000°. (7) -. J^ (8) 10t+^. 

(9) 9ir-?^. (10) 2nT-^.A(ll) (2n + l)ir+y. (12) 71t + ^ 

Shew that the following angles are represented by the same 
diagram geometrically : 

(13) 365% 725% -356% 1085% -715^ 

(14) - 65% 295% 665% - 425". 

(16) 199% 659% 3799% -521% 7001% 

(16) 6, 4^+6, -(27r-^), -4^+3. 

(17) TT — a, 3jr — a, — ir — a, (272.+ 1) ir— n. 

(18) ir-f a, 3n-f a, -ir+a, (2?»+l) ir+a. 

/■ 

131. The principal directions of lines with which we 
are concerned in Trigonometry are as follows ; 

I. that parallel to ORy the initial line. 

OR is usually drawn from O towards the right hand, parallel to 
the printed lines of the page. 

II. The direction at right angles to OR. 

III. The direction parallel to the revolving line OF. 

U 



10 
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Accordingly we make the following nilei ; 

I. For lines parallel to the initial line OB, the lK>li- 
live direction is from to B; consequently the negative 
direction is from R to 0. 

IL OU is the poiitioii of the revolving line 
after it has described from OB a right angle 
about in the positive direction of revolution | 

and for lines perpendicular to OB, the positive direction 
is from toU; consequently for lines perpendicular to OB 
the negative direction is from to 27 to 0. 

IIL Any line drawn parallel to the reyolving line in 
the direction from to P is to be positive, and consequently 
any line drawn in the direction from P to is to be 
negative. 

Note. The student most notice that the revolving line OP earrie$ 
its positive direction round with it, so that the line *0P' is always 
positive. The revolving line, as it turns about 0, nowhere undergoes 
any sudden change of direction such as would be indicated by a 
change of sign. 

132. We. said, in Art. 81, that the definitions of the 
Trigonometrical Ratios (on pp. 46, 47), apply to angles of 
any magnitude. We have only to remark that it is gene- 
rally convenient to take F on the revolving line; that 
FM is drawn perpendicular to the other line produced if 
necessary/; and that the order of the letters in MF, OF^ 
OM is an essential part of the definition. 

. MF 
The order of the letters F, M, in the expressions ^-^, 

eta, is therefore of gi'eat importance. 
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133. We proceed to show that the Trigonometrical 
Ratios of an angle vary in Sign according to the Quadrant 
in which the revolving line of the angle happens to be. 

From the definition we have, with the usual letters, 
sin BOF = ^, cos ROP^^, tan ROP^ ^. 



Fig.t 




Fig.1l 




I. When OP is in the first Quadrant (Fig. 1.). 
MP is positive because from if to P is upwa/rda 

(Rule II. p. 95.) 

OM is positive because jfrom to if is totmrds the right 

(Rule I. ) 
OP is positive (Rule iii.) 
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Hence, if ^ be any angle of the first Quadrant^ 

. , ..^. MP . 
sin Ay which is j^p > ^ positive ; 

. , . , . OJf . 
cos -4, which IS yr^ , IS positive ; 

tan A, which is 7rT>, is positive. 

n. When OP is in the second Quadrant, (Fig. ii.). 
MF is positive, because from Jf to P is tipwards, 
OM is negative, because from to if is towctrds the left. 
OP is jwsitive. 

Hence, if il be any angle of the second Quadrant, 

...... MP . 

sin A, which is y^^-, is positive ; 

. .. .. OM . 
cos Ay which is YTp > is negative ; 

tan Ay which is jyTfi is negative. 

m. When OP is in the third Quadrant (Fig. iii.) 
MP is negative, OM is negative, OP is positive. 

So that, if ^ be any angle of the third Quadrant, 
sin A is negative, cos ^ is negative^ tan ii is positive. 

IV. When OP is in the fourth Quadrant (Fig. iv.) 
MP is nega^voe, OM is positive, OP is positive. 

So that, if ii be any angle of i^efowrth Quadrant, 
sin A is negative, cos ii is positive, tan ii is ne^a^t;^. 

L. E. T. 7 
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134 The table given below exhibits the results of the 
last article. 



Quadrant ... 


I. 


IL 


in. 


IV. 


Sine 


+ 


+ 


- 


-' 


Cosine 


+ 


- 


- 


+ 


Tangent ... 


+ 


- 


+ 


- 



The student should notice that in any particular Quadrant 
the three signs of sine, cosine, and tangent are unlike their signs 
in any other Quadrant. 



EXAMPLES. ZXV. 

State the sign of the sine, cosine, and tangent of each of the 
following angles : 



(1) 60». 
(4) 275«. 

(7) -193P. 

(10) 2nir + ^. 



(2) 135®. 
(5) - 10». 
(8) -36(y>. 



(11) 



2r^1r + ~. 
4 



(3) 
(6) 
(9) 

(12) 



266«. 

-91*. 

-1000i>. 



^.-l 



135. The NUMERICAL VALUES through which the Trigo- 
nometrical Katies of the angle BOP pass, as OP moves 
through the first Quadrant, are repeated as OP moves 
through each of the other Quadrants. 

Thus as OP moves through the second Quadrant from U to 
Z, Fig. n, {OP being always of the same length) MP and OM 
pass through the same succession of numerical values through 
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which they pass, as P moves through the first Quadrant in the 
opposite direction from U to IL 

Example 1. Fivid the sine, cosine and tangent of 120^. 

12(y> is an angle of the second Quadrant. 

Let the angle ROP be 120<> (Fig. IL p. 96.) 

Then the angle POZ'mlSCfi - 120«-60». 

MP 
Hence, sin 1^*=-- = sin 60^ nnmerically, and in the second 

Quadrant the sine is positive, 

2 

OM 
Again, cos 1200»yjpBCos 60^, numerioaUy^ and in the second 

Quadrant the cosine is negative. 

Therefore cosl200=.-5 (ii). 

Similarly, tan 120^= ->/3 (iii). 

Example 2. Find the sine, cosine and tangent of 225®. 

225<^ is an angle in the third Quadrant 

Let the angle ROP be 225^ (Fig. m.) 

Here the angle P(?Z= 226*^ - 180>-450. 

Therefore the Trigonometrical Batios of 2250=^ those of 45<' 
numerically ; and in the tMrd Quadrant the sine and cosine are 
each negative and the tangent is positive. 

Hence, sin 225®= - -^ ; cos 2260= - ^ ; tan 225<>=1. 

136, The cosecant, secant and cotangent of an angle A 
have the same sign as the sine, cosine, and tangent of A 
respectively. 
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EXAMPLES. ZXVI. 

Find the algebraical value of the sine, cosine and tangent of 
the fbllowing angles : 

(1) 1500. (2) 135«. (3) -2400. (4) 3300. 

(6) - 450. (6) -3000. (7) 2250. (8) -1350. 

(9) 3000. (10) 7500. (n) _8400. (12) 10200. 

(13)2n7r + j. (14) (2n+l) 7r-g. (16) (2n-l)ir + g^. 

*JSxaniple, To trace the changes in the magnitude and sign of 
sin Af as A increases from (fi to 3600. 

Take the figure and construction of page 96. 

As A increases from 0® to 900, MF increases from zero to OF, 
and is positive. 

Therefore sin A increases from to 1 and is positive. 

As A increases from 90® to 180®, MF decreases from OF to 
zero, and is positiva 

Therefore sin A decreases from 1 to and is positive. 

As A increases from 180* to 270®, MF increases from zero to 
OF, and is negative. 

Therefore sin A increases numerically from to 1 and is 
negative. 

As A increases from 270^ to 3600, MF decreases from OF to 
zero, and is negative. 

Therefore sin A decreases numerically from 1 to and is 
negative. 

« EXAMPLES. XXVn. 

Trace the changes in sign and magnitude as A increases from 
00 to 3600 of 

(l)oosA (2) tan A (3) cotX (4) sec^l. 

(5) cosec^. (6) 1-sinji. (7) sin* A (8) sin ^. cos A 

(9) sin A +C0S A. (10) tan ^4 +cot ji. (11) sin ji - cos J. 
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CHAPTER X** 
On Angles Unlimited in Magnitude. 

137. Just as the definitions of the Trigonometrical 
Ratios apply to angles of any magnitude whatever, so every 
general Formnla involving these Ratios is true for angles 
of any magnitude whatever. 

It is most important that the student should examine 
for himself into the truth of this statement. 

138. The formultt 
oosecil = -; — '. , sec^ = 5, oot^ : 



sin^' cosil' tan J' 

are really definitions ; and since the definitions apply, there- 
fore these formula are true, whatever be the magnitude 

Ofii. 

The formuliB tan^ = . , cot-4 = -, — . , 

cos-4 sin-4 

are deduced immediately from the definitions, and therefore 
they are true whatever be the magnitude of A, 

139. The formulae sinM + cos'-i = 1, 

1 +tanM =secM, 
1 + cot*-4 = cosec'^, 

are each a trigonometrical statement of Euc. l 47, and 
depend only on the fitct that if P, OM, and OF are the sides 
of a right-cmgled triangle. That this is the case, whatever 
be the magnitude of the angle A, is evident from the figures 
on page 96. 

* * To be omitted on a first reading, except pp. 104, 105. 
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140. In Art. 118 we proved that the sine of an angle 
is equal to the cosine of its complement, provided the angle 
lies between 0" and 90". We now give some examples of a 
method of proving the truth of this and other like formulae, 
whatever be the magnitude of the angle concerned. 

Exarrvple 1. To prove that the sine of an angle = the cosine of 
its complement 

That is, to prove sin ^ = cos (W - A) 
and cos -4 = sin (90<* - A) . 

We take two revolving lines OP and OF. OP starting 
from OR is to describe the angle A ; OF starting from OR is to 
describe (90<>-^). 

As usual, PM^ FM' are perpendiculars on OR and FN' is a 
perpendicular on OU, 

In describing i^^-A) we shall consider that OF starting 
from OR^ turns first through 90^ into the position OU^ and then 
turns back from OTJ through the angle UOF={-A). 
U p' 






B 

i 


u 

. M 


^ 


\ M 




\' 


\ 


2^-^ 


'P 




So that ROP, the angle which OP describes fix>m OR, is 
always equal to UOF, the angle which OP' describes from OU in 
the opposite direction. 
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Hence, N'F^ that is 0M\ is always equal to MP in magni- 
tude. 

Also it will be seen that when P is above LOR, P' is to the 
right of UOD; when P is 6e^(W Z(?/J, P* is to the left of £r(>j9. 

Hence, OM' and JVP have always the «ain« <t9^ 
Therefore •^ *= gp- always, 

or, sin ji =:: cos (90^ - A\ for all values of A, 

Again, ON'y that is M'F, is always equal to (>i/ in magnitvde. 

And P' is above or below LOR according as P is to the right 
or to the left of UOD, 

So that M'F and OM have always the same sign. 

r^ . OM M'F , 

Therefore ^ - -^ always, 

01, cos ^ = sin (90<^ - A) for all values of A, 



EXAMPLES. XZVm. 

Prove, drawing a separate figure for each example, that 

(L) sin 30^-cos 60». (2) sin650=cos25». 

(I) sinl95»=oos(-105«). (4)^ cos275=8in(-186<>). 

(8) cos(-27«)=sinll7» (6) cos300J>»sin(-2I00). 

If ii, J5, (7 be the angles of a triangle, so that ^ + J? + C= 180<>, 

prove 

,^, A , B+C ,^. B . A+C 

(7) cos2=8in--— . (8) cos2=sm g- . 

,^. . C A+B ,,^, , A B+C 

(9) sm^-^cos— g-. (10) sm-=cos— ^. 
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141. Def. Two angles are said to be the Supplements 

the one of the o€her when their sum is two right angles. 

Thus (180^ - ^) is the Bupplement of A 

If A, ByC h^ the angles of a triangle, (A+B-\-C)^\Q^y so 
that (J?+ (7) is the supplement of A, 

Example 2. To prove that the sine of an am^le^the sine of its 
siupplement ; a/nd thai the cosine of a/n angles - {the cosine of its 
supplement). 

That is, to prove sin -4 = sin {ISQ^ - -4) 

and cos ^ = - cos (180^ - A). 

We take two reyolving lines OF and OP'. OP starting 
from OR describes the angle A ; OP* starting from OB describes 
the angle (180»-ii). 

In describing (180^ - -4) we consider that OP' starting fron 
OR turns first through 180<^ into the position OL^ and then bask 
from OL through the angle Z(?P'=(- JL). 




So that ROP, the angle which OP describes from OR^ is 
always equal to LOP, the angle which OP describes from OL in 
the opposite direction. 
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ON ANGLES UNLIMITED IN MAGNITUDE. 105 
Hence, MP and M*P are always equal in magnitude. 
Also, P and P are always both above, or both below LOR. 
So that i/P and M'P are always of the <ain« m^l 

Therefore ^ = -gpr always, 

or, sin il =sin (180^ - A), for all yalues of A, 

Again, OM and Oif ' are always equal in Tno^rniift^. 

Also it will be seen that when P is on the right of UOD^ F 
is on the Uft of UOD\ when P is on the Uft of UOBy P' is on 
rt^A^ of £r(?2). 

So that OM and OiT' are always of (>f>2E>o«i^0 n^ 

rr^ ^ OM OM* , 

Therefore gp= - -^p? always, 

or, cos il = - cos (180^ - -4), for all values of A, 



EXAMPLES, w I V , 

Prove, drawing a separate figure in each case, that 
(1) sin 6(y>=sin 1200. (2) sin 3400= sin (-1600). 

(3) sin v-400)=sin 2200. (4) cos 3200= -cos (-1400) 
(5) cos (-3800)= -cos 5600. (g) cosl950= -cos(-150). 

KA^BfC be the angles of a triangle, prove 

(1) BiQ A^BoniB+C), (2) sin(7=sin(ul + iB). 

(3) cosi?--cos(^ + C) (4) co8il=-cos((7+-5). 



,y Google 
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TRIGONOMETRY, 



Example 3. To prove sm ^ = - sin (180® + A)^ 

and cosJL=-oos(18(y>+^). 

As before, we take two revolving lines OP and OF, OF 
starting from OR describes the angle A ; OF starting from OB 
describes the angle (180<>+^). 

In describing (180<^+J[)we consider that OP' starting from 
OR turns first through 180<^ into the position OL, and then on 
from OL through the angle A, 




So that ROP, the angle which OP describes from OR, is 
always equal to LOF, the angle which OF describes from OL 
in the same direction. 

Hence, M'F always^ MP in m^agnitude. 

Also it wiU be seen that when P is above LOR, F is below 
LOR ; and vice versd*. 

So that MP and M'F are always of opposite sign 

„ MP M'F , 

Hence, OP ^ " 'OF ^^^^^ 

or, sin ^ — - sin (180<^ + A), for all values of A, 

Similarly, OM always^ OM' in Tnagnitude, 

And P' is to the left or to the right of UOD according as P is 
to the right or to the left of UOD. 

* This will be more clear if the student obserres that PDF is 
always a straight line. 
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„ OM OW , 

Hence, OP"" "OF ^^^^^^ 

or, COB -4— -Cite (18(y> + ji), for all values of A. 

Ex<m(pU\, T'o^oM sin ^—- cos (90* +-4), 
and cos ji=sin i^-vA), 

As before, we take two revolving lines OP and OF. OP 
starting from OR describes the angle A ; OF starting from OR 
describes the angle ^ + A, 

III describing i^+A) we consider that OF starting from OR 
turns first through 90* into the position OU^ and then on from 
OU through the angle A, 




So that ROPy the angle which OP describes from 022, is 
always equal to UOF^ the angle which OF describes from OUin 
the «(Mn6 direction. 

Hence, N'F^ that is 0M\ aboayt—MP in magwX/ude. 
Also, P' is to the left or to the right of UOD according as P 
is above or below LOR. 

So that MP and OM* are always of opposite tign. 



Hence, 



or. 



MP om;^ , 

OP ^ OF *^^*y^ 

sin ji= - cos (90^+ J), for all values of A. 
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108 TRIGONOMETRY. 

Similarly, CM always^ M'F in magnitude. 

And P is above or below LOR according as P is to the right 
or to the left of UOD. 

So that OM and M'P are akoaiys of the zame sign. 

OM M'F , 
Hence, ^ = -^p- always, 

or, cos J. = sin (90° + il ), for all values of A. 



liOSOELLANEOUS EXAMPLES, ttzic. 

Prove, drawing a separate figure in each case, that 

(I) sin 600-= _ gin 24(y>. (2) sin 170°- - sin 3500. 
x^(3) sin(-200)» -sin 1600. (4) cos 3800= -cos 5600. 

^5) cos (-226)= - cos ( - 460). (6) cos 10050= . cos 11860 
^1) sin 600= « cos 1600. (8) cos 600=sin 160« 

^9) sin 226= - cos 3160. (iq) cos ( - 600)=sin 300. 

If ii +^+ 6^ be the angles of a triangle, prove that 

(II) sinii--8m(2^ + jB+C). 
3JL + 5+C 



(12) sinji=-cos 

(13) co3J?=sin 



2. 
A+ZB-^-C 



2. 

(14) cosC=-cos(^+jB+2C). 
(16) cos-y-=sin -g— 

(16) sin -^=-cos — g— 
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Prove the following statements for all values of A and of a. 
(17) 8inul—-sin(-ul). (18) cos -i— cos (--i). 
(19) smil-cos(ul-900). (20) cosil- -8m(il-9(y>). 

U (21) 8ma-cos(~+a). 

1,^2) cos a «" - sin ( -^ + a j 

^23) sina--00s(^-a). 

^24) ooso=-sinr-^ -aV 

(26) «in(|~o)-sing + a). 

(26) cos (»r+a)=cos (ir - o). 

(27) tan(900-ul)=ootA (28) tan .1 = - tan ( - ul). 
(29) tan(900+il)=-oot(ul). (30) tano= -tan(»r-a). 

(31) tanul=tan(180<> + il). (32) cot ^| - a^-tana. 

142. We have seen (Art 135) that there are many 
angles of different magnitnde which have the same tme. 

If two such angles are in the sarM Quadrcmt they are 
represented geometricallj by the same position of OP, so 
that they differ by some multiple of four right angles. 

143. K we are given the value of the sine of an angle 
' it is important to be able to find, Geometrically and Alge- 
braically, all angles which have that value for their sine. 
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110 TRIGONOMETRY. 

y 144. To find the complete GeometriccU Solution of ike 
equation siu 6^ Of, 

With the usual construction, let th^ radius of the circle 
BULD be the unit of length ; then the measure of OP is 1. 



Fig.h 
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From draw on 027 a line Olf so that its measure is ck 
[OilT will be drawn upwards (Fig. i.) or downwards 
(Fig. II.) from according as a is positive or negative.] 

Through N draw F^P^ parallel to LOE to cut the circle 
in Pi and P*. Join OP^, OP^. Draw P^M^, P^M^ per- 
pendicular to LOR. Then M^P^ = 0N= MJP^, 

a^.P;^perp. 
1 OP^ hyp. '^"^ ^^•- 



"^ ^'-""'.-^ 



Hence emery angle whose initial line is OjS, and whose 
final line is either OP^ or OP,, is an angle whose sine is a. 

And no other angle has its sine equal to a, for there is 
no other possible position for N> 

145. To find, am eacpresaion to include aU cmgles having 
the given vcthte a/or sine. 

With the usual construction, let the measure of the 
radius of the circle BULD be 1 ; on OU take JV so that the 
measure of OilT is a ; through N draw P^NP^ parallel to 

* If a were greater than unity ^ ON would be greater than OU, and 
the construction would foil. 
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EOL ; join OP^^ OP^, Then every angle whose initial line 
is OE and final line, either OP^y or OP,, and no other^ is an 
angle whose sine is a. 

Let EOP^ contain a radians ; then EOP^ = ^ — ou 






Every angle whose initial line is OR and final line OP^ 
is one of those included in the expression 

2m7r + a, 
where m is some integer, positive or negative. [Art 129.] 
Every angle whose initial line is OE and final line OP^ 
is one of those included in the expression 

2r7r + ir-a, or (2r + l)7r-a, 

where r is some integer, positive or negative*. [Art. 129.] 

Both of these expressions are included in 

rMr+(-l)"a, 

where n is some integer, positive or negative*. This is 

therefore the required expression. 

Exomiple. Find six angles between -4 right angles and 
+8 right angles which satisfy the equation nnA^^^sin 18^. 

We have f^-TMr+C- 1)* ^, or"! .l^^nx 1800+(- 1)* W. 

Put for n the values — 2, - 1 , 0, 1, 2, 3, 4 successively and we 
get the six angles 
-3600+180, -1800-180, 180, I8OO-I8O, 3600+180, 6400-180, 
i.e. - 3420, _ 1930^ igo, 1620, 3780, 6220. 

• For if n be even, let it be 2m, when (- l)2»»=s +1; if n be odd^ 
let it be 2r + 1, when ( - l)»»^i=: - 1. 
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The student is recommended to draw a figure in the above 
example. Also to draw a figure in eaeh example of this kind 
which he works for exercise. 

EXAMPLES. XXXI, 

(1) Find the four smallest angles which satisfy the equations 

1 ^3 

(i) sin-i =i. (ii) sin^ = -^ . (iii) sin A =»~- . (iv) sin ul = - \. 

(2) Find four angles between zero and +8 right angles 
which satisfy the equations 

1 IF 

(i) sin^»sin20^. (ii) sin d= - -r^ . (iii) sin ^= - sin -= . 

^^ "(3) Find the complete algebraical solution of 
' (i) sin^=-J; (ii) 2sin2^+3sin^«=2. (iii) sin*^=cos*^. 
(4) Prove that 30<>, 1500, -3300, 3900, -2,W have aU the 
same sine. 

146. To find the compleie Geometrical Solution of the 
elation COS ^ = d. 

With the usual construction, let the radius of the circle 
RULD be the unit of length, so that the measure of OP is 1. 



^" 




From draw on OR a line OJf, such that its measure 



is a. 



OM^ will be drawn towards the right or towards the 
left according as* a is positive or negative. 
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Through M^ draw P^M^P^ perpendicular to OR to cut 
the circle in P„ P,. Join OP,, OP,. Then, 

^^®if /^D O-^i » Oif, base, ^o 
r — for OP. = 7v5^ =:r =77^^ = r — for OP^. 
hyp. * OP, 1 OP, hyp. « 

Hence every angle whose initial line is OR^ and final 
line either OP^, or OP^y is an angle whose cosine is a. 

And no other angle has its cosine s a ; for there is no 
other possible position of if,. 

147. To find the complete Algebraical Solution of the 
equation COS d = a. 

With the usual construction, let the radius of the circle 
RULD be 1 ; on OM^ take M^ so that the measure of OM^ 
is a ; through M^ draw P^MP^ parallel to UOD*, join OP^ , 
OP^. Then every angle whose initial line is OR and final 
line either OP^^ or OP^, and no o^Aer, is an angle whose 
cosine is a. 

Let ROP^ contain a radians ; then ROP^ = - cu 

Every angle whose initial line is OR and final line OP^^ 
is one of those included in the expression 

2m7r + a. [Art. 129.] 

Every angle whose initial line is OR and final line OP^, 
is one of those included in the expression 

2rw-a. [Art. 129.] 

Both of these expressions are included in 

2n7r ± a. 

Thus the solution of the equation cos = cos a is 

6 = 2mr ± a. 
L. E. T. 8 
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148. To find the complete Geometrical Solution of the 
equation tan 6 = a. 

From draw on the line OE two lines OM^, OM^, 
whose measures are + 1 and - 1 respectively. 

Pi 




And draw perpendicular to LOR from M^ a line M^P^ 

whose measure is a, and from M^ a line M^F^ whose measure 

is -a. Join OP^, OP^. Then 

perp. « ^ „ M.P. a 
\—^ for OP, = -^^^ = T = »> 
base * OM^f^l ' 

Hence every angle whose initial line is OB, and final 
line either OP^ or OP,, is an angle whose tangent is a. 

And no other angle has its tangent = a, 

149, To find the complete Algebraical Solu;Uon of the 
equation tan 6 = CL 

Let OE be the initial line; from draw on OE two 
lines OMif OM^ whose measures are + 1 and - 1 respec- 
tively; from if J, i/g draw perpendicular to LOE lines 
M^P^i M^P^ whose measures are a and - a respectively; join 
OPj, OPg. Then every angle whose initial line is OE and 
final line either OP^, or OP^, and Tio otAer, is an angle 
whose tangent is a. 
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Leti?OP, = a; then, jROP, = ir + a. 
Every angle whose initial line is OE and final line OP,, 
is one of those included in the expression 

2772/7r + a. [Art. 129.] 

Every angle whose initial line is OB and final line OP^, 
is one of those included in the expression 

2rir + (ir + a) ; or, (2r + 1) tt + cu [Art. 129.] 
Both of these expressions are included in 

Thus the solution of the equation tan $ = tan a is 
d=nir+aL 

EXAMPLES. yyyTT 

(1) Write down the complete Algebraical Solution of each of 
the following equations : 

(i) cos^=i. (ii) tan^=»l. (iii) tan^«-l. 

4ir 3jr 

(iv) tan ^= - V3. (v) cos d=cos ~ . (vi) tan d»tan -j . 

(2) Show that each of the following angles has the same 
cosine : 

-1200, 2400, 4800, -4800. 

(3) The angles 600 and -1200 have one of the Trigono- 
metrical Ratios the same for both ; which of the ratios is it ? 

(4) Can the following angles have any one of their Trigono- 
metrical Batios the same for all ? 

-230, -1570 and 1570. 

(5) Find four angles which satisfy each of the equations 
in (I). 

* For if n be even, this is the first formula; if « be odd it is the 
seoond. 

8—2 
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150. We can now point out the use of the ambiguous 
sign de in the formula oo^B^^JX- sin' 6, 

If we know the numerical value of the sine of an 
angle 0^ without knowing the magnitude of the angle, we 
' cannot &om the identity, cos' ^ = 1 - sin' 0^ completely de- 
termine cos ^, for we get cos tf = * ^^l-sin'^ 

This is a general formula, and we shall find that it 
represents an important Geometrical trutL 

151. Given sin ^ = a, we can say that is (me of the 
angles represented by one or the other of the positions OP^, 
OP^ of the revolving line in Fig. I, on page 1 10. 

If we attempt to find the cosine of these angles we get 
two different values for the cosine; for jyp^ and --?jp- 

although equal in magnitude, are opposite m sign. Hence, 
if a be the least angle whose sine is equal to a, we have 

cos^=*cosa=*,yi- sin' a. 

152. The same result may be obtained from the formula 
^ = wr + ( - l)"eu For cos {tmt + ( - l)"a} is of different sign 
according as n is even or odd. 

EXAMPLES. ZZXm. 

(1) If ^ be foimd from the equation cos^=a, show geo- 
metrically that there are two values of sin ^ and of tan 3, 

(2) If ^ be foimd from the equation tan^=a, show geo- 
metrically that there are two values of sin ^ and of cos 3. 

(3) If il be the least angle without regard to sign such that 
ehxA'^af show that cos -4 — + V 1 - sin* A . 

(4) If ii be the least positive angle such that cos il = a, prove 
that sin ii= -H\/l-cos*J. 
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On thb Tbigomouetbioal Ratios of Two Anolx& 



^ 



153. We proceed to establish the following fundamental 
formulse : 






sin(ii + i?)ssinil.co8^ + coSii.sini? 
008 (-4 + J?) = cos -4 . cos J? - sin ii . sin Jf 
sin (il — ^) = sin -i . cos j5 - cos -4 . sin ^ 
cos (A — B) = cosA. cos i? + sin ii . sin jS^ 



I ... (i). 



Here, A and B are angles; so that (A +B) and (A-B) 
are also angles. 

Hence, sin (ii + ^) is the sine of an angle, and must not 
be confounded with sin -4 + sin B, 

Sin (^ + J?) is a single fraction. 

Sin ii + sin .B is the sum of two fractions. 

154. The proofs giyen in the next two pages are per- 
fectly general, as will be explained below (cf. Art 169) ; but 
the Jigv/res are drawn for the simplest case in each. 

The student should notice that the words of the two 
proofe are very nearly the same. 
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To prove that sm(A+B)=wiiA,coB£ + co&A.sixiB, 
and that coa (A + B)=cob A, coaB- Bin A, wo. B. 




Let EOJE be the angle A, and ^0^ the angle B. Then in the 
figure, ROFiB the angle (A+B). 

In OF, the line which hovmds the compownd am^U {A-VB), take 
any point P, and from P draw PM^ PN at right angles to OR 
and OE respectively. Draw NH, NK at right angles to MP 
and OR respectively. Then the angle 

NPE^W - ENP^ENO^ROE^A\ 
J^owsm{A+B)^BmEOF=-^ ^P_»_+^ 

Jg^.ON EP.liJF KN ON HP NP 
" ON . OP NP . OP "~ OiV • OP'^NP' OP 
^mnROF. cos WF+coa HPN . sin EOF 
^BiaA.coaB-^ooaA.sdnB. 

OM OK 'ME OK HN 

'OP" OP "op' OP 

OK. 01^ HN.JJTP OK ON HN NP 
"on. OP" NP. OP ""OiT" OP' NP'OP 
^coa BOE, cos EOF- sin HPN. sin EOF 
^QoaA.QoaB — sin^i .sin^. 

* Or thus. A circle goes round OMNP, because the angles OMP 
and ONP axe right angles ; therefore MPN and MON are angles 
in the sAme segment ; so that MPN s MON^ A . 

'^.vj: .->',;. .^ ..... ./;_,.-/--'■■■ —^J^- 



Also COS (ii + -ff)-008/J0P= 



.-^^> 

■^ 






' '^- 7" 



V^^./c't^j 
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ToprovethoU sm(^-j5)=sinul.cos^-coe-4.sm-fi, 
and that coR{A-B)^QO^A.c6&B-\-miA.mLB. 




Let ROE be the angle A^ and ^0^ the ang^e B. Then in the 
figure, ROF is the angle (A - -5). 

In OF, the line which hovmdi the compound angle (A - B), take 

any point P, and from P draw PM, PN at right angles to OR 

and OE respectively. Draw NH^ NK at right angles to MP and 

OR respectively. Then the angle 

NPH^W'HNP^ENE^ROE^A*. 

XT • /J PN • T>nw ^^ MH' PH KN PH 
Now sm(il-^=sm/JOJ?'=^= __=^- 

JTiV.ON Pfl^.NP iTiT ON PH NP 



'Tp 



" m.OP ' HIV.OP'^ ON'OP NP' OP 
=sin ROE. cos FOE- cos JTPJ^T. sin FOE 
ssinil .coB^-cos^.sin^. 

OK NH 

Up OP"^ OP 

OK ON NH NP 



Also cos(.i-^)=cos/20J?'=^=^^'*'^^ 



""on. OP"** NP. OP " ON' OP'^ NP'TfP 
=cos BOE. cos ^0^+sin JETPJ^T. sin FOE 
=coaA,ooaB+smA.smB. 

* Or thus. A oirole goes round OMPN, beoauBe the angles OMP 
and ONP are right angles ; therefore MPN and MON together make 
np two right angles; so that HPN=MON=A, 
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Example. Find the value of sin 76<>. 
sin 75«=sm (460 + 300) 

—sin 450. COS 300 + COB 450. sin 300 

1 V3 1 1 

"""sTs""" 4 • 

EXAMPLES. XZXrV. 

(1) Show that COS 750=-^^^. 

(2) Show that sm 150="^^^ . 

(3) Show that cos 150=5^^. 

V (4) Show that tan 760=2 +\^. 

V (6) If sin -4 =f and sin B=% find a value for sin (A + B) aod 
for COB (-4-^). 

V (6) If sinil=-6 and Bin^=T^, find a vahie for sin(il-j5) 
andforcos(-4 + -ff). 

(7) If sin -4—-^ and ^B—-prz^, show that one value of 
(il + ^)is460. 

(8) Prove that sin 760- •9669... 

(9) Prove that sin 160= -2588... 

(10) Prove that tan 160= -2679. . . 

155. It is important that the student should become 
thoroughly familiar with the formulae proved on the last 
two pages, and that he should be able to work examples 
involving their use. 
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EXAMPLES. XZZV. 

Prove the following statements. 

(1) sin(ui+^+sin(il-^->2sinil.cosj9. 

(S) an(il+^-an(^-^-2oo8ui.Bin^. 

(3) C0S(il + ^) + C0S(ui-^->2006il.006^. 

(4) 006(ui-j8}-006(^ + J?)->2sinil.BinJ?. 

m Bm(.i+^ + 8m(il-iO 

^^' cos(.l+4+ooB(.l-^ **"^- 

\/(6) tana+tan3--?J5i!im. 

^ ' 008a.COS/3 

nn *?5_^±*?E^ sm(^+0 ) 

^ ^ tan^-tan0"sm(^-^)* 

^ ^ l-.tan^.tan<^""cos(^ + 0)* 

,.^v tan^ + cotA ,^ .. ,^ . .. 

^^ cot^-oot^^'smC^-^)' 

^ ^ tan^.cot0-l"sm(^-0)* 
/iis\ 1 + coty.tand . / . ^v 

(17) 1-coty.tan a^t^ 

^ ' coty + tand "^^ ' 
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,.Q. tany.csotd-1 . , .. 

(19) — r-^^ 1-5- "twi (y - ^)' 

(24) sin (a +i3) . sin (o - i3)«8in* a - sin*/3=oos* ^3 - cos* a. 

(26) COB (o +^) . ocw (o -i3)=cos*a - sm*i3»»oos*^-sm*a. 

/«ij\ • /A ^«ft\ sin -4 -cos -4 

(26) sm(^-45«)= -^^ . 

(27) >/2.8m(il + 45<>)=smil + oo8il. 

(28) cos ul - sin il = V2 . cos (ul +45<>). 

(29) cos(-4 + 450)+sin(^-450)=0. 

(30) cos(il-450)=sinU+45<'). 

(31) sin(^+<^).cos^— cos(^ + <^).sin^=sin<^. 

(32) sin(^-<^).cos<^ + cos(^-<^).sin0=sinA 

(33) cos(^+<^).cos^ + sin(^ + 0).sin^=cos^ 
. tan(^>0)+tan0 

(^) l-tan(^-</)).tan</)"*^^- 
,_„. tan (^+0) -tan ^ . . 

(36) 2 sin U + ^Vcos f^i3-| j=cos(o-^) + sin(a+i3). 

(37) 2sinf^-aycosr^+i3^=cos(o-i3)-sin(a+i3). 

(38) cos (o + i3) + sin(a - /3) = 2 sin Tj + aJ . cos i^-^PJ • 

(39) cos(a+i3)-sin(a-/3) = 2sinf|-aycos \\'^' 
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(40) smnJL.cofl-4 + cosn^.Bmii«»Bm(n + l)-4. 

(41) cos(n~l)^.coSii-8in(n-l)^ .siiiuiaioosnui. 

(42) sin7iul.coB(n-l)il-ooB9iui.sin(n-l)ii««smui. 

(43) cos (n - 1) ^ . cos (n + 1 ) -i - sin (n - 1 ) -4 . sin (n + 1 ) ii 

aC0S2tlil. 



4 



156. 



The following formulae are important : 
. . . ^. tanui + tanjB ^ 



tan(ii-JJ) = 

tau(il+45*) = 



tan^ — tani? 
1 + tan il . tan j& 
tanii+ 1 
F^tan'ii' 



(ii). 



tan(^-45«)«5^^. 
^ ' 1 + tan A 

The proof of the first is given below. The student 
should prove the second in a similar manner. The third 
and fourth follow at once from the first two by putting 
45' for B, 

E.a^, Toprovetan(^ + 5)=^^J^+^^. 
(i) By usmg the results of Art 154, we have 

tan (Aa^B\^ ^^ {A+B) ^ sin^ . cos ^+cos^ . sin B 
^ ^^coa{A+B)^(ioaA.coaB-smA.smB' 

Divide the numerator and the denominator of this fraction 
each by cos -i . cos^, and we get 



sin-4.cos^cos-4.sinjB 



tan(^ + B): 



cos A . COS B 



cos A . cos £ 



cos A , cos B 
sin J. . sin iB 



cos A . cos B cos A . cos B 
tanii+tanJ5 



4ua. 



"^ 



1 - tan A . tan B ' 



Q.E.D. 



— _, , -— gitized-byVrr0O^I— ^ ■» 



124 TRIGONOMETRY. 

(ii) • * By Geometry. Make the construction of page 118 ; 

m i 




Then tan (^+^.tani^O^=^«^^ 



KN HP 
OK^ OK 

■01 m' 

OE^OE 



KN HP 
OK'^O K 



tan^ + 



1-tan^ 



HP 
OK 

Tp' 



KP.OK "-'"^"^'OS 
^ Now the triangles NOE and NPH are similar, 

^ , HP NP . ^ 

. xo„/i . m tan^+ta n^ 
"^(^+^" l-tan^.tan^ ' ^•=-^- 



EXAMPLES. ZZXVI 

(1) If tan 2l =i and tan B^i, prove that tan (^ +5)-«, and 
tan(^-jB)«f 

(2) Iftan-4=1 and tan5— 75, prove that 

(3) Prove that tan 160-:2 - ^/3. 

(4) If tan^=f and tan^-^V* prov® that tan(^+jB)-l. 
What is (^+^ in this case? 
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(5) If tan ^—m and tan 5— , prove that tan (-4 +-B) ■=oo. 
What 18 (^ + ^} in this case? 
ProTe the following statements : 



oottf ' 



(8) oat(<,-?)-S^ 

(10) tan(fl-?)+cot(tf+|)-0. 
ai) oot(tf-^)+tea(fl+?)-0. 

971 1 

(12) If tan o— i- and tan /S—^; — -^ , prove that 

tan(a+^)-»l. 
,,«. tan (n +1)0- tan n0 . . 

(14) tan(n.H)»H.tan(l-n)^ ^^ 

^ ' l-tan(n+l)0.tan(l-n)<^ ^ 

(15) If tan a»m and tan /3 ^n, prove that 

/ • A\ 1 "* ***** 

(16) Iftana-(a+l)andtan^-(a-l),then2cot(a-^)«a» 

(17) Ifo+^+y-9(y>,then 



tan =1-I*^£*??^ 
^™ tana+tan^ * 
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157. Erom pages 118 and 119 we have 

sin (j1 + ^) = sin A . cos B + cos ^1 . siii B' 
f^ sin (-4 - i?) = sin -4 . cos B - cos il . sin ^ 
COB (-4 + jB) = cos il . cos -5 - sin ^ . sin -^ 
cos(^~^)=cos^.cosi? + sinii.8inJ? 

From these by addition and subtraction we get 

sin (^ + ^) + sin(ui-5) = 2sin^.cosJ?'' 
^ sin (^ +jB)-sin(^-^) =2cos-4 .sin^ 
f^ cos(^ + J?) + cos(^-if)=2epsil.cosif 

cos(4-J?)-cos(^+J5) = 2sinui. sin^ 

Now put S for (A-k-B), 
and put T for {A-B) 

Then 8+T=2A, and S-T^2B, 



so that ^ = -;^— , 



(i). 



and B^- 



2 



Hence the above results may be written 

sm iS + sm I' = 2 sin — 5— . cos — o~" 

sin S— sin ^^ = 2 cos — jr — . sin — r— 

^ ^ ^ S+T S-T 
cos /5 + cos T = 2 cos —J- — . COS — ^ — 

*cos r - COS o = 2 sin — jr— . sin — 5 — 



. ...(iii). 



* If ^ and B are each less than 90^, then 8, which is their sum, is 
greater than T, their difference. Therefore if 5 be less than 90^, oos S 
is less than oos T ; so that cos T - cos iS 'is poHtive. 
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158. The formulae (iii) are most important, and the 
student is recommended to get thoroughly familiar with 
them m words, thus : 

(1) The^ sum of the smes of two cmgles is egtuU to twice 

the si/ne of half their sum multiplied by the cosine 
of haJlf their difference. 

(2) The sine of the greater of two cmgles mirms the sine 

of the lesser is equal to twice the cosine of half 
their svm multiplied by the sine of half their dif- 
ference, 

(3) The su/m of the cosines of two angles is equal to 
twice the cosine of half their svmn multiplied by 

the cosine ofhalfthei/r difference, 

(4) The cosine of the lesser of two angles mmus the cosine 

of the greasier is equal to twice the sine of half 
their snwn multiplied by the sine of half their 
diff&rence, 

159. It will be convenient to refer to the formulae (i) 
as the 'A,B^ formulae, and to the formulae (iii) as the *S,T^ 
formulae. 

160. The 'S,T^ formulae can be proved directly from 
a figure. 

"We give the proof for the case in which S and T are 
each less than 90^. 

On first reading the subject however the student should 
omit the next two pages, and all other alternative proofs. 
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TRIGONOMETRY. 



71) To j^methat 



^ 
^ 



^^' 



sin ^+ sin y-2 sin ^^^^ . COB ^-s^ . 



ij 




/G 


/F 






,., N. 


$v^ 




Iw 




/ 


Q. 




1 / 




/ 








/ / ^ 










M4t 




L 


N 


,fi 



in the figure, let ROE be the angle 3, ROF the angle T\ 
then FOE is the angle ^- T. Let 06^ bisect the angle EOF. 



Then the angle -TO6^=— g— = — ^ . 
Also the angle ROG=-ROF+FOG=T+ 



JS-T _ S+T 
2 ■" 2 • 



In OJ^ take any point P, and from Oi^cutoff 0§ equal to OP. 
Join FQy cutting OG in E, Then 0(7 which bisects the vertical 
angle of the isosceles triangle POQ, bisects FQ at right angles. 
Draw FM, EL, QN at right angles to OjB, and draw QVW 
and iT^ parallel to NLM. 

Then by parallels, since FE^EQ, therefore FH^HW and 
WV^ F§. Hence,^ 

sin^+sm^=-gj + 5|--^ 

{LE^HF)+{LE'- WH) 2Xi: 
" Oe ^ OQ 

2Zir. 0K^2^^^^- ^^^^ 



"■ OK . oe 

=2 sin . . cos — ^r— . 



Q. E. D. 
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(2) To prove 

S+T S-T 

OOB^+COS^=2COB— g- . COS — g— . 

Wiiii the same figure and construction, we have 
o^ m OMON OM+ON 

COS^+COfl^=^+^ = — ^^— , 

(PL'ML) + {OL-\-LN) 20L 
OQ ^ OQ' 

^OL . OK ^ 2 ^g ^^^ ^^g ^^^^ 



" OIL.OQ 

(3) 5^0 prove 



= 2C0S— g— . cos — 5— . Q.B.D. 



Sin /Si -Sin r=2 sin — 5—,. cos - . 

In the above figure the angles VKQ^ ROK are each the com- 

S+T 
plementofZiTO /. VKQ-=^ROK=:^^, Hence 

sm.y-sin^=-gj-g^ g^- , 

(LK+HF) - (Z^- TTJy) _ 2 rZ 

" (?e ~ oe ' 

=^^7^=2cos V£Q . sinCOA', 



„ . S-T S+T 
=2 sin — ^r— . cos — 5— . Q.B.D. 



(4) T^o prove 



cosr-cofl/8^=2sin , . sm ~s— . 

With the same figure and construction, we hare 

^ ^ ON DM ON-OM 

cos^-cos^=^.^ = -^^, 

_ (01+ LN) - (OZ ~ ML) _ ^LN 

= ^;^|7^=2sin VKQ . BmQOK, 

„ . 3+T . /S^-^ 
* 2 sm — ^ . sin — g— . q.e.d. 

L. E. T. 9 

m 
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EXAMPLES. XXXVIL 

Prove the following statements : 

(1) sin 600 + sin 300=2 sin45<>. COS 150 

(2) sill 600+sin 20^=2 sin 40<>. cos 200. 
Y^ (3) sin 400 - sin 100= 2 cos 25«. sin 15« 

/^\ ^ . TT -» 57r IT 

(4) cos^+cos2=2cos — .cosj^. 

(5) C0S3-C0S2=2sinj2.smj2. 

(6) sin 3^ + sin 5^ =2 sin 4i4 . cos A. 
CI) sin 7i4 - sin 5-4 =2 cos 6-4 . sin A. 

(8) cos5J+cos9-4=2cos7-4.cos2il. 

9-4 A 

(9) cos 5-4 - cos 4-4= - 2 sin -^ . sin 5-. 

3-4 -4 

^(10) cos -4 - cos 2-4 = 2 sin -^ .sin -^. 

. „,. sin2^ + sin^ . ZS 

<") coaO+coa20 °*^2- 

-,^. sin2^-sin^ .36 

(^2) cos^-cos2^ °^^2' 

,,-. sin3^+sin2^ 6 

(^^^ cos2tf-cos3^=*^*2- 

- sin^+sin^_ cos^ + cos ^ 

^ ' cos^-cos^""sin^-sin^ * 

(15) cos(600 + ^)+cos(600--4)=cos4[. 

*^(16) cos(450 + ^) + cos(450-^)=V2.cosX 

(17) sin(450 + ii)-sin(460-ii)=V2.sin^. 

(18) cos(300-ii)-cos(300 + ^)=sini4. 

(19) ^4z?!E^=cot^. 
^ ' cos^-cos^ 2 

(20) «™|z^=cot(?±*).tenf^V 
^ ' sin^+sm^ \ 2 / \ 2 / 
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161. It is important that the student should be thoroughly 
familiar with the second set of formulse on p. 126. 

Written as follows, they may be regarded as the inverse 
of the 'S, T formulae. 

2 sin -4 . COB -5 = sin (-4 + ^) + sin (i( - -B), ' 

2 cos il , sin ^ = sin (^ + ^) - sin (-4 - B\ 

2 cos -4 . cos -B = cos (il + J?) + COS (-4 - ^), 

2sinil, sin 5 = COS (^1 - J5) - cos (il + ^). J 



Express as the sum or as the difference of two trigonometrical 
ratios the ten following expressions : 

(1) 2sin^.cos<^. (2) 2cosa.cosi3. 

(3) 2sin2o.co8 3/3. (4) 2cos(a+i3).cos(a-i3). 

(5) 2sin3tf.co85^. (6) 2cos^.oosf. 

(7) sin4^.sm^. (8) cos~.smy. 

(9) 2cosl(y>.sin50". "^ (10) cos46».sml50 

^ (11) Simplify 2 ooi 2^. cos ^-2siu4tf.sin^. 

B . 9^ 
2-«^T 



V/ (12) Simplify siu -5- . cos 5 - sin -^ . cos 



3^ B 

(13) Simplify sin 3^+sin2^ + 2 sin -^.cos^ . 

(14) Prove that sm — r- . sm 7 + sm— . sm — —sin 2tf . sm B, 
^ ' 4 4 4 4 

9—2 
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««MISOELLAKEOnS EXAMPLES. XXXIX. 

(1) If tan a^\ and tan jS « J, prove that tan (a + 0) » 1. 
•^(2) If tana™} and tanj3=4^, prove that one of the values 

of o+i3ia 2* 

(3) If tan a=» and tan /3 =„ 7 , shew that one value 



of (a+^) is !• 






/A\ o' 1.-. 008a -cos 5a 

(4) Simplify -; . . - . 

^ ' '^ ^ 8ma+sin5a 

/e\ oi- v/L. 8in5j?-sin3jf 



/^x T>_ ii_ J. COS ^+008 3^ cos 2^ 

(6) Prove that — 5-7-7 if-i = — rr- 

^ ' cos3^+cos5^ cos 4^ 

^y. «. i.is_ sin34?-sinj? . sin3j?+smj? 

(7) Simplify — 5—- + 5 . 

^ ' '^ ^ cos34;+cosj? cos34;-cosj? 

/fi\ a- r#w (flui 41 - sin 2^) (ooa ^ - ooa 3^1) 
(8} »impmy^^^^^^2^j^g^^^^3^j. 

(9) Prove that 

2 sin 2a . cos a + 2 cos 4a . sin aa=sin 5a +sin a. 

(10) Prove that 

cos 2a . cos a - sin 4a . sin a 8 cos 3a . cos 2a. 

(11) tan2^.tan3^.tan5^=tan5il-tan3il-tan2J. 

(12) Solve 4sin(tf+<^).oos(tf-<^)-31 

4 cos (tf +<^) . sin (tf - <^)= IJ • 

(13) Prove that 

sin^.sin2^ + sin2ii.Hin5^-fsin3ii.sinlO^ 
cos il . sin 2^ + sin 2^ • cos 5ii - cos 3^ . sin 10^ ~ 

(14) tan-^-tan-2-«-^^j^^. 
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CHAPTER XII. )( 

On the Trigonometrical Batios op Multiple 
Angles. 

162. To express the TrigonoiDetrical Eatios of the 
angle 2 A in terms of those of the angle A. 

Since sin (^ + :5) = sin -4 . cos ^ + cos -4 . sin ^ ; 
.*. sin (-4 + il) = sin -4 . cos A + cos ^ . sin ^ ; 

.% sin 2^ = 2 sin -4 . cos ^ (1). 

Also, since cos (-4 + -5) = cos -4 . cos i5 ~ sin -4 . sin J? ; 
,•. cos (-4 + -4) = cos il . cos -4 - sin -4 . sin il ; 
.•. cos 2-4 = cos* -4 - sin' il (2). 

But 1 = cos*-4 + sin' A ; 

,', 1 + cos 2 A = 2 cos* Ay 
and 1 - cos 2Ass2 sin' A. 
The last two results are usually written 

cos 2^ = 2cos'^-l (3), 

and cos 2-4 = 1 -2sin'i( (4). 

. . ^ , J DK tan -4 + tan J? 

. , . .. tan A + tan A 
••*^<^^^> = l-tan.l.tan^ ' 

, . „. 2tanil .^. 
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163.* * To prow the ^2A* formvlof geometrioaUy. 




Let ROP be the angle 2A, With centre and any radius 
describe the semicircle RPL, Draw PM perpendicular to OR, 
Join BP , PL. 

Then the angle RPL in a semicircle is a right angle. The 
angle R0P^0LP+0PL=^2 0LP [since OL=OP\ ,\ OLP^ 
a half of ROP=A, Also MPR and OLP are each the comple- 
ment of JfPZ. .\MPR^OLP^A, 
Hence 
(1} sm2^-gpp-.2gg--gg-- pj^ jr;jj 

—2COSJ/P/2. sinPXi2=2sin^ . cos A 
,., ^, OM_ LM-LO JiLM LO 

(3) cos2.l-^- ^p -WP'OP 

2ZJf.LP OP o li-ra DTD t 

=2cos2-4-l. 
(2) Let DM' r^OM, 
Then 20M^M'M^LM-L2r=LM-'MR. Hence, 

20ir LM-MR LM MR 
^»^-20P'' iJJ " LR" LR' 

LM.LT JiR,VB. ,, . ,, 

=i:ptz72- PSTX«=^^-^'^- 

(6) tan2^=29¥==ZF33S' 
2JfP 



LM 2tan^ 2tanii 

"IJi MA " , MH.MP ^ rrteSTJ- 

LM" LM ^'MP.LM 
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164. These five formulae are very important, 

sin 2il = 2 sin ^ . cos il (1), 

cos 2ii = cos* A — sin' A \ (2), 

^ cos2il = 2cosM-l I (3), 

cos2^ = l-2sin«^ j (4)^ 

^^^^ 1-tanM (^)' 



V. 



165. The following result is important, 
sin 2ji 2 sin ^ . cos A 



1 + cos 2il 2 cos' A 



= tani(. 



166. The student must notice that A is cmy angle, and 
therefore these formulsB will be true whatever we put for A . 

Example. Write -= instead of J, and we get 

A A 
sin^ = 2sin — .cos g- (1), 

cos^^cos^g- - sin^-^ (2), 

and so on. 



EXAMPLES. XL. 

Prove the following statements : 
(1) 2cosec2^=sec^.cosec J. 

^ ^ oosec2^-2'^ 
,^. 2-sec^^ ^. 

(4) cos2 i4 (1 - tanM)=cos 2 A 

,m\ i.c*A cot* -4-1 

(5) cot2-4=-s — T-A-- 
^ ^ 2 cot J 
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136 TRIGONOMETRY, 

,^. 2tan5 . ^„ 

(7) tan5 + cotjB-2ooseca5. 
(9) cot 5 - tan jB=2 cot 2A 

(11) rsiiig + ooslj =l + sin^. 

(12) ^sm|-cos|Y=l-sina 

(13) cos2|^l + taii|y=l + sinA 

\ (15) 



(14) sm»|^cot|-iy=l-sinft 






<") tisl-'»'f- 

(20) cosec/3-cotj3=»tan^. 

^ ^ l + sia2a?"l + taii;p* 

1 + tanf 
(22) -^ ?. 

1-tim^ 
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^ ' \ A. Din «• — r»nH .« 



(26) 



(27) 



1+ sin J? -COS 4; 2* 

cos^a + siil^a _ 2~»in2a 
cosa + sina "" 2 

ooa^a-sm^a 2 + Bin2a 



coBa-sina 2 

(28) cos*a-sm*o=cos2o. 

(29) O08'a + sm'o= 7 . 

. . . (3 + cos2 2^00820 

(30) cos*a-sm'a = ^ j-^ . 



(31) 
(32) 



sin 3/3 COS 3/3 ^^ 
sin0 ~ cos/3 

sin^ cosiS 



(34) S^-£25^=4cos2^ 

. Sir 5ir 

®^12 *^T2 

«^12 ^12 

(36) tan(450+^)-tan(46«-i4)=2tan2iL 

(37) tan (450 - 4) + cot (46» - il) =2 sec 2X 
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^ = tan (450+^) . oc)t^460-^y 



sec^-tan^' 



(41) t^^^ rinJ+^ng^ 

^ ' l + coBjB+oosaS 

(42) tanjS»- = ^^5- 



167. The following two formulse should be remem- 
bered : 



cos 3-4=4 cos' il — 3 cos ii 



.(vi). 



NoTB. The similarity of these two results is apt to cause 
confusionl This may be avoided by observing that the second 
formula must be true when ^^0^; and then coe3J.scoB0^T»l. 
In which case the formula gives cos0^=4cos0°-3cos0^, or 
l'=:4 - 3, which is true. 

The first formula may be proved thus : 

sin 3^ a sin (2^ + il) » sin 2^ . cos jl + cos 2^ . sin J 
a(2sm^.cos^)cosil + (l-2 sin^ A)w^A 
s= 2 sin J. . cos^ jl + sin J. ~ 2 sin' jl 
■i 2 sin ^ (1 - sin^il) + sin J. - 2 sin' ^ 
as2 sin^ -2sin' J.+sin A-^ sin' A 
»3smil~4sin'A 

The second formula may be proved in a similar manner. 
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Example. Prove that tan ZA ■- - _^ ~ |-j — . 
i. oj i. /oj . .i\ tan2il+tanil 

^*^^ +tan^ 



1-tanM 
', 2taQ.i . . 

2tanii4-tani4(l-tanM) 

l-tan»il-2fcan8il 
3tanii-tan^i4 
" l-3tanM ' 



EXAMPLES. TT.T 

Prove the following statements : 

(1) 25^=2cos2^ + l. 
^ ' sin^ 

(2) ^^=2 cos 2^-1. 

,^v 3 sin ii- sin 3^ . » . 

(^> cos 3^+3 ooe^ °^'^- 

tA\ ^t9A o^A-SeotA 

(^> '^*^^- 3oot^^-l • 

^ ' co8 3-4+cosu4 

,^. sin 3-4 ~ cos 3u4 _ . . . , 

(«) sin^+co6^ =2sm2^-l. 

(7) ±^±3^,2mn2A + l. 
^ cos-4-sm.4 

(^^ tan3-4-tani + cot^-cot3^"^*^'^- 
,^. / 3sinil-sin3^Y =. / o^^^-^ V 
V3co8^+cos3^/ '"\sec2u4 + l/ ' 
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^^MISCELXiANEOnS EXAMPLES. ZLIL 

Prove the following statements : 

^ ' COS -4- Sin il 

tan^ + 1 

(2) j =tanil + secii. 

(3) sin (n + l)a.cos (n - l)a - sin 2aBsin(n - l)a. cos(n + l)a. 

... sina + sin^ . a+^ 

(4) r=:tan— 2r^. 

^ ' cosa + cos^ 2 

/K\ cos2a+cosl2a cos7a~oos3tt sin 4a 

^ ' cos6a + COs8a COSa~cos3a sin 20" 

(6) li A = 18^, prove that sin 2^ =:cos 3^ ; hence prove that 

4 
>^v sina + sin^ + sin(a + fl) .a .fi 
(^) sina^sing^sinU^) '^^2'^^2' 

(8) sin 2-4 . sin25=sin« (A + B) - arn^ {A - B). 

(9) cos4il=8cos*^-8cos^^ + l. 

(10) tan50«>+cot60«>=:2secl0«>. 

(11) sin 3^ =4 sin ^. sin (600 + ^) sin (600-^). 

(12) (cot^-.tan^^ (cot^-2cot2^)=4cot^. 

/,«x oos3a-sing.sin6a-cos7a . . , j x *^ 

(13) -r-= r-5 = —^ IS mdependent of g. 

^ ' sm3a + smg.cos6a-sm7a ^ 

(14) (cosar+oosy)'+(sind?+siny)'«4cos*-2^. 

(15) 2oosM.cos«5 + 2sin«^.sin«5=.l+cos2^.cos2A 

(16) cot|-tan|=.2. 

/i^TN * x/i 4tan^(l-tan«e) 
(1^) ^^^- l-6tan«^-htan4V 
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(18) 2 008^=^2+72. 

(19) 2coBll0l5'=V2 + V2W2. 

/QQx sin j1. sin 2^ + sin ^. sin 4i + sin 2^. sin 7^ . . . 
sin^.oos2il + sin2^.cos5^ + sin^.cos8jl ^ 

r2n «iP^-<-gin(^-<-0)+sin((?+2») _ 

^^^^ co8d+co8(^ + <^) + cos(^+20)-*^^^^*^- 

(22) 2oos8^-2sinM=cos2^(l+cos»2^). 

(23) (3sinil-4sinM)H(4oosM-3cos.4)»=l. 

m\ Bin2a.cosa a 

^ ^ (l + cos2a)(l + cosa)"" 2- 

/oK\ o cot(n-2)a.cotna+l . . 

(25) 2 — f7 ^r T =cota-tana. 

^ ' cot (n - 2) o - cot na 

(26) If tana=«^ and tan^=^, prove tan (2a+^)=|. 
t tan -^ and cot ^ are the 

0^2 - 2^ , cosec il + 1 =0. 

/oo\ T*x « ^ xu X /a + 6 /a-6 2 cos 5 
(28) If tan B= - , prove that . / ^ + a / — i = ■ / . 

* 168. The following examples are symmetrical, and each 
involve more than two angles : 

Example 1. Prove that 
sin (a+^ +7) =sin a. cos^ . cos y +sin^ . cos y . cos o 

+ siny . cos a . cos ^ - sina . sin i3. sin y. 
sin(a + ^ + y)=sin(a+^).cosy+cos(a+^)siny 

asin a . cos ^. COB y + cos a. sin ^ • cosy 

+ cosa. cos^.siny-sina.sin^.siny 
>= sin a . cos ^ . cos y + sin ^ . cos y . cos a 

+ siny . cosa. cos^-sina.sin^.siny. 

Q.B.D. 
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Example 2. Prove that 
sina + sin^ + siny-sin(a + ^ + y) 

Now sma-8m(a+^ + y)= ~2cos. ° ^ — ^ . sin 2-— 3f . 

And sm^ + smy=2sm^i^.cos^^, [Art. 158] 

/. sinaf sini3 + siny-sm(o + ^+y) 

=2siB^. co8^-2co8?5Ll^.sm^ 

2 J 
=2sin^.28my±^.8in"t^ [Art. 158 J 

. . P + y . y + a . a + fl _ 

=4 sm ^--5-2 . sm '-5— . sin —~ . Q.E.D. 

♦ EXAMPLES. YT.TTT 

Prove the following statements ; 

(1) cos(a+^+y)=cosa.cos^.cosy-cosa.sin^.siny 

- cos ^ . sin y . sin a ~ cos y . sin a . sin /9, 

(2) sin(o + ^-y)=sina.cos^.cosy + sin^.cosy.co8a 

- sin y . cos a . cos ^+sin a sin ^ sin y. 

(3) cos(o-^ + y)=cosa. cos /3. cosy + cosa. sin^.siny 

- cos j3 . sin a . sin y +COS y . sin ^ . sin a. 

(4) sina + sin^-siny-sin(a + ^-y) 

. . a-y . iS-y . a + fi 
= 4 Sin -^ . sm ^-g-^ . Sin -^ . 

(6) sin(a-^-y)-sina + sinj3 + siny 

. . a — fl . a-y . ^+y 
= 4 Sin —5^. Sin —5-^ . Sin ^-r-^ . 
^ Z ^ 

(6) sin2a + sin2^+sin2y-sin2(a + ^+y) 

=4 sin (/3+y) . sin (y + a) . sin (a + ^). 
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(7) sin (/3-y) +8111(7- a) + Bin(a-/3) 

(8) sin03+y-o)+sm(y + a-^) + sm(a+/3-y) 

- sin (a + ^ + y)=4 sin a . sin/S . sin y. 

(9) 8in(o + ^+y) + sin(/3 + y-a) + sin(y + a-^) 

-sin(a + ^ -y)=4cosa . cos^ . siny. 

(10) coBJ?+cosy + oos«+co8(j?+y+«) 

««4C0B*^-5- .COS— -.COS— "^ . 

(11) cos2ar + cos2y + cos2« + cos2(ar+y + «) 

=4 cos (y +«) . COS (f+ar) . COB (a?+y). 

(12) cos(y+«-a?) + cos(«+x-y) + co8(x+y-«) 

+ cos (x +y + «)»4 COS X . cosy . cos ;;. 

(13) cos^^ + cos'y+cos'«+cos*(d?+y + «) 

= 2 {1 + COS (y + «) . cos (« + ;r) . COB (^ + y)}. 

(14) sin'x+8in'y + sin'«+sin'(a:+y + «) 

■=2{1 -cos(y+«) . cos(« + d?).cos(4?+y)}. 

(15) cos^j?+cos*y + coB*f+co8*(j?+y-«) 

«B 2 {1 + cos (j? - «) . cos (y T «) . cos (a: + y)}. 

(16) coBa.sin(j8-y) + cos/3.sin(y-a) + coBy.sin(a-^)=0. 

(17) sin a . sin (/3 - y) + sin /3 . sin (y - a) + sin y . sin (a - /3) = 0. 

(18) coB(a+^).cos(a-^)+sin08 + y)sin(i8-y) 

- cos (a+y) . cos (a -y)=0. 

(19) co9(d-a).sin(/3-y) + cos(d-^).sin(y-o) 

- cos (d -y) . sin 03 - a)»0. 

(20) 8 cos J— ^.cos-^- — ^ — .cos'* — ^ — ^.cos ^ — * 

2 Z Z ^ 

=cos 2^ + COS 2 /> +C0S 2x + 4 COS ^ . COS (^ . COS X + 1. 
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CHAPTER Xin.** 
On Angles Unlimited in Magnitude. II. 

169. The words of the proofs (on pages 118, 119) of 
the *Af B* fondulsB apply to angles of any magnitude. 
The flgnres will be different for angles of different mag- 
nitude. 

170. The figure for the '^ -^' formulas on page 119 
is the same for all cases in which A and B are each less 
than 90'. 

The figure given below is for the proof of the ^A-k-B^ 
formulsB, when, A and B being each less than 90^, their sum 
is greater than 90^ 




M K 

The words of the proof are precisely those of page 118. 
We may notice however that 

and the rest follows as on page 118. 
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171. Thus we have proved that the ^A, B* formulie 
are true provided A and B each lie between 0** and 90*. 

The student can prove them for any other values by 
drawing the proper figure. 

The *Af B* formuliB are therefore true for any values 
whatever of the angles A and B. 

172. By the aid of the ^A^ B* formuke we can prove 
the formul» of Art. 140. 

Example. Prove that sm (90^ + ul) »cos ^. 

sin (90<> + ^) = sin 90<> cos ^ + cos 90<> sin il, 
«! X cos ^ +0 X sin ^, 
bcos a, q. b. d. 

EXAMPLES. ZLTV. 

Draw the figures for the firat four of the following examples. 

(1) For the {A-k-B) formulse, when A is greater than 90<* 
and {A-^E) less than 180^. 

(2) For the {A-B) formula, when A and B each lie 
between 90<> and 180^. 

(3) For the {A-k-B) formula, when A lies between 90<> and 
180^, and {A+B) lies between 1800 and 270^>. 

(4) For the {A - B) formulae, when A lies between 180<> and 
270^, and {A - B) lies between 1800 and A. 

Deduce the six following formulse from the M, B^ foi'mulse. 

(6) coe(90»+^)=-sinil. (6) sin(90»-^)=cos A 

(7) cos(90»-^)=sinA (8) sin(1800-4)»-8m A 
(9) cos (180^-4)= -cos 4. (10) sin(]l800+^)=-sinJ. 
(11) Assuming that the formula sin(4+^)=sin4.cosjS 

+008^ . sill ^ is true for all values of A and B, deduce the rest 
of the *-4, B^ formul» by the aid of the results on p. 107. 
L. E. T. 10 
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173. We may also conyersely prove that the *A,B* 
formulse are true for angles of any magnitude by the aid of 
the result of page 107. (This is a very conyenient method 
of proving the 'A, £ * formulse to be true for all values of 
the angles.) 

For, assuming that the *A,B* formulse are true for 
certain values of the angles A and JB, we can show that 
they are true if either of the angles A or B he inoreaaed by 
90*. 

Example. 

sin(90»+^+5)-cos(^+5) [p. 107.] 

3=cos ^ . cos ^ - sin ^ . sin ^, 
=sin (90^+^) . cos ^ - { - cos (900+il)} sin ^, 
=sin (90'+il) . cos 5+C08 (90^+^) . sin A 
Or, writing il' for 90^+^1, we have 

sLq (ii' + ^} = sin ^' . cos ^ + cos ^' . sin ^. 

We have proved (Art. 170) that the *A, B* formulse are 
true for all values of A and B between 0® and 90^ And 
therefore, by what we have said above, they are true for 
all values of -4 or -5 between 0® and 180*. And so on. 

Therefore the ^A, B* formulse are true for any values 
whatever of the angles A and B, 

174. It follows that all formulse deduced from the 
*A,B' formulse are true for angles of any magnitude what- 
ever. 

Thus the '/Si T* formulse (page 126) are true for angles 
of any magnitude. Also the formulse of the last Chapter 
for multiple angles, and all general formulse in the Ex- 
amples, are true for angles of any magnitude. 
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F.XAM?T.Ea ZLV. 

(1) Deduce the values of sin 180^ and oos 180° from those of 
the Bine and cosine of 90^. 

(2) The angle A is greater than 180^ and less than 270^ and 
tan il— ^ : find sin %A and sin 3^. 

(3) The angle 6 lies in the fourth quadrant and oos^—}, 
find sin 2^ and sin 3^. Find also oos3^y and hence determine in 
which quadrant Z6 lies. 

(4) Prove that the different values of B which satisfy the 

equation oos^+ 008^^=0, form two series in A. P. with com- 

2ir 2fr 

mon differences —r- and respectively. 

p^q p-q ^ ^ 



On Submultiplb Angles. 

175. We have now proved all the formulas of the last 
two Chapters to be universally true. 

We may expect therefore that any result^ which can be 
obtained from these formulse by algebraical transformation, 
will have a complete geometrical interpretation. [See p. 1 16.] 



T 



176. 


Since, 


co8.i = l-2sin«:i. 


[Art.] 


and, 




cosii=2co8':^-l; 




we have, 




. ^A l-cosu4 
^2== 2 ' 




and, 




, -4 1 + cos u4 
cos'2- 2 . 
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Or, 



COS 



A 
2 = 




-COS^ 

2 


A 


hCOS^ 



Thus, given the value of cos ui (nothing else being known 

about the angle A), we get two values for sin -^ , one posi- 

A 
tive and one negative, and two like values for cos -^ . 

2 

177. To prove geometrically that, given the value of 

008 A (nothing else being known about the angle A), thet^e 

A A 

are two vaiuee each o/ein ^ and of cos jr . 



u 

ft.. 







'2 



Let a be the least positive angle which has the given 
cosine, and let ROF^ and FfiR in the figure each^^a. 
Then A is one of the angles described by the revolving 
line OP when, starting from OR, OP stops either in the 
position OP or in the position 0P^\ ie. any one of the anglea 

2nn^a. [Art 147 1 
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The angle described is (some multiple of /our right 
angles^ a); a half of this is (some multiple of ttoo right 
angles ^ ^ a) ; so that a half of the angle whose cosine is equal 
to that of a, maj be any one of the angles indicated by OB 
and the four dotted lines OP, and 0P„ or OF^ and OF^ 
in the figure. 

And it will be seen that 

sin EOF^ = sin JtOF^ = - sin BOF^ = - sin EOF. 

Also, cos BOF^ = - cos BOF^ = - cos EOF. = cos BOF., 

From these it is clear that there are two values of sin ^r ^ 
equal in magnitude and opposite in sign. Also, that there 
are two like values for cos ~ . 

EXAMPLES. XLVI 

(1) When A lies between - 180" and 180^, prove that 

A , /r+coTJ 

(2) When A lies between 18Q9 and 54(y', prove that 

A /1+cos^ 

(3) Find sin — id terms of cos A, when A lies between 180* 
and 36(y>. 

(4) Prove that when A lies between (4?!+ 1) tr and (4n+3) ir, 

, . -x- • X -4 /l+oos-4 
w bemg a positive mteger, cos ^= - w ^ — . 

A 

(5) Find sin — in terms of cos A, when A lies between 4nfr 

and (4ii+2) tt, where n is a positive integer. 
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A A 

178. Since, 2sin^. cos -j, =8m-4, 
2 2 



and, 



8m*^ + cos*^=l, 



we obtain by addition and subtraction 

• .-^ .A ^ . A A 

• .-4 2A ^ . A A 

sin'y + co8«^ -2sm^.co8 2- = l-sin^. 



[Art 166.] 



Therefore f^sin 2+^^2) =l+8inii, 
i f sin 2~^^2) "'^-■^"^-^• 

Whence, sin-^ +cos-jr =* Vl +8inii 

sm 2 - cos -^ = * V 1 - sin -4 



.(i), 
.(ii). 



Adding we get, 2 sin ^ =*Vl+sin^±N/l-sin-4 
Subtracting we get, 2 cos ^ = ± v 1 +sinii t VI -sin -4 



(iii). 
(iv). 



Thus if we are given the yalue of sin A^ (nothing else 
being known about the angle A), we have four values for 

sin -^ and four values for cos -^ . 

179. To prove Geome^ricaUy that, given the value of 

sin A (nothing else being known about the angle A), there 

A A 

are four values for sin -^ , and four values for cos -^ • 

Let a be the least positive angle which has the given 
sine, and let BOP^^ 1\0L in the figure each ^ ou 
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U 1P4 




Then A is one of the angles described bj the revolving 
line OP, when, starting from OE, OP stops either in the posi- 
tion OP, or in the position OP,. 

The angle described is either (an even mnlfciple of ttoo 
right angles + a) or (an odd multiple of tioo right angles - a); 
a half of this is either (an even multiple of one right 
angle + 1 a) or (an odd multiple of one right angle ~ ^ a); so 
that a half of the angle whose sine is equal to that of a may 
be anj one of the angles indicated by OB and the dotted 
lines OP, and OP,, or OP^ and OP^ in the figure. 

In the figure, ROP^ = PJ)ir= LOP^ = PfiD. 

And sin^r may have any one of the values sin i?OP,, 

einEOP^, sin i?OP,, onEOP^. These values are all dif- 
ferent, and are those given by the solution (iii). 

Hence, there are four values for sin ^ , of the nature 
indicated by the solution (iii); also four values for cos ^ (iv). 
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180. If we know the magnitude of il, we can decide 
which sign to take in the formulse 



. A A n r—, 

sm -g- + COS -^ = »fc V 1 + Sin il. 

. ^ ^ n :— 1 

sm^-cos^=± vl -sm-d.. 



(i). 
.(ii). 



Exom/pU, When -= lies between - 46* and +46^, 
cos -5- is greater than sin -5- and is positive. 
So that (sin ^ + cos ^ j is positive, and = + Vl + sin -4, 
and (sin- -COS 2 j isnc^oftiw, and = -Vl-sinil. 

A 

When 2 lies between +45<> and + 136^ 

A A 

sin ^ is greater than cos -^ , and is positive. 

So that (sin o + ^'^ o ) ^^^ (sin - - cos -^ J are both positive. 

And so on. 

The following diagram completes the above result& 



\ 00 






' {'Oh 



:) / 

V \ 



y\y 



1 



\ 
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181. Since 



tanil s 



A 
2tan^ 



1-tan' 



71' 



^^'^'l-'^t^rTX 



1=0, 



^ A -l*^/l+tan•^ 

whence tan 77 = 3 . 

2 tan^l 

Thus, given tan A we find two unequal values for tan - 

A 
one positive and one negative. 

182. The student will be able by the aid of the fol- 

lowing figure to verify this result geometrically. 




183, We may remark that in this figure PjOP^ and 

PfiP^ are straight lines at right angles to each other. So 

that tanP,Oi? = - cotPfili; or, tan PfiE. taxi PfiB^^h 

A 
Hence, one value of tan ^ is the reciprocal of the other, 

and of opposite sign. So that there is always one positive 

A 
value of tan -^ , and one negative ; 9ne numerically greater 

than unity and the other numerically le88 than unity. 
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Example, If A^ \W^y prove thcU 

^ A -i-vr+tsn 

tan -3-= T z . 

A 
Now tan ^ » tan 190^, which is pocdtive ; tan 5- ^tan 95^, which 

isnegativa Also tan ^» t^~i ' *^® negative value of 

,. , . -1-Vl+tenM 

which 18 T 3 . 

tan^ 

EXAMPLF.8. XLVn. 

(1) State the signs of (sin -^+008-5^] and (sin q-- cos ^j 

when ^ has the following values : 

(i) 220, (ii) 1910^ (iii) 290^, (iv) 346«, 

(v) -220, (yi) ^2750, (vii) -41(fi, (viii) lOOO^. 

(2) Prove that the formula which give the values of sin -^ and 

of cos ^ in terms of sin A, are imaltered when A has the values 
(i) 920, 2680^ 9000^ 4n»r + Jir, or (4n+2)ir-Jir. 
(ii) 880, .880, 7700^ .7700^ or 4rnr*|. 

(3) Find the values of (i) sin 90, (ii) cos 90, (iii) sin 8I0, 
(iv) cos 1890, (v) tan 202jo, (vi) tan 97io. 

(4) If il = 2000, prove that 

(i) 2sino«+\^l+sinui+>/l- sin^. 
,.., . A -(1+Vl+tanM) 

(5) If A lie between 270* and 3600, prove that 

(i) 2 sin -^ =Vl-sinZ- 'Jl+mnA. 

(ii) tan-5= -cot^+cosecil. 

(6) If i4 lie between 450^ and 6300 prove that 

2 sin ^ = - VT+anX- \^1 - sin J. 
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(7) Find the limits between which -^ must lie when 

2 sin-j-ssVl+sin^-Vl-sinii, 

(8) Given that A lies between 450^ and 630^, prove that 

2 cos ^ » - Vl+sinil+Vl -sini. 

(9) If il lie between w x 360® -90® and nx 360^+90^ where n 
is a positive integer, prove that 

. A -1+^/l+tanM 
^2 teSl ' 

and that when A lies between n x 360^+90' and n x 360*^+270®, 

^, . A -l-Vl+tanM 

then tan ^ — r ^ . 

2 tan^ 

(10) Prove geometrically that if we are given the value of 

sin A^ there are three diJSerent values for sin - , and gix different 

<> 

values for cos -^ . 
3 

(11) Prove geometrically that, if we are given the value of 

cos A, there are three different values for cos -r , and six different 

o 

values for sin - . 
o 

(12) Prove that if we are given the value of tan A there are 
three different values for tan - . 

(13) Given the value of tan A^ prove that there are four 

A A 

values each for sin -^ and cos -= . 

(14) Given the value of sin A^ prove that there are two 
values for tan -r 



vGooqIc 



156 TRIGONOMETRY, 

184. It is important if possible, in solving Trigono- 
metrical equations, to avoid squaring both sides of the 
equation. 

If we square both sides of the equation we get 
COS* $^k^ sin« d^k^ (1 - COS* B). 

/. cos*tf=r---7«, or cos^«* . . 

Now if a be the least angle such that cos ^:= , , 

then the above gives us^=nfr^a (i). 

But the equation may be written cot ^=/*, 
whence $'^ivir + a (ii). 

(ii) is the complete solution of the proposed equation, while 
(i) is in fact the solution of both cos ^s^ sin ^ and also of 
oos ^» ~ /r sin ^. So that by squaring both sides of the equation 
we obtain solutions which do not belong to the given equation. 

185. We can often avoid squaring by the use of a 
Subsidiary Angle. 

Example, Solve acos^+6sin^=l. 



Thatis a(coB$ + ^mi$y 



Find in the tables the angle whose tangent is - ; let it be a. 

Then -atan a; and the equation becomes 

a (cos ^+ tan a . sin ^)= 1, 

/costf.cosa+sin^.sinaN , 

or a I 1=1, 

\ ooso / 

,^ . coso 
or cos(^-a)= . 
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Find from the Tables the value of ooso. Next find from 
the Tables the magnitude of the angle /9 whose cosine » — , 
and we get cos(^-a)«cos/3; 

or ^-a+2n7r*^. 

186. Def. When an angle a is introduced to facilitate 
calculation it is called a Subsidiary Angle. 

EXAMPLEa XLVm 

Solve the following equations. 

(1) 2sintf+2oostf=\/2. (2) sintf+V3 . oos^=l. 

(3) V2flm^+V2costf=V3. (4) sin^-costf»l. 

(5) sintf+cos^i=l. (6) V3sin^- cos^- V2=0. 

(7) 2sina; + 5cosa?-2. [2-5=tan68<> 12^ 

(8) 3cosa;-8sina?=3. [2d=tan69»26'30"] 

(9) 4 sin a? -16 ooso? =4. [376= tan 760 4'] 

(10) oos(a+^)=sin(a + ^)+V2cos^. 

♦On the Inyebse Notation. J|[ 

187. The equation sinO^a means that ^ is an angle 
whose sine is a. 

fl = sin"*a is a convenient way of writing the same 
equation. 

Thus sln~*a (is an angle, and) is an abbreviation for 
an angle whose sine is a. 

ExawpU 1. Shxm that Z(fi is one wxlue of sin"^ i. 
We know that 8in30<>=i. Therefore 30" is an angle whose 
sine is J, or, 30"= sin-' J. 
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158 TRIQ0N0MBTR7. 

ExcmpU 2. Prcv€ that 45^ is one value of tan*^ ^ + tan~^ ). 

tan'^ ^ is one of the angles whose tangent is ^. 

Let astan'^^, so that, tana^^. 

Let p = tan^^ J, so that, tan j3 = J . 

We have to prove that 45® is one value of a +^. 

f.«/ j-m tang+tanff _ j+j - 
*^("+''>=l-tana.tan^ = rrirj=^- 

Buttan45<>=L 

Therefore 46® is one value of a+i3, i.e. of tan-* i+tan~*^. 

« EXAMPLES. XT.TX. 

Prove that the following statements are true when we take 
for sin'^Oy etc. their least ^nifit^e value. 

(1) sin-i|=cos-4=tan-4. 

Jo 

(2) sin-ii=coB-i^»cot-is/a. 

, a 

(3) sin"* a=:cos-* V 1 - a*=tan"* /|— -^ • 

(4) If a=siii-i I and jS-cos-if, then o+i8=|. 

(5) If il=sin-ia and jB-cos-^o, then A+B^Wfi. 

(6) tan-if + tan-4=^, (7) tan"* A + 2tan-i^=tan-4. 

\ (8) tan-i«ii+tan-iiii,-tan-i ^h±^ . 

(9) sin(2sin-*a)«2aVl-a*. 

(10) 2 cos-i a=oos-i (2a« - 1). 

(11) cos-4+2sin-ii=120». (12)2sin-it -sin-i}^-2cos-ifi. 

(13) 2tan-i(cos2a)«tan-* (^*'°"^'" ). 

(14) tan-*^+tan-*y+tan-iJ^|^J^ = ? 

(15) 4tan-4-tan-i^-j. 
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(16) sin-iHsin-^A+Mii-^H-l- 

(17) taii-*V5(2-N/3)-cot-W5(2+V3)-oot-W5. 

(18) If 8m-i|»+sm-in-|, 
prove that m Vl-»*+ n Vl - m* = 1. 

188. The stadent must notice carefully that such a 
statement as nn~* \ = eos"^ -^ is not an identity. 

For sin"* \ is one of the values of mr + (- 1)" 30®, 

/3 
and co6~* ^ is one of the values of 2mr ^ 30^ 

Thus 150* = sill-' J, but ISO* is not - cob"' ^ • 



«*MISCIELLAlIE0n8 KTAMPT.TW. L. 

1 12 

(1) Prove that tan-* r htan-^ -z +tan-* -^—nir. 

^' 1 + a 1-a a* 

(2) Prove that tan"* ^Lzi +tan-i ^ — i=w^ + ^- 
^ ' a 2a-l 4 

(3) Prove that 

stn*"^ X - sin"* y — cos""^ {xy * Vl-«*-y*+«y}. 

(4) Iftan-iji2+tan-i^2-|,showthata:«=i. 

(5) Prove that tan-ia+cot-ia=(2n+l)|. 

(6) If tan-*a+tan-ii8+tan-iy«ir, 
prove that a + iS + y =«a^y. 

(7) Solve the equation tan-^ ^^^ - tan** ^^^ - ~ . 



Digitized by VjOOQ IC 



160 TRIGONOMETRY, L. 

V (8) Solve the equation 

tan-i(a?+l)-tan-i(^-l)=:cot-i(^-l). 

(9) Solve the equation sin~* - — -^ +tan-i - — -^ = - . 

(10) Prove that 

tan-i-^-T==-+tan-i -7=^+tau-i -^-==-=n»r+s 

(11) If a be positive and less than unity, and if a be the 
least value of sin-^ a, then 

sin-i a + cos"* as=n»r+ ( - l)*o± ( I - a j . 

(12) Prove that tan A and sin 2 A have always the same 
sign. 

Solve the six following equations. 

V (13) cos^ + cos3il+co8 6il=:0. 

(14) Bin5^+sin3^+sintf =3 - 4 sin* $. 

(16) 2 sin* 3A +sin2 6A^2. 

(16) a(cos2a7-l)+26(cos^+l)«0. 

(17) sin(m+n)^+sin2m^+sin(m-n)^=0. 



.^g. sin{ira?(a?+y)}+sin{7ry(a?+y)}=0, 1 
^ ' sinir^+sin«;y*=0. J 



(19) Trace the changes in the sign and magnitude of the 
following egressions, as 6 changes from to tt. 

(i) 2sin^.cos^. (ii) coB*^~sin*^. 

(iu) sin 3^. (iv) cot2il. 

(v) sm(^+o). (vi) coa(2^-a). 

(20) Explain why the equations 

^=n«-+(-l)«o and |-tf=2»»fr*(|-a) 
have exactly the same series of solutions. 

(21) Explain why exactly the same series of angles are given 

by the two equations ^+^=w»r+(-l)*|, and ^-^'=2nir*^« 
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CHAPTER XIV. 
On Loqabithms. 

189. In Algebra it is explained 

(i) that the mvMplicoUion of different powers of 

the same quantity is effected by adding 

the indices of those powers; 
(ii) that division is effected by subtractinrig the 

indices; 
(iii) that invcluti/m and evolution are respectively 

effected by the multiplication and division of 

the indices. 



1. If «n=a*, n=a*, 

then mxn=a*xa*=a*'''* (i), 

m-T-n^a^-T-a^^a^"* (ii), 

m»=(a*)8=a>», 

.(iii). 



s/m=m = (a*)' = a^ 



^amp^tf 2. If 347 - lO^Mosaw* ^^4 461 = loatwww^ prove that 
347x461 = 10«'»«»<^. 
We have 347 x 461 = 102"»3a» ^ iow6sroo9 

3- XO2lSiOB296-t'2i6087OOQ 

« 1051010804. Q.E.D. 

* Tl^e number 847 lies between 100 and 1000, i. e. between 10* 
and 10^. Hence, if there is a power of 10 which is eqnal to 847, its 
index must be greater than 2 and less than 3, i.e. eqnal to 2 + a 
fraction. 
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EXAMPLES. LI. 

(1) Jlm^a\ n=^a*, express in terms of a, A and k, 

(i) m«xn^. (ii) m*-rn^ (iii) ilm^xn^ (iv) {v m« x n»}». 

(2) If 463=102«<ww and 660=-10«"«s4^ find the indices of 
the powers of 10 which are equal to 

(i) 463x650. (ii) (463)*. (iii) 6608x463«. (iv) iT^. 

(v) >^453x 4^660. (vi) 4^463 x (660)^. (vii) V463 x 660. 

(3) Express in powers of 2 the numbers, 8, 32, \y ^, *126, 128. 

(4) Express in powers of 3 the numbers, 9, 81, ), ^, '1, ^. 

190. Suppose that some convenient number (such as 10) 
having been chosen, we are given a list of the indices of 
the powers of that number, which are equivalent to every 
whole number from 1 up to 100000 

Such a list could be used to shorten Arithmetical cal- 
culations. 

Example 1. Multiply 3759 by 4781 and divide the result by 
2690 

Looking in our list we should find 3769=10'*w«««, 4781 
^108^«6187j 2690=10'*^*». 

Therefore 3769 x 4781 -f 2690= 10»ww2s ^ lostrww^ io3W«a 

The list will give us that 108«248S87„ 6680-9. 

Therefore the answer correct to five significant figures is 6680*9. 

Example 2. Simplify 3« x 2^<>-r 5^17601. 

The list gives 2=10'«»i««», z^iO'mm and 17601 = 10*^w*«78. 

Digitized by VjOOQIC 



EXAMPLES. 163 

Thus 3» X 2W~'yi760i«(10^7niw)« x (ia«ttwoo)W-i-(104-««Mm)^ 
a, X(y2wsra X lostnoaooo^ xo^'^^^' 

s- XO>'86Sm8'*'8'0108000-l'4Uim 
— X04-4678487, 

And from our list we find 10* *««*»« 28697, nearly. 
TSTAMPT.iefl T,TT 

Given that 2=IO^i«»o, 3 = 10«^ia8 and T-IO"*****, find the 
radices of the powers of 10 equivalent to the quantities in the 
first 6 examples. 

(I) 2«, 3«, 28, 2x3, 2S7«. (2) 14, 16» 18, 24, 27, 42. 
(3) 10, 6, 15, 26, 30, 35. (4) 36, 40, 48, 50, 200, 1000. 

(5) 3" X 7i<>-r 2» 2i« X 3»H-7". 

(6) if^ X 4^, 'y-49 X 4« X tl^lcW, 

(7) Find approximately the numerical value of Vii having 
given that 10i«Mi«= 1-4532 nearly. 

(8) Find approximately the numerical value of 4^(4^* x «y (42)» 
having given that IO^'Witt., 2408*6. 

(9) Find the value (i) of ^6 x ^7 x ^9, (ii) of 1^2 x 3'* x 7t^ 
having given that 10««i*ow=. 4-5868 and 10-<»6004=,^3646^ 

(10) Find the value of (67-21)* x (49*62)* x (3*971)-* havmg 

given that 6721 = 10iw*«», 49*62 =10i««»», 3*971 « 10 »88«» and 
10Wi3io=3.9549^ 

(II) Find the area of a square field whose side is 640*12 feet ; 
having given that 640*12 -lO^^wwi* and that 10^'«S6228 ==40976-3. 

(12) Find the edge of a solid cube which contains 42601 cubic 
inches; having given 42601 -10*^»*i« and 10iM»a»= 34*925. 

(13) Find the edge of a solid cube which contains 34*701 cubic 
inches; having given that 34-701 = 101W084m and 10 "3**«= 3*2617. 

(14) Find the volume of the cube the length of one of whose 
edges is 47-931 yards; having given that 47-931 = 10i"***"** and 
that 106^«*i««6= 110115. 

Digitized by VjOOQIC 



164 TRIGONOMETRY. 

191. The powers of any other number than 10 might 
be used in the manner explained above, but 10 is the most 
cowwm&rU number, as will presently appear. 

192. This method, in which the indices of the powers of 
a certain fixed number (such as 10) are made use of^ is 
called the Method o/Logaaithms. 

Indices thus used are called logarithms. 
The fixed number whose powers are used is called the 
base. Hence we have the following definition : 

DBF. The log^arithm of a number to a given base, is 
the index of that power of the base, which is equal to the 
given number. 

Thus, if Z be the logarithm of the number n to the base a, 
then €^=n, 

193. The notation used is log. n=^l 

Here, log, ti is an abbreviation for the words ' the loga- 
rithm of the number n to the base a.* And this means, as 
we have explained above, 'the index of that power of a 
which is equal to the number n.* 

Exa'mpU 1. What is the logarithm of a* to the base a ? 
That is, what is the index of the power of a which is a^ f 
The index is $; therefore f is the required logarithm, 
or log.a*«f 

Exam^ple 2. What is the logarithm of 32 to the base 2 ? 

That is, what is the index of the power of 2 which is equal 
to 32? 

Now 82>-2^. .'. the required index is 5 ; or log2 32»5. 
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The use of Logarithms is based upon the following 
propositions : — 

I, The logarithm of the product of two numbers ic 
equal to the logarithm of one of the numbers + the logarithm 
of the other. 

For, let log.n»»j? and log.n«-y, 

then, lQg,(m x n)=log, (a* x a»)=log.(a^+«^=j?+y 

■=log.m + logB»L 

H, The logarithm of the quotient of two numbers is 
the logarithm of the dividend ~ the logarithm of the divisor. 

For, log. Qj =loga (^ = log. (a^-i')=a? -y [as above] 

=logam-log,n. 
m. The logarithm of a number raised to a power k is 
k times the logarithm of the number. 

For, loga(m»)=loga {(a»)»} =log.(a»*)=ib? 

=i{; times log^m. 
Excm^pleB, Given 

logjo 2 =-3010300, logio 3 = -4771213, log^o 7 --8450980 
Jind the values cf the following: 

(i) logio 6=logio(2 X 3)=logio2+logio3 [by I.] 

= •3010300+ -4771213 
-•7781613. 

(ii) logioJ=logio 7-logio3=-8460980- -4771213 [by II.] 
=-3679767. 

(iii) logio3«=6 times logio3=5 x -4771213 [by III.] 

-2-3856065. ' 

(iv) logxo^^^»logio (^)*=i of log,o ^^ [by III.] 

-J of (log3+log4-log7) [by I. and II.] 
=} of {-4771213+ twice -30103 - -8450980} 
=it of -2340833 = -0780278. 
(v) Iogio5=logio^=logiol0-logio2=l --3010300 
= •6989700. 
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EXAMPLES, T.TTT 

(1) Find the logarithms to the base a of a^, aV^, v^, v a^ -| • 

(2) Find the logarithms to the base 2 of 8, 64, i, '125, 
•015625, 4^64. 

(3) Find the logarithms to the base 3 of 9, 81, i, t^, % ^. 

(4) Find the logarithms to base 4 of 8, ^16, ^J^, \/ -015625. 

(5) Find the value of 

loggS, log2-5, logs 243, log5(-04), logjolOOO, logioWl. 

(6) Find the value of 

log. a*, logjJ^, logs 2, logar3, logioolO. 
Given that 

logio 2 ='3010300, logio3= -4771213 and log^o 7 ='8450980, 
find the values of 

0) logio«> logio42, logiol6. (8) logio49, logio36, logio63. 

(9) logio200, log,o600, logio70. (10) logio5, logio3-3, log^oSO. 

(11) logio35, logiolSO, logio'2. (12) logio3'6, logio7-29, logio-081. 

(13) Given logio2, logio3, logio7, find the value (i) of 
^6x4^7x^9, (ii) of 5y2x3-*x7A: 

[•6615067 =logio 4-5868 ; - -0285094 =logio '93646]. 

(14) Provethat(i)log{^2x^7-^4^9}=Jlog2+ilog7-|log3, 

(ii) log{y2x3-*x7A}-Alog2-ilog3+Alog7. 
(16) If logio a =2-6560982 and logjo 6=2-8129134, show that 
(i) Iogioa6=i6-4690116, (ii) logio a*- 10-6243928, 

(iii)logioa^6'=13-7509366, (iv) logio/^a- -8863661. 

(v) logio(a»6)*=l'7968680, (vi) logjo at 6»= 8-9699598. 

(16) Show (i) that log,o ^21 x ^18= •7545579, (ii) that 
logio -^(-49 X 45) X ^(3* X 2W) = 2-989843. 
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Common Logarithms. * 

194. That System of Logarithms whose base is 10, is 
called the Common System of Logarithms. 

Li speaking of logarithms hereafter, common logarithms 
are referred to unless the contrary is expressly stated. 

195. We shall assume that a power of ten can be found 
which is practically equivalent to any number. 

196. The indices of these powers of 10, i.e, the Com- 
mon Logarithms, are in general incommensu/rable numbers. 

Their value for every whole number, from 1 to 100000, 
has been calculated to 7 significant figures. Thus any cal- 
culation made with the aid of logarithms is as exact as the 
most carefully observed measurement (cf. Arts; 17, 216). 

197. Now, the greater the index of any power of 10, 
the greater will be the numerical value of that power; and 
the less the index, the less will be the numerical value of 
the power. 

Hence, if one number be less than another, the loga- 
rithm of the first will be less than the logarithm of the 
second. 

But the student should notice that logarithms (or indices) 
are not proportional, to the corresponding numbers. 

Example. 1000 is less than 10000 ; and the logarithm to base 
10 of the first is 3 and of the second is 4 

But 1000, 10000, 3, 4 are not in proportioa 
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198. We know from Algebra that 

1 - 10*, 
10 = 10* andahat' '1 = ^ =10"* 

100 = 10" -01= ^ =10-* 

1000=10* ' 001= ttjW =10"' 

10000 = 10* oooi=Tv^ = io-* 

and so on. 
Hence, the logarithm of 1 is 0. 

The (common) logarithm of any number greater than 1 is 
positive. 

The logarithm of any positive number less than 1 is 
negative. 

199. We observe also 

that the logarithm of any number between 1 and 

10 is a positive decimal fraction ; 
that the logarithm of any number between 10 

and 100, i.e, between 10* and 10', is of the 

form 1 + a decimal fraction ; 
that the logarithm of any number between 1000 

and 10000, ue. between 10" and 10*, is of the 

form 3 + a decimal fraction ; 
and so on. 

200. We observe also 

that the logarithm of any number between 1 
and '1, i,e. between W and 10~*, can be 
written in the form ~ 1 + a decimal fraction ; 

that the logarithm of any number between *1 
and '01, i,e. between 10"* and 10"*, can be 
written in the form - 2 + a decimal fraction; 
and so on. 
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Example 1. How many digits are there in the integral part 
of the number whose logarithm is 3*67192? 

We know that 3»logl000 and 4»log 10000 ; 
/. 3*67192=log of some nimiber between 1000 and 10000; 
that is, the integral part of the number has 4 digits. 

Example 2. Given that log 3 » '4771213, find the number of 
the digits in the integral part of 3^. 

Here, log (3*i>)-20 times log3»9-542426 ; 
henoe, log (3>^) lies between 9 and 10 ; 

therefore, as in Example 1, the number lies between 10^ and 10^*; 
that is, its int^ral part has 10 digits. 

Example 3. Supposing that the decimal part of the logarithm 
is to be kept positive, find the integral part of the logarithm of 
•0001234. 

This number is greater than OOOl t,e, than 10^ and less than 
•001, i,e. than 10-». 

Therefore its logarithm lies between - 3 and - 4, and there- 
fore it is - 4 + a fraction ; the integral part is therefore - 4. 

F.XAMPLTW. LTV. 

Note. The decimal part of a logarithm is to be kept positive. 

(1) Write down the integral part of the common logarithms 
of 17601, 361-1, 4^01, 723000, 29. 

(2) Write down the integral part of the common logarithms 
of -U, -0000612, -7963, -001201. (See Note above.) 

(3) Write down the integral part of the conmion logarithms 
0/7963, -1, 2-61, 79-6341, 1-0006, -00000079. 

(4) How many digits are there in the integral part of the 
numbers whose common logarithms are respectively 

3^461, -3020300, 5-4712301, 2-6710100? 
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(5) Give the position of the first dgnifica'nJt figure in the 
numbers whose logarithms are 

-2 + -4612310, -1 + -2793400, -6 + '1763241. 

(6) Give the position of the first ngnificarU figure in the 
numbers whose common logarithms are 4*2990713, -3040595, 
2-5860244> -3+1760913, - 1 + -3180633, '4980347. 

(7) Given log,© 2 =-30103, find the number of digits in the 
integral part of 8", ^^, 16«>, 2i«>. 

(8) Given that log 7 « '8450980, find the number of digits in 
the integral part of 7", 49», 343^, (V)» (4-9)", (3-43)i«. 

(9) Find the position of the first significant figure in 

y2,(in(¥)*^,(-02)*,C49)«. 

(10) Find the position of the first significant figure in the 
numerical value of 

20^ ('02)', (•007)«, (3-43)*, (-0343)8, (-0343)*. 

201. Prop. To 'prove that if two nwmbers expressed 
in the decimcU notontion home the same digits {so that they 
differ ovdy in the position of the decimal point), their logo- 
rithms to the base 10 trnll differ only by an integer. 

The dedmal point in a number is moved by multiplying 
or dividing the number by some integrcU power of 10. 

Let the numbers be m and n; then m = n x 10^, where 
A; is a whole number positive or negative; and 

log 9i»» log (n X 10*) = logn + loglO* 
= logn + fc 

Example 1. Let the numbers be 1 -2345 and 1234*5. 
Then, 1234-5 - 1'2345 x lO^, 

therefore log (1234-5)»l<)g (1'2345) + 3. 

Digitized by VjOOQ IC 



ON LOGARITHMS. 1 7 1 

Exam'pLe 2. Given log 1 '7692 = -24776, find 
(i) log 17692, (ii) log -0017692, (iii) 176-92. 

Here, log 17692=log {(1-7692) x 10*} =log (l-7692)-f 4 
= -24776+4=4-24776. 
log -0017692 =log {(1-7692) x 10-3} = _ 3^. -24776. 
logl76-92=log {(1-7692) X 102} =2-24776. 

202. It is cfytwement to keep the decimcU paH of com- 
mon logarithms always posUwe^ because then the decimal 
part of the logarithms of any numbers expressed by the 
same digits will be ahoays the sama 

203. The decimal part of a logarithm is called the 

204. The integral part is called the characteristic. 

205. The characteristic of a logarithm can be always 
obtained by the following rule, which is erident from 
page 167. 

BXTIiE. The characteristic of the logarithm of a number 
greater than unity is one less than the number of mtegral 
figures in that number. 

The characteristic of a number less than unity is negsr 
tive, and (when the number is expressed as a decimal,) is 
one more than the number of cyphers between the decimal 
point and the first significant figure to the right of the deci- 
mal point. 

206. When the characteristic is negatiye, as for ex- 
ample in the logarithm -3+ -1760913, the logarithm is 
abbreviated thus, 3-1760913. 

Example 1. The characteristics of 36741, 36-741, -0036741, 
3-6741 and -36741 are respectively 4, 1, - 3, 0, and - 1. 
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Example 2. Qiven that the mantissa of the logarithm of 
36741 is 5651510, we csan at once write down the logarithm of 
any number whose digits are 36741. 

Thus log 3674100 =6-5661610, 

log 36741 -=4-5651510, 
log 367-41 =2-5651510, 
log -36741 =1 -5651510, 
log -00036741 =4-5651510, 
and so on. 

207. In any set of tables of common logarithms the 
student will find the mantissa only corresponding to any set 
of digits. 

It would obviously be superfluous to give the cJumtoo- 
teristic, 

208. It is most important to remember to keep the 
mantJBHa always positive. 

Example. Find the fifth root of -00065061. 
Here logw -00065061 =4-8133207, 

.-. logio (•00065061)*=i(4-8133207) =H-4+ '8133207) 
=t (- 5 + 1*8133207)- - 1 + -3626641 = 1-3626641, 
and T-3626641 =log -23050, 

.*. the fifth root of -00065061 =-23050 nearly. 

T8XAMPLTO. LV. 

(1) Write down the logarithms of 776*43, 7-7643, -00077643 
and 776430. (The table gives opposite the numbers 77643, the 
figures 8901023.) 

(2) Given that logjo 59082=4-7714552, write down the 
logarithms of 5908200, 59082, -00059082, 590-82 and 59082. 
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(3) Find the fourth root of '0059082, having given that 

log 6-9082= -7714552; 4-4428638 =logio 27724. 

(4) Find the product of -00059082 and -027724, having given 
that -21431= log 16380 (of Question 3). 

(6) Find the 10th root of 077643 (c£ Question 1), having 
given that -8890102 =log 7-7448. 

(6) Find the product of (•27724)« and -077643. (See Ques- 
tions 1 and 3 ; 7758288 =log 59680.) 

* * 209. To trcms/arm a system of logarithms h(wvng a 
gwen base, to another system vdth a dUferent base. 

If we are given a list of logarithms calculated to a given 
base, we can deduce from it a list of logarithms calculated 
to any other base. 

Let a be the given base ; let & be any other base. 

Let m be any number. Then the logarithm of m to the 
base a is in the given list Let this logarithm be I. Then 

We wish to find the logarithm of 9i» to the base b. Let 
it be X, 

Then m^lf. Butw = a'; 

.-. a' = ft*j or, b=*a'; 
or, - is the logarithm of 6 to the base a. 

Now the logarithm of & to the base a is given. For it is 
in the list of logarithms to the base a. 

Thus, i = i«g.*j°'^'*-i3^6; 

, log. »» 
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Hence, to calculate the logarithms of a series of numbers 
to a new base 6, we have only to divide each of the logarithms 
of the numbers to any given base a, by a certain divisor, 
viz. log, 6. 

If then a list of logarithms to some base e can be made, 
we can deduce from it a list of common logarithms, by 

multiplying each logaiithm in the given list by . ^7) - 

Example. Show how to transform logarithms, having 5 for 
base to logarithms having 125 for base. 
Suppose m = 5', so that I = logs m. 
Now 125=53, so that 3=log5 125, 

ad 1 I 

and m = 5 » = 125« , so that - = IpgitsWi. 

o 

Thus the logarithm of any number to base 5, divided by 3 
(ue, by logs 125), is the logarithm of the same number to the 
base 125. 

'^')^210. The student will find that the logarithms of numbers 
cannot be calculated to the base 10 directly. 

Thoy are first calculated to the base 2-7182818, etc., which is 
the sum of the series 

This number is called e. 

And the constant divisor in this case is log« 10, 

When this constant divisor is transformed into a mtUiiplief, 
this constant multiplier is called a modulus. 

Example. Given that log^o 12=1*0791812, shew how to 
transform common logarithms to logarithms having 12 for base. 

Here 10m9i8i2=12; 

1 

.*. 10=12i'««iffl2 = 12"92662.etc. 
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EXAMPLTO. LVL 

Show how to transform 

(1) Logarithms with base 2 to logarithms with base 8. 

(2) Logarithms with base 9 to logarithms with base 3. 

(3) Common logarithms to logarithms with base 2. 

(4) Logarithms with base 3 to common logs. 

(5) Common logs to logarithms with base 3. 

(6) Given logj^ 2 = -3010300, find log^ 10. 

(7) Given logio 7 = -8450980, find logy 10. 

(8) Given log^o 2 = -3010300, find logg 10 and log^ 10. 

"""^MIBOELLANEOnS EXAMPLTW. LVH 

(1) Findloga8,log5l, log8 2, log7l,loga2l28 

(2) Show that the logarithms of all except eight of the 
numbers from 1 to 30 inclusive, can be calculated in terms of 
log 2, log 3 and log 7. 

(3) Show that the logarithms of the niunbers 1 to 10 inclu- 
sive maj be found in terms of the logarithms of 8, 14, 21. 

(4) The mantissa of the log of 85762 is 9332949. Find the 
log of iy -0085762. 

Find how many figures there are in (85762)^, when it is 
multiplied out 

(5) Find the product of 47-609, 476*09, -47609, -000047609, 
having given that log 4-7609 ='6776891 and •7107564«log 5-1376. 

(6) What are the characteristics of the logarithm of 3742 to 
the bases 3, 6, 10 and 12 respectively. 

(7) Having given that log 2=-3010300, log 3=-477l213 and 
log 7 = '8450980, solve the following equations : 

(i) 2*x3^=72, (ii) 3^=128x7*"*, 

(iii) 12*=49, (iv) 28«=21*^. 

(8) Given logio 7, find log, 490. 

(9) Given logio 3, find log, 270. 

(10) Given logjo 2, find logo 10. 
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(11) Given loggO^a, logj5=6, log57=c; find the logs to 
base 10 of numbers 1 to 7 inclusive. 

(12) How many positive integers are there whose logarithms 
to base 2 have h for a characteristic ? 

(13) If a be an integer, how many positive integers are there 
whose logs to base a have 10 for their characteristic ? 

(14) Given log 2 and log 7, find the eleventh root of (39*2)'. 

log 1*9485=*289688. 

(16) Prove that 71ogH + 6lQgf + 51og|+logf|=log3. 

(16) Prove that 

2 log a+ 2 log a* + 2 log a' ...+ 2 log a*=n (w + 1) log a. 

(17) Prove that log^ . log»a = 1 ; and that \ogJ) . log»c . \og/i^ 1. 

(18) Prove that log^ = log.6 . logjC . logji, . .log,r. 

(19) Given that the integral part of (3-456)i<»<>w contains 
53856 digits, find log 345*6 correct to five places of decimals. 

(20) Given that the integral part of (3'981)i^^<»<>o contains 
sixty thousand digits, find log 39810 correct to five places of 
decimals. 

(21) If the number of births in a year be ^ of the popu- 
lation at the beginning of the year, and the nimiber of deaths 
^, find in what time the population will be doubled. 

Given log 2, log 3, wd that log 241=2*3820170. 

(22) Prove that 
log«+log(«-a)-log6-logc=2log */ ^. \ 

(23) Prove that 

log («*+«■) +log(a+a?)+log(a-a?)=log («*-«*). 

(24) Prove that 

log sin 4il = log 4 + log sin j1 + log COS ii + log cos 2ii. 
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CHAPTER XV. 



On the Use op Mathematical Tables. 



213. The Logaritlims referred to in this chapter, and in 
future throughout the book, are Gom/mon Logarithms. 

214. Books of Mathematical Tables usually give an 
explanation of their own contents, but there are some points 
common to all such Tables which we proceed to explain. 

215. The student will be supposed to have access to a 
book containing the following : 

(i) A list of the logarithms of all whole numbers from 
1 to 99999, calculated to seven significant figures; 

(ii) A list of the numerical values, calculated to seven 
significant figures, of the Trigonometrical Batios of all 
angles, between 0* and 90®, which differ by 1' ; 

(iii) A list of the logarithms of these Ratios calculated 
to seven significant figures. 

These will be found in Chambers' Mathematical Tables. 

At the end of this Chapter we give the logarithms to 
five figures of all numbers from 100 to 999. This Table 
will be found useful in questions involving certain kinds of 
numerical calculations. 

L. E. T. 12 
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178 TRIGONOMETRY. 

216. We have said that logarithms are in general 
incommensurable numbers. Their values can therefore only 
be given approximately. 

If the value of any number is given to seven significant 
figures, then the error (ie. the difierence between the given 
value and the exact value of the number) is less than a 
millionth part of the number. 

JEspample. 3141592 is the value of n correct to seven signifi- 
cant figurea The error is less than -000001 ; forir is less than 
3141593, and greater than 3'141592. 

The ratio of -000001 to 3-141592 is equal to 1 : 3141592. The 
ratio of '000001 to tt is less than this ; ie. much less than the 
ratio of one to one million. 

217. An actual measurement of any kind must be 
made with the greatest care, with the most accurate instru- 
ments, by the most skilful observers, if it is to attain to 
anything like the accuracy represented by ^ seven significant 
figures.' 

Therefore the value of any quantity given correct to 
' seven significant figures ' is exact for all practical purposes. 

218. We are given in the Tables the logarithms of all 
numbers from 1 to 99999 ; that is, of any number having 
Jive significant figures. 

A Table consisting of the logarithms of all numbers 
from 1 to 9999999 (Le. of any number having seven 
significant figures) would be a himdred times cts la/rge, 

219. There is however a rule by which, if we are given 
a complete list of the logarithms of numbers having ^0 sig- 
nificant figures, we can find the logarithms of numbers 
having ^ix or seven significant figui'es. 
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Example, Suppose we require the logaritbin of 4*804213. 

From the Tables we find 

log 4-8042= -6816211, Le. 4-8042- 10-«»««i-, 

log 4-8043--6816301, 4-8043= 10*«M3»-. 

The number 4*804213 lies between the two numbers 4*8042, 
4*8043 whose logarithms are found in the Tables, so that the 
required logarithm must lie between the two given logarithms. 

Therefore we suppose that 
log 4*804213=-6816211+rf, ie. 4*804213= 10*«»«ai*"+'*. 

220. The BXTLE is as follows. The differences be- 
tween three numbers are proportional to the corresponding 
differences between the logarithms of those numbers, pro- 
vided that the diff&rences between the numbers are srnaU 
compared with the numbers. 

Example. Given log 48042 = 4*6816211 
log 48043 = 4*6816301, 
find log 48042-13. 
We may state the question thus. 
Given log 48042 = 4*681621 1 

log (48042 + 1) =4*6816211 + -0000890, 
find log (48042+ -13). 
Let log (48042 + -13=4*6816211 +c^. 

Thus corresponding to the differences 1 and -13 in the 
numbers we have the differences -0000090 and d in the 
logarithms. 

But these differences are in proportion, 

*13 

.-. c?=-~ times -000009 

=^ of -000009 = -00000117... ; 
.*. log 48042-13=4-6816211 + -00000117 

=4*68162227 = 4*6816223 (to seven figures). 

12—2 
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221. We shall refer to the above rule as the Rule of 
Proportional Bifferences. 

It is often called also *The Principle of Proportional 
Parts.' 

222. In Art 197 we said that numbers are not propor- 
tional to their Logarithms. Hence the differences of numbers 
and the corresponding differences of their logarithms cannot 
be exactly in proportion. The rule is however true for all 
practical purposes. The proof of the rule belongs to a 
higher part of the subject than the present. 

223. In the above example we said that 

6-68162227 = 6-6816223; 

and for this reason. "We are retaining only seven significant 
figures in the decimal part of the logarithm. 

If we put 6-6816222 for 6-68162227 the 'error' is 
greater than -00000007. 

If we put 6-6816223 for 6-68162227 the 'error' is 
less than 00000003. 

Thus the second error is less than the first. 

In such a case, 1 must be added to the last digit which is 
retained, when the first digit which is neglected is 5 or 
greater than 5. 

224. We give two more specimen examples. 
Example 1. Find the logarithm of -00480421a 

We first find as before, by the rule of proportional differences, 
that log 4-804213= -6816223 

.-. log •004804213=3-6816223. 
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Examjfie 2. Find the ntmber whose logarithm is 2*5354291. 
In the Table we find that 

•5354207=lQg 3-4310 (i), 

and •5354334-=lQg 3-4311 (ii). 

Let -5364291 =log (3-4310-f c?) (iii). 

Here we have three logarithms and three numbers. 

Subtracting -5354334 -5354291 

-5354207 -5354207 

•0000127 -0000084 

The corresponding differences are -0001 and d. 

=^ of -0001 
= -0000661. 

Therefore from (iii) -5354291 =log (3-4310+ -000066...) 

= log 3-431066. 

Hence, 2-5354291 = log 343-1066, 

or, the required number is 343- 1066. 

BXAMPLTO LVm. 

(1) Find log 7-65432, having given that 

log 7-6543 --8839066, 
log 7-6644= -8839112. 

(2) Find log 664-123, having given that 

log 5-6412 =-7513715, 
log 5-6413= -7513792. 

(3) Find log -0008736416, having given that 

log 8-7364= -9413325, 
log 8-7365 =-9413375. 
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. (4) Find log 6437125, having given that 
log 6-4371 = -8086903, 
log 6-4372= -8086970. 

(5) Find log 3*72456, having given that 

log 37245=4-5710680, 
log 37246=4-5710796. 

(6) Find the number whose logarithm is -5686760, having 
given that -5686710 = log 3*7040, 

-6686827=log 3-7041. 

(7) Find the nmnber whose logarithm is 4*6602987, having 
given that -6602962=log 4-5740, 

-6603057 =log 4-5741. 

(8) Find the number whose logarithm is 6*3966938, having 
given that -3966874=log 2-4928, 

-3967049=log 2-4929. 

(9) Find the number whose logarithm is 4-6431150, having 
given that -6431071 =log 4*3965, 

-6431170 =log 4*3966. 

(10) Find the number whose logarithm is *7550480, having 
given that 3*7550436=log 5689*1, 

2*7550512= log 568*92. 

225. The same Bule of Proportional Differences is used 
in the case of angles and their Trigonometrical Batios ; 
and therefore also in the case of angles and the loga- 
rithms of their Batios. 

Thus the (small) differences between three angles are 
assumed to be proportional to the corresponding differences 
between the sines of those three angles ; also, proportional 
to the corresponding differences between the logarithms of 
the sines of those angles. 
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226. Sines and cosines are always less than unity, as 
also are the tangents of all angles between 0** and 45^ 

The logarithms of these Ratios must therefore have 
negati/ve characteristics. 

To avoid the inconvenience of having to print these 
negative characteristics, the whole number 10 is added to 
each logarithm of the Trigonometrical Batios, before it is 
set down in the Table. 

The numbers thus recorded are called the tabulax 
logarithms of the sine, cosine, etc., of an angle. 

They are indicated by the letter * L.' 

Thus L 8in 31" 15', stands for the tabular logarithm of 
sin 31" 16', and is equal to {log (sin 31" 15') + 10}. 

The words logarithmic sine are used as abbreviation for 
tabular logarithm of the sine. 

Thus in the Tables we find 

X sin 3in5' = 9-7149776. 
Therefore log (sinSP 15') =9-7149776 - 10=1-7149776. 

Example 1. Find sin 31<^ 6' 26". 

The Tables give sin 31° 6' =-5165333 (i), 

sin3P7'=-5167824 (ii). 

Let sm 310 6' 25"= -5165333 +fl? P), 

Subtracting 

•5167824J The other difference is c?, and the 
•5 165333 > corresponding differences in the 
-0002491 ) angles are 60" and 25" ; 

.-. fl?=:fj of -0002491 
= •0001038... 

Hence, from (iii) sin 3106'25" = -5165333 -f '0001038 = -5166371. 
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Exam/pU 2. Find the angle whose logarithmic cosine is 
9-7858083. 

The Table gives a-TSSVeil^Z cos 52<>22' (i), 

9-7859249 =:Z cos 520 21' (ii)^ 

The cosine diminishes as the angle increases. Hence corre- 
sponding to an increase in the angle there is a diminution of the 
cosine. 

Hence, let 9-7858083 =Z cos (520 22' -i>) P). 

Subtracting the first tabular logarithm from the second the 
difference is -0001638. 

Subtracting the first tabular logarithm from the third, the 
difference is -0000472. 

Subtracting the first angle from the second, the difference is 
-60". 

Subtracting the first angle from the third, the difference is 

By the Rule these four differences are in proportion. 
Therefore D = ^^ of 60" 

= 17-3". 
Hence 9-7858083 =Z cos (62* 22' - 17") 

=Zcos52«21'43" 

EXAMPLES. T.TT 

(1) Find sin 42® 21' 30" 

having given that sin 42® 21' = -6736577 
sin 42« 22'= -6738727 

(2) Find cos 470 38' 30" 

having given that cos 47® 38' = -6738727 
cos 47* 39'= -6736577. 

(3) Find cos 21027' 45" 

having given that cos 21® 27' = -9307370 
cos 210 28'= -9306306. 
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(4) Find the angle whose sine is '6666666 
having given that -6666326 =8in Al^ 48' 
'6667493«8in4P49'. 

(6) Find the angle whose cosine is -3333333 
having given that -3332584= cos 70^ 32^ 
•3335326=008 70^31'. 

(6) Find the angle whose cosine is -26 
having given that -2498167 = cos 76® 32^ 

-2600984=008 750 31'. 

(7) FindZsin450l6'30" 

having given that Z sin 46® 16' = 9-8614969 
Zsin460l7'=9-8616220. 

(8) Find Z tan 27*13' 45" 

having given that Z tan 27® 13' = 9-7112148 
Ztan27«14'=9-7116254. 

(9) Find Z cot 36^18' 20" 

having given that Z cot 36® 18' = 10-1339650 
Z cot 36» 19' = 10-1337003. 

(10) Find the angle whose Logarithmic tangent is 9-8464028, 
having given that 9-8463018 =Z tan 36® 4' 

9-8466705 =Z tan 35<> 6'. 

(11) Find the angle whose Logarithmic cosine is 9-9448230, 
having given that 9*9447862 =Z cos 28* 17' 

9-9448541 =Z cos 28® 16'. 

(12) Find the angle whose Logarithmic cosecant is 10*4274623, 
having given that 10*4273638=Z cosec 21® 57' 

10-4276774=Zcosec21» 56'. 
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227. Problems in which each of the lines involved 
contains an eocact number of feet, and each angle an excust 
number of degrees, do not occnr in practical work. 

As from time to time the skill of observers and of in- 
strument-makers has increased^ so also has the number of 
significant figures by which observations have been recorded. 

Thus the want was felt of some method by which the 
labour involved in the multiplication and division of long 
numerical quantities could be avoided. At the end of the 
Seventeenth Century a celebrated Scotch mathematician^ 
John Napier, Baron of Merchiston, proposed his method of 

* Logarithms ' ; i. e. the method of representing numbers by 
indices; 'which, by reducing to a few days the labour of 

* many months, doubles, as it were, the life of an Astronomer, 
' besides freeing him from the errors and disgust inseparable 
' from long calculations.' Laplace, 

228. We shall now give a few examples of the practical 
use of logarithms. 

Example 1. The sides containing the right angle C in a right 
angled triangle ABC contain 3456'4 ft. and 4643-6 feet respec- 
tively; find the angles of the triangle, and the length of the 
hypotenuse. 

B 




Let ay by c be the lengths of the sides of the triangle opposite 
the angles AyByC respectively. 
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Then, a»3456-4 feet, 6-4543'5 feet, 
tan^>-^ • 

Therefore log tan -4 — log t- —log a - log 6 

-log 3466-4 -log 4543-5. 
In the Tables we find 

log3456-4»3-5386240 
log 4543-5 » 3-6573905. 

.% log tan ul = 3-5386240 - 3-6573905 
-1-8812335. 
.% Z tan ul- 9-8812335. 
In the Table we find 

9'8813144-nZtaji37n6' 
9-88I0522=Ztan37n5'. 
Whence by the rule of Proportional Differences 
9-8812335 -Z tan 37® 15' 42". 

Therefore .i-37n5'42"| 
and 5=900-^-520 44' 18'j ^^^• 

To find c, we may take the square root of a^+b^y or we may 
find it by tl^e aid of logarithms th,us : 

-=ooseoul-co8eo 37«15'42", 

.*. logc— Ioga+logcosec370l5'42" 

=loga+Z cosec37n6'42"-10 
-3-5386240+10-2179174 - 10 
-3-7565414 
-log 5708-8, 

•*• the hypotenuse contains 5708*8 feet. 

Thus we have found the angles and the third side of the 
triangle. 
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229. There are some formulsB which are seldom used in 
practical work, becaiise (ihey are not adapted to logarithmic 
calculation. They are those in which powers of quantities 
are connected by the signs + or -. 

Example, In the above example we might have found the 
length of the hypotenuse by means of the formula 

But we should have had to go through the process of calcu- 
latiug by multiplication the values of a^ and 6^. 

For this reason, a formula which consists entirely of 
fjEkctors is always preferred to one which consists of terms, 
when any of those terms contain any power of the quantities 
involved. 

If in the above example, the lengths of the hypotenuse e 
and of one side a were given, then the formula 

will give the length of h. For 

log 6«=-log {(c - a) (c + a)}, 
or, 21og6— log(c-a)+log(c+a). 

And the values of (c+a) and {c-a) are easily written down 
from the given values of c and a. 

EXAMPLES. LX. 

In the following questions A, B, C die the angles of a right 
angled triangle of which (7 is a right angle, and Oyb, c are the 
lengths of the sides opposite those angles respectively. 

(1) Given that a=. 1046-7 yards, c= 1856-2 yards, C-9(y>, 
findil. 

Iogl046-7»d-0198222, log 18562 » 3*2686248, 
Z sin 34019' =9-7510991, 
Z; sin 34« 20' = 9-7512842. 
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(2) Given that a = 843-2 feet, (7= 900, and ul = 34n5' ; find c. 
log 843-2 :=» 2*9259306, Zoo8ec34n5'o: 10*2496421, 

log 1*4982= -IVSS?. 

(3) Given that a =4846 yards, 6=4742 yards, and C=90, 
find A 

log 4846 =3-6852938, log 4742 =3-6759615, 
L tan 450 36' = 100090965, L tan 45® 37' = 10-0093492. 

(4) Given that c=8762 feet, (7=90, and ^=37<>10', find 
a and h. 

log 8762 =3-9426032, Zsin370 10' =9*781 1344, 
L cos 370 10' = 9*9013938, log 5*2934 = *72373, 
log 6-9823= *843997. 

(5) Given that 6=1694*2 chains, (7=90®, and ^ = 18^47', 
find a. 

log 1694-2=3-2289647, L cot 18® 47' =10-4683893, 
log 5*7620= -76057. 

(6) Given that a=1072 chains, c=4849 chains, and (7=90^, 
find 6. 

log 5921 =3-7723951, log 3777 =3-5771470, 
log 4-729= -67477. 

(7) Given that 6=841 feet, c=3762 feet, and C=90<», find a. 

log 4603 = 3-6630410, log 2921 = 3-4655316, 
log 3-6668= -66428. 

(8) Given that a =7694-5 chains, 6=8471 chains, (7=90^, 
find A and c. 

log 7694*5 = 3*8861804, log 8471 = 3*9279347, 

L tan 420 15' = 9*95824, L cosec 42® 15' = 10*1723937, 

log 1-1444 =-05867. 

230. In the following examples the student must find 
the necessary logarithms from the Tables. 
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190 TRIOONOMETRT, 

^ IQSGELLAITBOnS EXAMPLEa t.tt 

(1) A balloon is at a height of 2500 feet above a plain and 
its angle of elevation at a point in the plain is 40^35'. How far 
is the balloon from the point of observation ? 

(2) A tower standing on a horizcmtal plain subtends an 
Wangle of 37^ 1,9' 30" at a point in the plain distant 369*5 feet 

from the foot of the tower. Find the height of the tower. 

(3) The shadow of a tower on a horizontal plain in the sun- 
li^t is observed to be 176*23 feet and the elevation of the sun at 
that moment is 33<^ 12'. Find the height of the tower. 

(4) From the top of a tower 163*5 feet high by the side of a 
river the angle of depression of a post on the opposite bank of 
the river is 29<>47' 18". Find the distance of the post from the 
foot of the tower. 

(6) Given a=673*12, 6=415*89 chains, (7=900, find A and B, 

(6) Given a=576*12, c=873*14 chains, (7=90®, find h and A. 

Y\i J w, (7) From the top of a light-house 112*5 feet high, the angles 
* " of depression of two ships, when the line joining the ships points 

to the foot of the light-house, are 27® 18' and 20® 36' respectively. 

Find the distance between the ships. 

(8) From the top of a cliff the angles of depression of the 
top and bottom of a light-house 97*25 feet high are observed 
to be 23<^ 17' and 24® 19' respectively. How much higher is the 
cliff than the light-house ? 

(9) Find the distance in space travelled in an hour, in con- 
sequence of the earth's rotation, by St Paul's cathedral (Lati- 
tude of London =51® 25', earth's diameter =7914 miles.) 

\ (10) The angle of elevation of a balloon from a station due 
south of it is 47® 18' 30", and from another station due west of 
the former and distant 671*38 feet from it the elevation is 41® 14'. 
Find the height of the balloon. 
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DIGRESSION ON LOOARITHMS. 190 (i) 

On the four following pages are given a Table of the 
mantisssd of the logarithms of all numbers from 100 to 1000 
correct to 5 significant figures. 

By the aid of the principle of proportional parts this 
Table can be used to work correctly to 4 significant figures. 

It is only in observations or measurements, made with 
the most elaborate care and under special circumstances, that 
a greater degree of accuracy is attained than, that indicated 
by 4 significant figures [see Lock's Arithmetic, chapter vin.]; 
hence the Table here given will be found sufficient for 
most numerical calculations in which Arithmetic only is 
involved. 

Example i. Fi/nd to three ngnificant figv/rea the length of the 
diagonal of a cube whose eide oontavM 14*7 inches. 

Let X be the number of inches in the diagonal, 
then ^=3 X (14-7)8, 

.'. a?=V3xl4-7; 
/. log4?=Jlog3+logl4-7 

-iC47712)+116732 [from the Table] 
= -23856+l-16732=l-40688 
«log 25*45 nearly [from the Table]. 
Hence the diagonal is 25*45... inches. 

ExamypU iL Fimd the value of (43-72)*. 

log 4*38 =-64147/ 

.-. dijfference for -002 =-00020; 
.-. log 43-72=1-64068; 
/. log(43-72)*=fxl-64068=-9115... 

=log 8-156... [from the Table]. 
Therefore (43-72)* =8-156... 
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190 (ii) 

TABLE OF THE LOGARITHMS OF ALL 
NUMBERS FROM 100 TO 1000 



Na 


Log. 


No. 


Log. 


No. 


Log 


No. 


Log. 


No. 


Log. 


lOO 


00000 


143 


'5534 


186 


26951 


229 


35983 


272 


43457 


lOI 


00432 


144 


'5836 


187 


27184 


230 


36172 


273 


43616 


I02 


00860 


H5 


16137 


188 


27416 


231 


36361 


274 


43775 


103 


01284 


146 


'6435 


189 


27646 


232 


36549 


275 


43933 


104 


01703 


147 


16732 


190 


27875 


233 


36736 


276 


44091 


105 


021 19 


148 


17026 


191 


28103 


234 


36922 


277 


44248 


106 


02531 


149 


17319 


192 


28330 


235 


37'07 


278 


44404 


107 


02938 


150 


17609 


'93 


28556 


236 


3729' 


279 


44560 


108 


03342 


151 


17898 


'94 


28780 


237 


37475 


280 


44716 


109 


03743 


152 


18184 


'95 


29003 


238 


37658 


281 


44870 


110 


04139 


'53 


18469 


196 


29226 


239 


37840 


282 


45025 


III 


04532 


'54 


18752 


'97 


29447 


240 


38021 


283 


45'79 


112 


04922 


'55 


'9033 


198 


29667 


241 


38202 


284 


45332 


i'3 


05308 


'56 


19312 


'99 


29885 


242 


38382 


"?! 


45484 


114 


05690 


'57 


'9590 


200 


30103 


243 


38561 


286 


45637 


115 


06070 


'58 


19866 


201 


30320 


244 


38739 


287 


45788 


116 


06446 


'59 


20140 


202 


30535 


245 


38917 


288 


45939 


117 


06819 


160 


20412 


203 


30750 


246 


39094 


289 


46090 


118 


07188 


161 


20683 


204 


30963 


247 


39270 


290 


46240 


119 


07555 


162 


20951 


205 


3'i75 


248 


39445 


291 


IS 


120 


0791a 


'63 


21219 


206 


31387 


249 


39620 


292 


121 


08279 


164 


21484 


207 


31597 


250 


39795 


293 


46687 


122 


08636 


'65 


21748 


208 


3'8o6 


25' 


39967 


294 


46835 


123 


08991 


166 


2201 1 


209 


32015 


252 


40140 


295 


46982 


124 


09342 


167 


22272 


210 


3222* 


253 


40312 


296 


47129 


125 


09691 


168 


2253' 


211 


32428 


254 


40483 


297 


47276 


126 


10037 


169 


22789 


212 


32634 


255 


40654 


298 


47422 


127 


10380 


170 


23045 


213 


32838 


256 


40824 


299 


47567 


128 


10721 


171 


23300 


214 


3304' 


257 


40993 


300 


47712 


129 


1 1059 


172 


23553 


215 


33244 


258 


41 162 


301 


47857 


130 


I '394 


173 


23805 


216 


33446 


259 


4'330 


302 


48001 


131 


11727 


174 


24055 


217 


33646 


260 


4'4?7 


303 


48144 


132 


12057 


'75 


24304 


218 


33846 


261 


41664 


304 


48287 


133 


12385 


'76 


2455' 


219 


34044 


262 


41830 


305 


48430 


134 


12710 


'77 


24797 


220 


34242 


263 


41996 


306 


48572 


135 


13033 


178 


25042 


221 


34439 


264 


42160 


307 


487 '4 


136 


13354 


'79 


25285 


222 


34635 


265 


42325 


308 


48855 


'37 


13672 


180 


25527 


223 


34830 


266 


42488 
42651 


309 


48996 


138 


13988 


181 


25768 


224 


35025 


267 


310 


49136 


139 


14301 


182 


26007 


225 


35218 


268 


42813 


3" 


49276 


140 


14613 


183 


26245 


226 


354 'I 


269 


42975 


3'2 


49415 


141 


1492 1 


184 


26482 


227 


35602 


270 


43'36 


3'3 


49554 


142 


15229 


'85 


26717 


228 


35793 


271 


43297 


314 


49693 
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No. 
315 


Log. 


No. 


Log. 


No. 


LoK. 


No. 


Log. 


No. 


Log. 


49831 


361 


55751 


407 


60959 


453 


65610 


499 


69810 


316 


49969 


362 


55871 


408 


6ib6S 


454 


65705 


500 




3'Z 


50106 


363 


55991 


409 


61171 


455 


65801 


501 


69984 


318 


50243 


364 


56110 


410 


61178 


456 


65896 


501 


70070 


319 


50379 


3^1 


56219 


4" 


61384 


457 


65992 


503 


70157 


320 


50515 


366 


56348 


411 


61470 


458 


66087 


504 


70243 


321 


5^SJ 


367 


56467 


413 


61595 


460 


66181 


505 


70329 


311 


50786 


368 


56585 


414 


61700 


66176 


506 


70415 


sn 


50920 


369 


56703 


415 


61805 


461 


66370 


507 


70501 


324 


51055 


370 


56810 


416 


61909 


461 


66464 


508 


70586 


3^5 


51188 


371 


56937 


417 


61014 


463 


66558 


509 


70671 


3^6 


51322 


372 


57054 


418 


61118 


464 


66651 


510 


70757 


327 


51455 


373 


57171 


419 


61111 


465 


66745 


5" 


70841 


328 


51587 


374 


57287 


410 


61325 


466 


66839 


5" 


70927 


329 


51720 


375 


57403 


421 


61418 


467 


66931 


513 


71011 


330 


51851 


376 


57519 


411 


61531 


468 


67015 


5H 


71096 


331 


51983 


377 


57634 


423 


61634 


469 


67117 


515 


71181 


332 


52114 


378 


57749 


424 


61737 


470 


67110 


516 


71265 


333 


52244 


379 


57864 


425 


61839 


471 


67301 


517 


71349 


334 


52375 


380 


57978 


416 


61941 


472 


t?M 


518 


7H33 


335 


52504 


381 


& 


427 


63043 


473 


519 


71517 


336 


52634 
52703 


382 


428 


63146 


474 


67578 


520 


71600 


337 


383 


58320 


429 


475 


67669 


521 


71684 


338 


52891 


384 


58433 


430 


63347 


476 


67761 


522 


71767 


339 


53020 


385 


58659 


431 


63448 


477 


67851 


523 


71850 


340 


53148 


386 


432 


63548 


478 


67943 


524 


71933 


341 


53275 


387 


58771 


433 


63649 


479 


68034 


525 


71016 


34^ 


53403 


388 


58883 


434 


63749 


480 


68114 


526 


71099 


343 


53529 


389 


58995 


435 


63849 


481 


68115 


527 


71181 


344 


53656 


390 


59106 


436 


63949 


482 


68305 


528 


71163 


345 


53782 


391 


59218 


437 


64048 


483 


68395 


529 


72346 


346 


53908 


392 


59329 


438 


64147 


484 


68485 


530 


71428 


347 


54033 


393 


59439 


439 


64146 


485 


68574 


531 


71509 


348 


54158 


394 


59550 


440 


64345 


486 


68664 


532 


72591 


349 


54283 


395 


59660 


441 


64444 


487 


68753 


533 


72673 


350 


54407 


396 


59770 


442 


64542 


488 


68841 


534 


72754 


351 


54531 


397 


59879 
59988 


443 


64640 


489 


68931 


535 


72835 


35^ 


54654 


398 


444 


64738 


490 


69010 


536 


71916 


353 


54777 


399 


60097 


445 


64836 


49 » 


69108 
69197 


537 


72997 


354 


54900 


400 


60106 


446 


64933 


492 


538 


73078 


355 


55023 


401 


60314 


447 


65031 


493 


69185 


539 


73159 


356 


55 H5 


40« 


60413 


448 


65128 


494 


69373 


540 


73239 


357 


55^^7 


403 


60530 


449 


65215 


495 




541 


73320 


358 


55388 


404 


60638 


450 


65321 


496 


542 


73400 


359 


55509 


405 


60746 


451 


65418 


497 


^636 


543 


73480 


360 


55630 


406 


60853 


452 


65514 


498 


^723 


544 


73560 



L. E.T. 
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No. 


Log. 


No. 


Log. 


No. 


Log. 


Na 


Log. 


No. 


Log. 


545 


73640 


591 


77159 


^37 


80414 


683 


83442 


729 


86273 


546 


73719 


592 


77232 


638 


80482 


684 


83506 


730 


86332 


547 


73799 


593 


77305 


639 


80550 


685 


83569 


731 


86392 


548 


73878 


594 


77379 


640 


80618 


686 


83632 


732 


86451 


549 


73957 


595 


77452 


641 


80686 


687 


83696 


733 


86510 


550 


74036 


596 


77525 


642 


80754 


688 


83759 


734 


86570 
86629 


551 


74"5 


597 


77597 


643 


80821 


689 


83822 


735 


552 


74194 


598 


77670 


644 


8088a 


690 


83885 


736 


86688 


553 


74273 


599 


77743 


645 


80956 


691 


83948 


737 


86747 


554 


74351 


600 


77815 


646 


81023 


8401 1 


738 


86806 


555 


74429 


601 


77887 


647 


81090 


84073 


739 


86864 


556 


74507 


602 


77960 


648 


81158 


694 


84136 


740 


^l 


557 


74586 


603 


78032 


649 


81224 


695 


84198 


741 


558 


74663 


604 


78104 


650 


81291 


696 


84261 


742 


87040 


559 


74741 


^1 


78176 


651 


81358 


697 


84323 


743 


87099 


560 


74819 


606 


78247 


652 


81425 


698 


84385 


744 


87157 


561 


74896 


607 


78319 


653 


81491 


699 


84448 


745 


87216 


562 


74974 


608 


78390 


654 


81558 


700 


845^0 


746 


87274 


563 


75051 


609 


78462 


^55 


81624 


701 


84572 


747 


87332 


564 


75128 


610 


78533 


656 


81690 


702 


84634 


748 


87390 


5^§ 


75205 


611 


78604 


^Jl 


81757 


703 


84696 


749 


87448 


566 


75281 


612 


78675 


658 


81823 


704 


84757 


750 


87506 


567 


75358 


613 


78746 


'^ 


81889 


705 


84819 


751 


87564 


568 


75435 


614 


78817 


81954 


706 


84880 


752 


87622 


569 


755" 


615 


78888 


661 


82020 


707 


84942 


753 


87680 


570 


75664 


616 


78958 


662 


82086 


708 


85003 


754 


87737 


571 


617 


79029 


663 


82 15 1 


709 


85065 


755 


87795 


572 


75740 


618 


79099 


664 


82217 


710 


85126 


756 


87852 


573 


75815 


619 


79169 


^A 


82282 


711 


85187 


757 


87910 


574 


75891 


620 


79239 


666 


82347 


712 


85248 


758 


87967 


575 


75967 


621 


79309 


^A 


82413 


713 


85309 


759 


88024 


576 


76042 


622 


79379 


668 


82478 


714 


85370 


760 


88081 


577 


76118 


623 


79449 


66g 


82543 


III 


85431 


761 


88138 


578 


76192 


624 


79518 


670 


82607 


85491 


762 


88196 


579 


76268 


625 
626 


79588 


671 


82672 


717 


85552 


763 


88252 


580 


76343 


79657 


672 


82737 


718 


85612 


764 


88309 


581 


76418 


627 


79727 


673 


82802 


719 


85673 


765 


88366 


58a 


76492 


628 


79796 


674 


82866 


720 


85733 


766 


88423 


583 


76567 


629 


79865 


67s 


82930 


721 


85794 


767 


88480 


584 


76641 


630 


79934 


676 


82995 


722 


85854 


768 


88536 


^25 


76716 


631 


80003 


677 


83059 


723 


85914 


769 


88593 


586 


76790 


632 


80072 


678 


83123 


724 


85974 


770 


88649 


587 


76864 


633 


80140 


679 


83189 


725 


86034 


771 


88705 


588 


76938 


634 


80209 


680 


83251 


726 


86094 


772 


88762 


589 


77012 


635 


80277 


681 


83315 


727 


86153 


773 


88818 


590 


77085 


636 


80346 


682 


83378 


728 


86213 


774 


88874 
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No. 


Log. 


No. 


Log. 


No. 


Log. 


No. 


Log. 


No. 


Log. 


775 


!!^§5 


820 


91381 


865 


93702 


910 


95904 


955 


98000 


776 


88986 


821 


9H34 


866 


93752 


911 


95952 


956 


98046 


777 


88043 


822 


91487 


867 


93802 


912 


95999 


957 


98091 


778 


89098 


823 


9^540 


868 


93852 


913 


96047 


958 


98137 


779 


89154 


824 


91593 


869 


9J902 


914 


96095 


959 


98182 


780 


89209 


825 


91645 


870 


93952 


915 


96142 


960 


98227 


781 


89265 


826 


91698 


^7^ 


94002 


916 


96190 


961 


98272 


781 


89321 


827 


91751 


872 


94052 


917 


96237 


962 


98318 


^!3 


89376 


828 


91803 


873 


94101 


918 


96284 


963 


98363 


7^ 


89432 


829 


91855 


874 


94151 


919 


96332 


964 


98408 


^51 


89487 


830 


91908 


m 


94201 


920 


96379 


965 


98453 


786 


89542 


l^' 


91960 


876 


94250 


921 


96426 


966 


98498 


787 


89597 


832 


92012 


877 


94300 


932 


96473 


967 


98543 


788 


89653 


833 


92065 


878 


94349 


923 


96520 


968 


98588 


789 


89708 


^34 


92117 


oE9 


94399 


924 


96567 


969 


98632 


790 


inH 


^35 


92169 


880 


94448 


925 


96614 


970 


98677 


791 


89818 


836 


92221 


88i 


94498 


926 


96661 


971 


98722 


79a 


89873 


837 


92273 


882 


94547 


927 


96708 


972 


98767 


793 


89927 


838 


92324 
92376 


883 


94596 


928 


96754 


973 


9881 1 


794 


89982 


839 


884 


94645 


929 


96801 


974 


98856 


795 


90037 


840 


92428 


IH 


94694 


930 


96848 


975 


98900 


796 


90091 


l^' 


92480 


886 


94743 


931 


96895 


976 


98945 


797 


90146 


842 


92531 


887 


94792 


932 


96941 


977 


98990 


798 


90200 


0*3 


92583 


888 


94841 


933 


96988 


978 


99034 


799 


90255 


f^^ 


92634 


889 


94890 


934 


97035 


979 


99078 


800 


90309 


?^l 


92686 


890 


94949 


935 


97081 


980 


99123 


801 


90J63 


846 


92737 


891 


94988 


936 


97128 


981 


99167 


802 


90417 


m 


92788 


892 


95036 


937 


97174 


982 


99211 


803 


90472 


848 


92840 


893 


95085 


938 


97220 


983 


99255 


804 


90526 


849 


92891 


894 


95134 


939 


97267 


984 


99300 


805 


90580 


850 


92942 


895 


95182 


940 


97313 


985 


99344 


806 


90634 


851 


92993 


896 


95231 


941 


97359 


986 


99388 


807 


90687 


852 


93044 


897 


95279 


942 


97405 


987 


99432 


808 


90741 


^53 


93095 


898 


95.^28 


943 


97451 


988 


99476 


809 


90795 


854 


93146 


899 


95376 


944 


97497 


989 


99520 


810 


90849 


o^l 


93197 


900 


95424 


945 


97543 


990 


99564 


811 


90902 


856 


93247 


901 


95472 


946 


97589 


991 


99607 


812 


90956 


l^l 


93298 


902 


95521 


947 


97635 


992 


99651 


f'3 


91009 


858 


93349 


903 


95569 


948 


97681 


993 


99695 


814 


91062 


IIP 


93399 


904 


95617 


949 


97727 


994 


99739 


o'l 


91 1 16 


860 


93450 


905 


95665 


950 


97772 


995 


99782 


816 


91169 


861 


93500 


906 


95733 


951 


97818 


996 


99826 


817 


91222 


862 


93551 


907 


95761 


952 


97864 


997 


99870 


818 
819 


91275 
91328 


863 
864 


93601 
93651 


908 
909 


95800 
95856 


953 
954 


97909 
97955 


999 


99913 
99957 
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EXAMPLES. LXIa. 

Prove that the following statements are correct to four signi- 
ficant ftgures : 

(1) ^461=7-669. (2) 4^802=3-809. 

(3) (273)* x(234)i =47-32. • (4) (451)* x (231)*= 55460. 

(5) r-^*)*=12-03. (6) <^=i>4m. 

\ 84 ; (41-25)* 

Solve the equations correct to 4 figures : 
(13) 10*=421 [a?»2-624]. (14) (fi)«=3 [a?=22-51]. 

(16) (i«§)^=2 1>=23-28]. (16) (ft)«=3[4;=28-01]. 

(17) log37»+8=3-412 [4?= - -8243]. 

(18) ^=10^(31-2) [a?=31-48]. 

Example L Find the amount at Compound Interest on £1 
for 8 years at 5 per cent. 

To find the amount for 1 year we multiply by ^^, i.e. 

The amoimt for 2 years will be £^ x f} and the amount 
for8years = (iJ)8. 

Let X be the required amount in pounds, then 

.% Ioga?=8(log21-log20) 

=8 (1-32222 - 1-30103) =8(-02119) 
= 16852=log 1-474... 
Hence, to find the amount at Compound Interest for 8 years 
at 5 per cent, we multiply the Principal expressed in pounds by 
1-474+.. . 
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Esffample ii. In how many years will the Principal be doubled 
at 5 per cent. Compotmd Interest f 

Let X be the number of years, then 

(M)" ^ ^® amount at the end of x years, 

hence (li)*«2, 

/I «i 1 oA\ 1 o -30103 30103 ,.« 

or X (log 21 - log 20) =log 2, /. a;= ^^^j^^ = -^^^ 1^*2. 

Exanvple iii. ^tm;? ^A^ present value of an annuity of £100 a 
year payable yearly for 10 years, the first payment to be at 
the end of a year^ Compound Interest being reckoned at 4 per cent, 
per annum. 

The principal which will amount to £1 at the end of n 
years at 4 per cent. Comp. Int. is [See Look's Arithmetic^ p. 193, 
Ex.iv.] 

Hence the required present value is 

£100 {r+r2+r8+...+rio}, where r=^J 

=£100y^- £100=^100 {l-(igj)"} x26-£100. 
log(|gJ)ii=llGogl00-logl04)=(2-2-01703)xll 

-(I -98297) X 11 = 1-81267 

-log -6496... 
/. the required present value =£100 x -3503... x 26 - £100, 
that is £810 about 

EXAMPLES. LZLb. 

(1) Find the Compound Interest on £100 for 10 years at 
4 per cent \ResuU, £48.] 

(2) Find the Compound Interest on £1 for 8 years at 6 per 
oent [Result^ 9«. ^d,] 

(3) In how many years will a sum of money be doubled at 
3 per cent Compound Interest? [Restdty 23*4.] 

Digitized by VjOOQIC 



190 (viii) TRIGONOMETRY. 

(4) In how many years will a sum of money be doubled at 
4 per cent. Compound Interest ? [Eentlt, 17*7.] 

(6) Find the present value of £100 to be paid 8 years hence 
reckoning Compound Interest at 4 per cent. [Result^ £7d'07.] 

(6) If the number of births in a town are 26 per 1000 and 
the deaths 20 per 1000 annually, in how many years wiU the 
population be doubled? [After 140 years.'] 

(7) On the birth of an infant ^1000 is invested at Com- 
pound Interest in the Funds (3 per cent, payable half-yearly) ; 
calculate what it will be worth when the child is 21 years old. 

[Besrdt, £1869.] 

(6) In what time will a smn of money treble itself at 3 per 
cent. Compound Interest payable half-yearly? 

[Result, 36-9 years.] 

(9) A sum of 1 shilling lent on condition of 1 penny interest 
being paid monthly, accumulates at Compound Interest at the 
same rate for 12 years ; what will be then the amount? 

[Result, about ^£5066.] 

(10) A man puts by 2d. at the end of the second week of the 
year, 4d. at the end of the fourth week, Sd. at the end of the 
sixth week ; what sum would be put by for the last fortnight in 
the year ? [Ab<mt 67,100,000 pence.] 

(11) A train starting from rest has at the end of 1 second 
velocity '001 ft. per sec. and at the end of each second its 
velocity is greater by one-third than at the end of the preceding 
second; find the velocity in miles per hour at the end of 26 
seconds. ['679 miles per hour.] 

(12) The volume of a sphere is ^ x (cube of the radius) ; 
find the diameter of the sphere which contains a cubic yard. 

[Result, 1-2^ yards.] 

(13) Find the present value at 4 per cent, per annum Com- 
pound Interest of a Fellowship of £260 a year for six years, 
payable half-yearly, the first payment being due in six months. 

[Result, £1322.] 
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CHAPTER XVI. V 

On the Relations between the Sides and Angles 
OF A Triangle. 

231. The three sides and the three angles of any 
triangle, ^>^ called its six parts. 

By the letters A, B, G we shall indicate 
geometrically, the three angular points of the triangle ABC ; 
(dgebraicaUyj the three angles at those angular points re- 
spectively. 

A 




By the letters a, &, c we shall indicate the measures of 
the sides BG, GA, AB opposite the angles A, B, G respec- 
tively. 

^ 232. I. We know that, A + B + G = 180". [Euc. i. 32] 
233. Also if ui be an angle of a triangle, then A may 
have any value between 0® and 180°. Hence, 

(i) sin A must be positive (and less than 1), 
(ii) cos A may be positive or negative (but must be 
numerically less than 1), 

(iii) tan A may have any value whatever, positive or 
negative. 
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234. Also, if we are given the value of 

(i) sin A, there are two angles, each less than 180", 
which have the given positive value for their sine. 

(ii) cos A, or (iii) tan A, then there is only one value 
of A, which value can be found from the Tables. 

235. I + f + f = 90'. Therefore ^ is less than 90', 
and its Trigonometrical Batios are all positive. Also, -^ is 

known, when the value of any one of its Batios is given. 
Similar remarks of course apply to the angles B and G, 

Example 1. To prove sin (^ + J?) = sin C. 

^ + 5+(7=1800 .-. ^+J5=:1800-C, 
and .-. sin(^+-B)=sin(18(/>-(7)=sin(7. [p. 104.] 

Example 2. To prove sin ^ =cos ^ , 



and .-. sin:^^=sin (9(y>-^ = cos|. [Art 118.] 

Example 3. To prove 

. . . « . >v A B C 

sm-4+sm5+smC7=4cos^ . oos-s . cos-. 

Now sin^+sinJ?=2 sin — ^ . cos -^— . [Art 157.] 

=2cos^.cos^^. [Art 118.] 

and sin (7=2 sin - . cos - . [Art. 166.] 

=2 cos :^^. cos 3. [Art. 118.] 
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. . . « . ^ « C A-B ^ C A-^-B 
.', BinA+nmB-{'SmC=2ooB-^ , cos— ^ — H^cob^.oob — ^— , 

^ Cf A'B , A-{-B\ 

= 2C0fl^(^COB-^-+00B-^j. 

=2ooB^(2cofl^.oos|). [Art 157.] 
ABO 

=s4 00B— .OOB-^.OOB^. Q.B.D. 

E3LAJIFIiES. T.TTT 

Find A from each of the six following equations, A being an 
angle of a triangla 

(I) cos^»f (2) 000^- -i. (3) sin^-^. 

(4) tan^=-l. (6) sin^=-i: (6) tanil=-V3. 

Prove the following statements^ A^ By C being the angles of a 
triangle. 

(7) sinU+J?+0)=0. (8) cos(^+5+C)= -L 

(9) sin^-±-^-l. (10) cosl±|±^=0. 

(II) tan(^+J?)=-tana (12) cot^±^=tan^. 

(13) co8(-4+5)=.-oosa (14) pos(^+5-C)--oos2a 
(15) tan^-cotJ9scos(7, sec^ . coseo^. 
„.. sinul-sini? i. . A-B 

„„. sin3J?-sin3(7 . 3-4 
("> ooB3C-ooe3i> °*^T- 

ABC 
(18) si£i^+smi;-sinC'«4siii- . sm- . cos g- 
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ABC 

*(19) 8m-4-sin-5+sm(7=4sin — .cos-^ . sm^. 

,„^, .A A . B B . C C 

(20) srn-^ .cos-+sm - . cos -+sm ^ -cos ^ 

o ABC 
=2cofl-.cos^.cos^. 

ABC 

(21) cos ^+cosJ? + ooB(7-l=4sm— . sin-g- . sin^. 

^ a 2 ' 

(22) cos'-^+cos^ 2^-cos*-=2cos^ .COB 5^. sin^. 

(23) sin*^ -sin^ -+sm« 2=l-2cos^. sin .cos^. 

,^., . B+C'-A , . (7+^-J?^ . A-hB'C . 

(24) sin 2 +sm ^ +8^ 2 

=4sm^.sin^.sm2. 

(25) sin 2ii +8in 2J? + sin 2(7=4 sin^ . sinj? . sin(7. 

(26) sin^ . cos^-sinJ9. co6J9+sin(7. cosC7 

=2cos^ . sini? . oqbC. 

(27) sin(J5+(7-^)-sin((7+ul-J5)+sin<il+J?-(7) 

=4cos-4 . sinJ? . cos(7. 

(28) cos 2-4+ cos 2J?+ cos 2(7= -l-4cosil . cosJJ . cos(7. 

(29) sin*-4-sin2J?+sin*(7=:2sin-4 . cosJ? . sin(7. 

(30) cos(J?+(7-^)+cob((7+^-J5)-cos(^+J?-(?)+1 

=4 wclA . emB . cos(7. 

,^,, , A B C ^ , B C A 

(31) sin^ .oos^.cos-^+sin^ .cos-^.cosg 

..(7 ^ J5.il. J?. (7^, 
+sm'g.oos^.cos-=sm 2 . sin ^ . sin ^+ 1. 

(32) tan-4 +tan J5+tan(7=tanil . tanJJ . tan (7. 

B C C A A B 

(33) tan^. tan^ + tan- . tan— ^tan-^ . tan-^-1. 
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236. If A£G be a right-angled triangle baying C = 90^ 
tben(il + ^)*=90*. 

A 




Hence, 
Also, 
and so on. (See page 52.) 



sin^ = 8in (90°-^ = cos A 



sin -4 = — = cos B, 
c 



EXAMPLES. T.xiii 

In a rigbt-angled triangle ABC, in wbich C is a rigbt angle, 
prove tbe f blowing statements. 



(1) tanil=cotJ5. 

(3) sin2il=sin2J9. 

(6) sm2il=-^. 

(7) oos2.1=^'. 
(9) sm«-=-— . 



(11) ^oos^+sin^j 



(2) tanJ3=cotil+cos(?. 

(4) cos 2il +006 25^0. 

(6) cosec22?=^ + ^. 

(8) cos25=?l^4^^. 

(10) cos»2=-27- 

— • (12) — rT;=tan— 5— . 

c ^ ' a+o 2 



(13) sin(^-J?)+cos2^=0. (14) sin (^-5)+ sin (2^1 + (7) =» a 
(15) (sin^-sinJ5)H(oos^+cosJ?)2=2. 

2sinul 

/cos2J5' 



<"' j'^-'j^'. 
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196 TRIGONOMETRY, 

^^X^37. II. Topravea-hco^G + CCO&B, 

From -4, any one of the angular points, draw AD per- 
pendicular to BCy or to BC produced if necessary. 

There will be three cases. Fig. i when both B and G 
are acute angles ; Fig. ii when one of them {B) is obtuse ; 
Fig. iii when one of them {B) is a right angle. Then, 




Pig.i 



Fig. 11. 



"^^cobACB; or, CD^bcosC, 
(JA 

and^ = cos^^i>; or, DB =^ccosB, 
AJS 

.-. a=Ci> + i>^=&cosC + ccosjB. 
GD 



GA 
BD 



^cobAGB; or, GB^bcosG, 



^^co8 ABD; or, ^i> = ccos(180*-^), 
AB 

.-. a = Oi>-^i> = 6cosC-ccos(180^-^) 

= b cos + c cos B, 

rig. iii a=GB^bcoBG 

= 5cob(7 + cco8^. [For, cos ^ = cos 90" = 0.] 

Similarly it may be proved that, 

6 = ccos2l + acos(7; c = acos-B + 6cos-4. 
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238. III. To prove that m cmy tricmgle, the sides are 
proportiorud to the sines of the opposite cmgles ; or. To prove 
a h c 

thai —, 7 = -; — n — ": — ri • 

sm ^ smB sin C7 



From A, any one of the angular points, draw AD per- 
pendicular to BG, or to BC produced if necessary. Then, 

AD 
Pig.L AD = bBmC; for, -^ = sin (7 [Def.] : 

AD 
bIbo AD^cmiB} for, ■--= = sinjB. 

/. 6sinC = csinjB; 



sin^ sinC/ 

Pig. ii. AD^baiaC, 

and AD = c sin^^i> = csin (180*'- j5) 
.*. AD = csin J5; 
. •. & sin (7 = c sin jB ; 

b - c 

or, -; =. = -: 7= . 

' sinjB sine/ 
Fig.iii il^ = -4(7. sinC7; or, c = &sin(7; 

.-. -r%. = -r^. rForsinJ? = 8in90° = l.l 

Similarly it may be proved that 
a _ b 
sin A ~ &nS ' 
a b c 

' * sin il sin -ff sin (7 
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239. IV. To prove that €^ = b' + €i'-2bc cos A. 

Take one of the angles A. Then of the other two, one 
must be acute. Let B be an acute angle. From G draw CF 
perpendicular to BA, or to BA produced if necessary. 

There will be three figures according as ii is less^ greater 
than, or equal to a right angle. Then, 




Be A 

[Euc. II. 13] 



B e A B c A F 

TigA. BC' = CA'-^AB'-2.BA,FA; 
or, a'^b' + (^'-2o.FA 

^h* + c'-2cbcoaA. [For ^ui = 6.oo8^.] 

Tig.h. BC = CA'-+ AB' + 2.BA. AF; [Euc. ii. 12] 

- (^><jr, 4V^* + c* + 2c6cosi^uiC 

\^h* + (f-2bc COS A. [For FAG ^ISO"- A.] 

Pig. k BG'^ GA'-^AB"; [Euc. i. 47] 

or, a* = 5* + c"-26ccos^. [For cos ii = cos 90' = 0.] 
Similarly it may be proved that 

6* = c" + a*— 2ca cos J5, 
and that o* = a* + &' - 2a6 cos C. 



240. V. Hence, 



cohA 



26c 



cos^ = 



2ca 



cosC 



2ab ' 
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241. Let 8 stand for half the sum of a, b, c, so that 
(a + & + c) = 28. 

Then, (6+c-a) = (6+ c +a-2a) = (2*-2a) = 2 («~a), 
and (c + a-6) = (c + a+&-2&) = (2«-26)=2(*-&), 

and (a + & - c) = (a + 6 + c - 2c) = (2« - 2c) = 2 (« - c). 

242. VI. To prove tliat sin:^ = y/^?^l^^*-^, 

anc? tha/t cos -^ = ^y/ --^-^ — ^ , 

Wicw s stands for half the sum of the sides a, b, c. 

i = l- 
[Arts. 240, 166] 



Now, since cos A = rrj , and cos -4 = 1 - 2 sin^ — : 

2oc 2 ' 



.'. 2 sin' ^ = 1- cos -4 = 1 ^ 

2 2bc 

2bc-{b^ + c'-a^)a^-(b^^2bc + c') 

" 2bc " 2bc 

^a^-{b-cy ^ {a-(b-c)}{a-^(b-c) } 

2bc 2bc 

. .A (a + c-6)(a + 6-c) 
,.sin-„=V n^ _/, 

. A^ / (28 -2b) {28 -20) /(8-b){8-c) 

• • ^"^ 2 "" V 46^ " V bi • 

A 
Again, since cos ^ = 2 cos» - - 1 ; [Art 166] 

.*. 2 cos* 7r = l+C0S^ = l + 



2 2bc 

,2- 



cos-2- = {b+cY-a^ ^ (b + c + a)(b + c-a) 
2 46c 46c • 

A ^ / 2sT{28 - 2a) _ /s ."(s-^ 



_,.y?Mg_^,yM^ 
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Similarly it may be proved that 

. £ /(8-c)(8-a) B /sis-b) 



sm 
and that 
sin 



C_ / {s-a){ s-h) G _ /s{B-c) 



NOTE. In taking the square root the positive sign only is admissible before 
the V* because the half of an angle of a triangle is less than 90°. 



. VII. Since sin^^/lZ^Hlzf), 
A _ /8{8 — a) 

2~y ~hr~' 



243 
and cos 



. A 

^, . . ^ ^'''2 'J{8-h)(8^c) 

therefore, tan ^ = . = \ ^ ' . rr-^ . 

^ ^ 2 ^^^A ^s{8^a) 

244. VIII. Again, 

A A 
since, sin -4 = 2 sin ^ . cos ^ ; [Art. 166] 

= ^j8{8-'a){8-b){8-c). 

The letter aS' usually stands for J 8 (« — a) (a — b) (« - c) ; 
so that the above may be written 



a abc' 



„. ., , sin^ 2.S' sin (7 
Sunilarly, — r — = -7- = . 

"^ abc c 



It should be noticed that this result gives an independent proof of III. ; for 
2S ^ sin ^ _ 8in ■B _ sin C 
abc a b c ' 
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245. IX. To prove that z . cot -^r = tan — ^r-- • ^ 

^ 6+c 2 2 

Since - — = = -; — 7= , let each of these fractions « d. 

Then 6~isin^, and o = c?sinO. 

6 — c _ c?sin5— dsinC smB — mnC 
h + 6 c?sin^ + (isinC~sinJ5 + 8in(7 

2smT-|- .cds-^- ten-y- 

^ ^ . B^d ^jB^d^, S^O 
2sm-2— .cos ^^^ *^"T^ 

tan 



j-. [since tan^ = tan(9O'-0] 



cot 2 

. B-C 
. b-c .A ^~2~ A , B-C 

cot 2- 

Similarly, . cot ^= tan ^ , 

c+a 2 2 ' 

, a-6 , C ^ ^-^ 

and . cot -s- = tan — ^ — • 

a + 6 2 2 

246. Note. In the next chapter we shall proye, that given three 
of the parts of a triangle (one of which mast he a side), we can find 
the remaining three parts hy means of the formnlsB of this chapter. 
Hence, these formuhe cannot he eqniyalent to more than three 
independent equations. It is an instractiye, hnt somewhat difficolt 
prohlem to take three of these formnlsB {e,g. ^1 + B + C = 180^, 
6=coosil+acosC, c=&oosil+acosB) and deduce all the others 
from them. 

L.KT. r- ^*I 
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247. The following examples are important 

Example 1. Suppose we are given that 

a=6oos(7+ccosJ5, i 

6=ccos-4+a cos (7, I 

c =a cos5+6cos-4. J 
Then, taking a times the first +6 times the second -c times 
the third, we get 
a2 + 62 - <j8 = (a6 cos (7+ oc cos iff) + (6c cos -4 + 6a cos C) 

- (oa cos J5 + c6 cos-i), 
=2a6cos(7. 



then 



Example 2. Suppose we are given that ^4 + 5 + (7= 180^, 

I that -JL=^=:-.l^[=cr|, 

sm-4 sm5 smC/'- -" 

62+(j8-a* c?2sin«J5+c?*sin2C-rf2gin2^ 



26(j 2rf2sinJ5sin(7 ' 

sin'Jg+sin^C-s in^J. 2cos^.8in^.sin (7 
"" 2sinJ?sin(7 " 2sin5.sin(7 

[Ex. 29, p. 194, smoe (-4+J? + C)=180*.] 
=cos-4. 



248. The formula 

a h c 



, = d 



aiaA sin B sin (7 
is very frequently of use in solving examples. 

Example, Prove that 

a cos il + 6 cos J9 + c cos (7— 2a sin J3 sin (7. 
Since a^dainA, 6— c^sinj?, o=dBiaC, 

the above may be written 

<]? sin ^ . cos ul + (3? sin J3 . cos i? + <]? sin (7 . cos (7 

«= 2<f sin il . sin B . sin (7, 
or sm2-4+sin2J5+sin20'=4sini4.sin5.sinC7, 

which is Example (25) on page 194. 
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249. The student is advised to make himseK thoroughly 
familiar with the following formnla: 

a = 5 cos C + c cos ^ 

^ c . ^ ahc 

Js 



(ii), 

_ r ri ahc 

miA sin^^sinC^"^-!"" 2]^ M» 



cos -4 = 



am 



6' + c'-a' 
26c • 



(v). 



(vii). 



2 V he 

^_ /< ( « - a) 
2~ V hT' 

2 I — oa 



tan 



B^C h^i 



hT-c''^^2 (i^^ 



EXAMPLES. Lznr. 

In any triangle ABC prove the following statements : 
sin-44-2sinJ5 sinC 



a + 2* c * 

sin*il-m.sin«J? sin2(7 



(1) 

(3) acos^+6cosJ?-coos(7=2ccos^.cosJ5. 

(4) (a + 6)sin^=cco8^^. 

(6) (6-c)cos^=asin^. 

(6) ^^-^ . cos^ cosC 

sin ^. sin C"** sin (7. sin il ■*■ sin ^ . sin ^"^ 
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(7) asin(5-C)+6sm((7-^)+csin(^-J?)=0. 

^^ ""c"" l+coaC ' 

^ ' a " 1-cos^ ' 

/TAX /£ — ^—5 — ^— ?v ft' sin C+c* sin 5 

(10) v6csmi?.smC= ? . 

(11) a+6+c=(6 + c)oos^ + (c+a)cosJ5+(a+6)cosC. 

(12) 6+c-a=(6+c)cos-4-(c— a)oosJ?+(a-6)cosC. 

(13) tanil=|; ^. 

(14) a(6«+c2)cos^+6(ca+a2)cosJ5+c(a»+6^)cos(7=3a6c. 

(15) aoos(^+J5 + {7)-6cos(5+^)-ocos(^+(7)=0. 

/ifi\ <50s-4 . 00SJ5 . cosC a^+b^i-c^ 

(16) — — +-V— + — - = 



(^^> tii^"5r::F7?- (^®) 6cofl»2+ccos«2=^. 

(19) tan|.tang=J±£^. 
^ ' 2 2 6+c + a 

(20) ta,n-^{b+o-a)=t8iJi-^(c+a-b). 

(21) c«-(a + 6)2sin2^+(a-6)«cos«j. 



«^ MISCELLANEOUS EXAMPLES. LZV. 

(1) Up is the length of the perpendicular from A on BG^ 

Bm.A=^. 

(2) If 2cosJ5.sin(7= sin^, then B^C. 



(3) If il =35, then sm J5=i ^ 
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(4) If>/ feaini?.8m(7=^'^f+'^^^ ,theni?=a 

^ ' 6 + c ' 

B C A , A B 

(6) acoS"5 .ooB^.cosec-5^=ocos^.cos 2 .ooseo ^ 

ABC 
=ccoB^ .cos^.cosec^=«. 

(6) Given cob -4 =f and cos 5=}|, prove that cos (7= - Jj. 

(7) Ifsin«J5 + sin*(7-sin2^ then ^=900. 

(8) If sin 25+sin 2(7=.sin 2^1, then either J5="90^ or (7=9(V>. 

(9) If^ :B :(7=1 :2 : 5, then 1+4 cos ^4. cos -B. cos (7=0, 
and a*, 6*, c* are in A.P. 

(10) asin-^.sm— 5 — +osm^.sm— 5 — 

. (7 . A-B ^ 
+csin 3-. sm —5 — =0. 

(11) If i> is the middle point of BC, prove that 

4ii2)«-262+2<j»-a«. 

(12) Given that a=2ft, and that A^ZB, prove that (7=60». 

(13) a6c(aoos-4 + 6cosJ5+ccos(7)=8iS'. 

(14) If h cos^ ^+ccos*^ = -^, then 6, a, c are in A.P. 

(15) If />, ^, /" are the middle points of the sides BCy CA, 
AB, then 

4 (^i)« + J5^+(7Z^=3 (a2+ft«+c»). 

(16) If i> is the middle point of BC^ cot ADB^-^- . 

(17) If (3?, e, / are the perpendiculars from A^ B, C on the 
opposite sides of tiie triangle, then 

a sin ^ + 6 sin J9 + c sin (7« 2 (ef cos ^ + 6 cos J3 +/COS C^. 

[Some of the Examples in the Appendix might be worked by the 
student at this stage.] 
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CHAPTER XVII. 
On the Solution of Tbiangles. 

250. The problem known as the Solution of Triangles 
may be stated thus: When a suffidrnt nwrnher ofihepwrts of 
a tricmgle are gweUy to find the magmtude of each of the 
other pcurts, 

251. When three parts of a Triangle (one of which 
must be a side) are given, the other parts can in general be 
determined. 

There are four cases. 

I. Given three sides. [Compare Euc. I. 8.] 

II. Given one side and two angles. [Euc. I. 26.] 
[II. Given two sides and the angle between tiiem. 

[Euc. L 4.] 

lY. Given two sides and the angle opposite one of 

them. [Compare Eua VI. 7.] 

Case I. 

252. Given three sides, a^ 5, e. [Euc. I. 8; YI. 5. J 

We find two of the angles from the formulsB 

A.^ /(«-6)(«-e) 
2 V »(»-«) 

B^ / (.-c)(,-«) 
2 V »(«-6) 
The third angle C = 180 - ^ - A 
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253. In practical work we proceed as follows : 

logtan^=log /(E^SEl); 
^ V « (« - a) 

or, 

Ztan-^ - 10 = 1 { log (« - 6) + log {«- c) -log«-log(«-a)}. 

Similarly, 

Z;tan~-10 = |{log(«-c) + log(«-a)-log«-log(«-6)}. 

254. Either of the formula sin 4 = AlzRilZ.^1 

2 V be * 

^ = /ivLZ-?/ may also be used as above. 

.A A 

The sin -^ and the cos -^ formulse are either of them as 

A 
conyenient as the tan jr formula, when one of the angles only 

is to be found. K aU the angles are to be found the tangent 
formula is conyenient, because we can find the L tangents of 
two half angles from the same^bt^ logs, viz. log 8, log (s - a), 
log (s - 5), log (a - c). To find the L sines of two half angles 
we require the six logarithms, viz. log (s - a), log (a - 5), 
log (« - c), log a, log 6, log c. 

ExcmpU, Given a=275-36, 6=189-28, c=301'47 chains, 
find A and B, 

Here, «=383-05, «- a= 107-70, «- 6= 193-77, «-c=81 58. 
Then 

Z;tan^=10 + i{log 193-77+log 81-58 - log 383-05 -log 107-70} 

= 10 + i {2-2872865+ 1-9115837 - 2-5832556 - 2-0322157} 
=9-7916995 [from the tables], 

whence ^ = 310 45' 28-6"; .-.^=630 30' 57". 
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Also 

X tan f = 10+i {log 81-68 + log 107-70 - log 383-05 - log 193-77} 

=9-5366287 =X tan 180 59' 9-8"; 
.-. B=Z1^ 58' 20"; (7=180^ - ^ - 5=78® 30' 43". 

255. This Case ma7 also be solyed by the formula 



cos A = ' 



2bc 



But this formula is not adapted for logarithmic calculation, 
and therefore is seldom used in practice. 

It may sometimes be used with advantage, when the 
given lengths of a, b, c each contain less than three digits. 

Example, Find the greatest angle of the triangle whose 
sides are 13, 14, 15. 

Let a=15, 6=14, c=13. Then the greatest. angle is A. 

^ . 142+132-158 140 . *>oAa^K 

Now, cosil=-^r — r-j — rs— = s — T-* — 7;;= A= 384615.' 
' 2x14x13 2x14x13 ^* 

= cos 67<> 23', nearly. 

[By the Table of natural cosines.] 

.-. the greatest angle =67^^23'. 



TSXAM?T,?.a LXVL 

(1) If a=352-25, 6=613-27, c=482-68 yards, find the angle 4, 
having given 

log67410=2-8287243, log 321-85=2-5076536, 

log 160-83=2-2063401, log 191-42=22819873, 

Z tan 200 38' =9-5768104, Z tan 20^39' =96761934 
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(2) Fmd the two largest angles of the triangle whose sides 
are 484, 376, 522 chains, having given that 

log 6-91 = -8394780, lo^S'lS— 4983106, 

log 2-07 = -3159703, log 1*69= '2278867, 

Xtan 36«46' 6"=9-8734581, X tan 31© 23^ 9"=9-7853745. 

A (3) If as5238, 6=5662, c=9384 yards, find the angles A 
and B^ having given 

logl-0142=-0061236, log 4-904= -6905506, 

log 4-48 =-6512780, log 7*58= -8796692, 

Xtanl4038'=9-4168099, X tan 15« 57' -9-4560641, 

Ztanl4«39'=9-4173265, Xtanl5« 58' =9-4565420. 



V^ 



(4) If a=4090, 6=3850, (j=3811 yards, find A^ having given 
log 5-8755 =-7690448, log 3-85 = -5854607, 

log 1-7855= -2517599, log 3811 = -5810389, 
Xcos320l5'=9-9272306, X cob 32^16' =9-9271509. 

(5) Find the greatest angle in a triangle whose sides are 
1^ 7 feet, 8 feet, and 9 feet, having given 

log 3 =-4771213, Xcos360 42'=9-9040529, 
log 1-4= -146128, diff. for60"= -0000942. 

(6) Find the smallest angle of the triangle whose sides are 
8 feet, 10 feet, and 12 feet, having given that 
log2=-30103, Xsin20»42'=9-5483585, diff. for 60"= -0003342. 

(7) If a : 6 : c=4 : 5 : 6, find Cy having given 

log 2= -3010300, log 3= -4771213, 
Xcos4P25'=9-8750142, diEfor60"= -0001115. 

(8) The sides of a triangle are 2, ^^6, and 1+^3, find the 
angles. 

(9) The sides of a triangle are 2, sl^ and ,JZ - 1, find the 
anglea 

Digitized by VjOOQ IC 



210 THIQONOMETRY. 



Case 11. 

256. Given one side and two angles, as a, B, G, 

[Eua I. 26; VL 4.] 

First, A » 180* -B^C) which determines A, 

._ ^ h a , a.sinjS 

Next, -: — D="= — Hi or, 6 = — : — j- ; 

sin J? sin ^' sinil 

, e a ' a.sinC 

and, -; — y. = -; — , , or, c = — ; — J- . 

' sinC/ sinil sinii 

These determine 5 and c, 

267. In practical work we proceed as follows : 
a.sini? 



Since 6 = 



sinil 



, - , a.smi? 
.-. log = log — ; — T- 
® ^ miA 

.-. log 6 = log a + log (sin ^) + 10 - (10 + log sin A). 

or, log 6 = log a + Z sin j5 - Z sin ii. 

Similarly, log c = log a + L sin C — LmiA, 

Example, Given that c* 1764-3 feet, C=18<>27', and 
5=660 39', find h. 

From the Tables we find log 1764-3=3*2465724. 
Zsinl80 27'=9-6003421, Z sin 660 39' -9-9628904; 
.-. log6=3-2466724+9-9628904-9-6003421 
= 3-7091207 =log 5118-2; 
.•.6=5118-2 feet 
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EXAMPLES. T.Yyii, 

(1) If ^ =630 24', 5-= 660 27', c-338-66 yards, find C and a, 
haying given that 

Zsin 630 24'- 9-9046168, log 33866 = -5297611, 

Z sin 600 9' =9-9381861, log 3-1346 = -4961821, 

log 3-1347 = -4961960. 

(2) If il=480, 5=640, and c=38 inches, find a and 6, 
having given that 

log 38= 1-6797836, log 2-88704= -4604627, 

log 3-14296= -4973368, Z sin 640=9-9079676, 

L sin 780=9-9904044, L sin 480=9-8710736. 

(3) Find c, having given that a=1000 yards, ^=600, (7=660, 
and that 

Z sin 600=9-8842640, Z sin 660=9-9607302, 
log 1-19266 =0764762. 

(4) Find 6, having given that 5=32016', (7= 21047' 20", 
a=34 feet 

log 3-4= -631479, Z sin 32016' =9-727228, 
log 2-241 = -360442, Z sin 640 2' =9-908141, 
log 2-242 =-350636, Zsin640 3'=9 908233. 

(6) Find a, 6, (7, having given il=720 4', 5=410 66'18", 
c=24 feet. 

log 2-4 =-3802112, Z sin 720 4' =9-9783702, 
log 1-766 =^-2442771, Z sin 410 66' 10" =9-8249726, 
log 1-766 =-2445246, Zsm 410 66' 20" =9-8249969, 
log 2-4995 = -3978631, Z sin 650 59' =9*9606739, 
1<^ 2-4996 = -3978706, Z sin 660 = 9-9607302. 
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Case ILL 

358. Given two sides and the included angle, as 6, c^A. 

[Euc. L 4; VL 6.] 

Firsts j5 + (7= 180^-ii. Thus (^ + (7) is detennined. 

Next, tan — ^r — = = — cot ^ . 

' 2 6+c 2 

Thus {j5 - C) is determined 

And B and (7 c4n be found when the values of (B + C) 
and (.5 - (7) are known. 

T ^, a 6 5 . sin ii 

Lastly, -; — 7= •: — p, ora=— . — j,- . 
•^ sin ^ sin ^ sin -0 

Whence a is determined. 

259. In practical work we proceed as follows ; 

B^G b^c A 
Since tan -2- = ^^^cot^, 

... log (tan ^)+ 10 

= log (6 - c) - log (6 + c) + log r cot -5- j + 10, 

B — G A 

or, L tan —^ — = log (6 - c) - log (6 + c) + Z cot-^ . 

6 . sin il 
Also, since a = — : — =- , 

' sinjB 

.'. log a = log 6 + Z sin -4 - Z sin j5, as in Case II . 
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Exwm/pU, Qiven 6= 456*12 chains, <;= 296*86 chaiiiB, and 
A = W 2(y, find the other angles. 
Here, 6 - c= 169*26, h + c= 762*98. 
From the Table we find, 

logl59*26=.2*2021067, and log 762* 98 =2*8767884, 
X cot 37« l(y= 10*1202693 ; 

.-. Ztan^^=2-2021067- 2*8767834+ 10*1202693 
=9*4466826=Ztan 16«36' 18". 
.*. 5- (7=3inO' 36", and 5+ (7= 1800-740 20'. 
Thus jB+(7=10604O'; 

.-. 25=1360 60^ 36" ; 2C- 740.29' 24", 
or, 5 =680 25' 18" ; or, C7= 370 14' 42". 

260. The formula a' = 5' + c* ~ 26c cos ^ may be used in 
simple oases; or it may be adapted to logarithmic calculation 
by the use of a subsidiary angle. [01 Example LXXYI. 
(20), p. 256.] 

Example. If 6=36 feet^ o=21 feet^ and il=600, find a, given 
that cos 60<'= '643. 

Here a2=36« + 21«-2x36x21 xco8600; 

... ^j-6« + 3«-2x6x3xco8600, 

=26 + 9-30x*643, =14*71. 

.*. 1=3*82 nearly ; or, a=26*74=about 26f feet. 

T5XAMPT.E8. LXVm. 

(1) Find5and(7, having given that il=400, 6=131, c=72. 
log 6*9 =*7708620, Z cot 20^ =10*4389341, 
log 2*03= -3074960, Z tan 380 36'= 9*9021604, 
Ztan38037'= 9*9024196. 
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(2) Find^ and B, having given that a =35 feet, 6=21 feet, 
(7=60^. log2= -301030, Z tan 28nr= 9*729020, 

Z tan 650= 10-331327, L tan 2&> 1 2' =i 9-729323. 

(3) If 6=19 chains, c=20 chains, ^=60®, find B and C, 
having given that log 3*9 = -591065, Z tan 2^ 32' = 8*645853, 

Z cot 300= 10-238561, Z tan 20 33' =8 648704. 

V^ (4) Given that a =376*375 chains, 6=251-765 chains, and 
(7= 780 26', find il and 5. L cot 390 13' = 10-0882755, 

log 1-2461 = -0955529, Ztan 130 39*= 9-3853370, 
log 6-2814 =-7980565, Z tan 130 40'= 9-3858876. 

^^(5) If a=135, 6=105, (7=6O0, find A, having given that 
log 2 = -3010300, Z tan 120 12' = 9-334871 1, 
log 3=-477l213, Ztan 120 13"^= 9-3354823. 

(6) If a= 21 chains, 6 = 20 chains, C= 600, find c. 

(7) Find c in the triangle of example (5). 

(8) In a triangle the ratio of two sides is 5 : 3 and the in- 
cluded angle is 700 30^. Find the other angles. 

log 2 = -3010300, Z cot 350 15' = 10-1507464, 
Ztan 190 28' 50"= 9*5486864. 



Case IV. 

261. Given two sides and the an^pLe opposite one of 
them, as 6, c, B. [Omitted in Euc. I; Euc. VI. 7.] 

, , C h . y-V C ptITi B 

First, since -; — r=, = -. — =: .*. sin C= — 5 — . 
sin (7 sin jB 6 

C must be found from this equation. 
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When C is known, A = 180** -B^C, 

, 6sin^ 

and, o = -7 — 5-. 

Wliich solves the triangle. 

262. We remark however that the angle (7, found from 
the trigonometrical equation sm G = a given quomtUy^ 
where C is an angle of a triangle, has two values, one less 
than 90^ and one greater than 90^ [Art. 234.] 

The question arises, Are both these values admissible f 
This may be decided as follows : 

If J? is not less than 90^ G must be less than 90* ; and 
the smaller value for C only is admissible. 
If i? is less than 90" we proceed thus. 

1. If 6 is less than c sin ^, then sin (7, which = — 7 — , 



is greater than 1. This is impossible. Therefore if 5 is 
less than 6 sin ^, there is no solution whatever. 

2. If 5 is equal to c sin i?, then sin (7 = 1, and therefore 
(7 = 90^ and there is only one value of (7, viz. 90^ 

3. If 5 is greater than csin jS, and less than c, then B 
is less than (7, and may be obtuse or acute. In this 
case may have either of the values found from the equa- 
tion sin (7 == — V— . Hence there are two solutions, and the 

o 

triangle is said to beiambigUOUS. 

4. If 6 is equal to or greater than c, then B is equal to 
or greater than C^ so that must be an acute angle; and 
the smaller value for C only is admissible. 
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263. The same results may be obtained goomotri- 

cally. 

Constructioii. Draw^jS = c; make the angle ^jSD = the 
given angle B] with centre A and radius = 5 describe a 
circle; draw AD perpendicular to BD, 




Then iii) = c sin A 



1. If h is less than csin B, i.e. less than AD^ the circle 
will not cut BD at all, and the construction fails. (Fig. i.) 

2. If 6 is equal to AD^ the circle will touch the line 
BD in the point 2), and the required triangle is the 
right-angled triangle ABD, (1^. iL ) 

3. If 5 is greater than AD and less than AB, i.e. than 
c, the circle will cut the line BD in two points C„ 0^ each 
on the same side of B. And we get two triangles ABC^^ 
ABC^ each satisfying the given condition. (Fig. iii) 

4. If 5 is equal to c, the circle cuts BD in B and in 
one other point C; if 6 is greater than c the circle cuts BD 
in two points, but on opposite sides of B. In either case there 
is only one triangle satisfying the given condition. (Fig. iv.) 



V 
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264. We may also obtain the same i-esults algebrai- 
CallVy £rom the formula 

6* = c" + a* - 2c a cos B. 

In this 5, c, B are given, a is unknown. Write x for a 
and we get the anadratic equation 

of — 2c cos B . X = b' - c'. 

Whence, of — 2c cos B ,x-\-(? cos' B = b'-c' + c' cos* B 

= b'-c'8m'B: 



.'. aj = c cos ^ ± ^6* - c* sin* J5. 
Let Aj . a, be the two values of x thus obtained, then 

a, = ccosjB + ^6*-c*siti*5l 
a, « c cos J5 — ^6" - c* sin* jB) 

Which of these two solutions is admissible, may be 
decided as follows ; 

L K 6 is less than c sin B, then (6* - c* sin* B) is nega- 
tive, so that Aj, a, are impoBsible quantities. 

2. K 6 is equal to c sin ^, then (6* - c* sin* B) = 0, and 
(^1 = a,; thus the two solutions become one. 

3. If 6 is greater than c sin\6, then the two values ai, 
cLi are different and positive unless 

Vft* - c* sin *^ is > c cos jB, 
ie. unless 6* - c* sin* B >c* cos* B, 

Le. unless 6* >c*. 

4. If & is equal to c, then a, » 0; if 5 is greater than o, 
then a, is negative and is therefore inadmissible. In either 
of these cases a, is the only available solution. 

L. E. T. , vJl5^i 
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265. We give two examples. In the first there are 
two solutions, in the second there is only one. 

Example 1. Find A and C, having given that 6=379*41 
chains, c=483*74 chains, and iB=34<> 11'. 

L sin (7=log c + Z sin 5— log 6 

=2-6846120+9-7496148 - 2-5791088 
=9-8551180=Zsin45«45'; 
.-. C=450 46', or, 18(y>-45M5'=1340l5'. 
Since h is less than c, each of these values is admissible. 
When (7= 450 45', then il«1000 4'. 
When C= 134^5', then u4 = 110 34'. 

Example 2. Find A and (7, when 6 =» 483*74 chains, c= 379*41 
chains, and 5»340 xl'. 

L sin C7=logc+ Zsin 5 - log 6 

• =2-5791088 + 9*7496 148 - 2*6846120 

=9*6441116=:Zsin 26^ 9'; 
.*. C=2609', or, 1800~26«9' = 1530 5r. 

Since h is greater than c, C must be less than 90^, and the 
larger value for C is inadmissible. 

[It is also clear that (1530 51' + Z4P 11') is > 1800]. 

.-.(7=260 9', ^1 = 1190 40'. 



EXAMPLES. T.-gnr 

(1) If ^=400, 6= 140*5 feet, a= 170*6 feet, find A and a 

log 1-405 = -1476763, Zain400 =9*8080675, 

log 1 706 = 231 9790, L sin 51® 18' = 9*8923342, 

Zsin5l0l9'=9*8924354. 
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(2) Find B and C, having given that A » 50^, 6 » 119 chains, 
as 97 chains, and that 

log 1-19= -075547, Zsin5(y> =9884254, 

log 9-7 =-986772, X sin 70^ =9-972986, 

X sin 700 1' =9-973032. 

(3) Find B, (7, and c, having given that ^1=60^, 6=97, 
a=119 (see example (2)). 

log l-553=-191169, Zsin 38^38' 24"=9-795479, 
L sin 88« 38* 24" = 9*999876. 

(4) Find A^ having given that a=24, c=25, C=65®59', and 
that 

log 2-5 =-3979400, Z sin 65« 59' =9*9606739, 

log 2*4= -3802112, L sin 61^ 16' =9-9429335, 
Z sin 6m7'=9-9430028. 

, (5) If a=25, (J=24, and C7=650 69', find J, jB and the 
greater value of b. 

log 1-755 = -2442771, Zsm 72^4' =9*9783702, 

log 1-756 =-2445245, Z sin 72^5' =9-9784111, 

Z sin 410 56' 10" = 9*8249725, 

Z sin 410 56' 26" = 9*8249959 ; 

for other logs see example (4). 

(6) Supposing the data for the solution of a triangle to be 
as in the three following cases (a), (/3), (y), point out whether 
the solution will be ambiguous or not, and find the third side in 
the obtuse-angled triangle in the ambiguous case : 
(a) ^=300, a =125 feet, c= 250 feet, 
03) il=300, a=200 feet, c=250 feet, 
(y) il=300, a=200 feet, c=125 feet 
log 2 = *3010300, Z sin 38© 41' = 9*7958800, 
log 6-0389 =-7809578, Zsin80 41' =9-1789001, 
log 6-0390 =-7809650. 

15—2 
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266. It saves a little trouble in practice when using 
the formula a = — ; — ^ , to write it thus : a=h sin A . cosec B. 

For then, log a = log 6 + Z sin -4 + Z cosec B - 20. 
Thus the subtraction of a logarithm is avoided. 

y^ 267. In the following Examples the student must find 
the neoessary logarithms etc. from the Tables. 

^MISCELLANEOUS EXAMPLES. LXX. 

Find A when a=374-5, 6«576-2, c=759*3 feet 
Find B when a=4001, 6=9760, c=7942 yards. 
Find C when a=8761*2, 6=7643, 0=4693*8 chains. 
Find B when ^ = 86® 19', 6=4930, c=5471 chains. 
Find C when 5=320 58', c=1873-5, a= 764*2 chains. 
Find when (7=1080 27', a =36541, 6=89170 feet % 
Find c when 5=74* 10', C=620 45', 6=3720 yards. 
Find 6 when ^=100^ 19', {7=44^ 59', a =1000 chains. 
Find a when B=12Z^ T 20", (7=150 9', c=9964 yards. 

Find the other two angles in the six following triangles. 

(10) (7=100<> 37', 6=1450, c=6374 chains. 

(11) (7=52010', 6=643, c=872chaina 

(12) il=?760 2' 30", 6=1000, a=20(to chains. 

(13) (7=540 23', 6=873-4, c=752-8 feet 
14) (7=180 21', 6=674-5, c=269*7 chains. 

1^15) ui=290 ir 43", 6-7934, a-4379 feet 

(16) The diflference between the angles at the base of a 
triangle is 17^48', and the sides subtending those angles are 
105-25 feet and 76*75 feet ; find the third angle. 

(17) If 6 : c=4 : 6, a=1000 yaids and A=Zin9\ find h. 

The student will find some Examples of Solution of Triangles 
without the aid of logarithms, in an Appendix. 
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"MISCELLANEOUS EXAMPLES. LICXb. 

In the following Examples Logarithms are not required; 
they are not practical Examples, but some, of them require 
for their solution considerable neatness and ingenuity ; for 
which reason they are often set in examinations. 

Part L 

(1) Simplify the formulae 

in the case of an equilateral triangle. 

(2) The sides of a triangle are as 2 : ^6 : l+\/3, find the 
angles. 

(3) The sides of a triangle are as 4, 2^2, 2(^3-1), find 
the angles. 

(4) Given {7=1200, c^^l9, a=2, find 6. 

(5) Given ^=60^, 6=4^7, c=6 ^7, find a. 

(6) Given A=^46\ B=eOP and a=2, find c 

(7) The sides of a triangle are as 7 : 8 : 13, find the greatest 
angle. 

(8) The sides of a triangle are 1, 2, V7» find the greatest 
angle. 

(9) The sides of a triangle are as a :b : ,J{a^ + at + 6*), 
find the greatest angle. 

(10) When a : 5 : c as 3 : 4 : 5, find the greatest and least 
angles ; given cos 36® 52' = 'S. 

(11) If a=5 miles, 6=6 miles, c= 10 miles, find the greatest 
angle, [cos 49^33' =-65.] • 
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220 (ii) TEIQONOMETRY. 

(12) If a=4, 6=5, c=8, find G; given that cos 54® 64'= -575. 

(13) The two sides a and b are V3+1 and 2 respectively; 
(7=30'; solve the triangle. 

(14) Given C= IS®, a^y/6 + 1, c=- ^5 - 1, find the other 
angles. 

(16) If 6=3, (7=12(y>, c=.Vl3, find a and the sines of the 
other angles. 

(16) Given ^=1050, -5=46®, c=V2, solve the triangle. 

(17) Given 5= 750, (7=300, c= ^8, solve the triangle. 

(18) Given 5=450, c=V75, 6=^50, solve the triangle. 

(19) Given 5=30^ <j=150, 6=50^3, show that of the two 
triangles which satisfy the data one will be isosceles and the 
other right-angled. Find the third side in the greatest of these 
triangles. 

(20) Is the solution ambiguous when B = 30<^, c = 1 50, 6 = 75 ? 

(21) If the angles adjacent to the base of a triangle are 22^^ 
and 112J<^, show that the perpendicular altitude vrill be half the 
base. 

(22) If a=2, 6=4 - 2^3, c= ^6 (V3 - 1), solve the triangle. 

(23) If ^=90, 5=450, 6=^6, find c. 

(24) Given -B = 15®, 6 = ^3 - 1, c = ^3 + 1, solve the triangle. 

(25) Given sin5=-25, a=5, 6=2-5, find A. Draw a figure 
to explain the result. 

(26) Given (7=150, c=4, a =4+ V48, solve the triangle. 

(27) Two sides of a triangle are 3^6 yards and 3(«^3+l) 
yards, and the included angle 45<^, solve the triangle. 

(28) If 0^=300, 6=100, 0=46, is the triangle ambiguous? 

(29) Prove that if ^=45® and 5=60® then 2c=a(l + ^3). 

(30) The cosines of two of the angles of a triangle are ^ 
md }, find the ratio of the sides. 
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CHAPTER XVIII. 



On the Measurement op Heights and Distances. 

268. We have said (Art. 97) that the measuremeut, 
with scientific accuracy, of a line of any considerable length 
involves a long and difficult process. 

On the other hand, sometimes it is required to find the 
direction of a line that it may point to an object which is 
not visible from ^ the point from which the line is drawn. 
As for example when a tunnel has to be constructed. 

By the aid of the Solution of Triangles 

we can find the length of the distance between points which 
are inaccessible ; 

we can calculate the magnitude of angles which cannot be 
pra43tically observed ; 

we can find the relative heights of distant and inaccessible 
points. 

The method on which the Trigonometrical Survey of a 
country is conducted affords the following illustration. 
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269. To find the distance between two distant objects. 



Ji^ ^B 



Two convenient positions A and By on a level plain as 
far apart as possible, having been selected, the distance 
between A and B is measured with the greatest possible 
care. This line AB \a called the base line. (In the survey 
of England, the base line is on Salisbury plain, and is about 
36,578 feet long). 

Next, the two distant objects, P and Q (church spires, 
for instance) visible from A and By are chosen. 

The angles FAB, PBA are observed. Then by Case II. 
Chapter xvii, the lengths of the lines FA, FB are cal- 
culated. 

Again, the angles QAB, QBA are observed ; and by Case 
n. the lengths of QA and QB are calculated. 

Thus the lengths of FA and QA are found. 
The angle FAQ is observed ; and then by Case III. the 
length of FQ is calculatea. 

270. Thus the distance between two points F and Q 
has been found. The points F and Q are not necessarily 
accessible ; the only condition being that F and Q must be 
visible from both A and B. 
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271. In practice, the points F and Q will generally be 
accessible, and then the line PQ, whose length has been cal- 
culated, may be used as a new base to find other distances. 

272. To find the Jieight of a distcmt object above the point 
of observation. 




— ^M 

Let B be the point of observation ; P the distant object. 
From B measure a base line BA of any convenient length, 
in any convenient direction; observe the angles PABy PBA, 
and by Case II. calculate the length of BP. Next observe at 
-5 the * angle of elevation ' of P ; that is, the angle which 
the line BP makes with the horizontal line BM, if being the 
point in which the vertical line through P cuts the horizontal 
plane through B, 

Then PM, which is the vertical height of P above B can 
be calculated, for PM= BP . sin MBP. 

Example 1. The distaiMe between a church spire A and a 
milestone B is known to be 1764-3 feet; C is a distant spire. The 
angle CAB is W 54'. and the angle CBA is 660 39'. Find the 
distances of Qfrom A. 

ABC is a triangle and we know one side c and two angles 
(A and B\ and therefore it can be solved by Case II. 

The angle ACB =180P - 94» 54' - 660 39' 
= 180 27'. 
Therefore the triangle is the same a& that solved on page 210. 
Therefore 4C= 5118*2 feet. 
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Example 2. If the ipire C in the last Example stands on a 
hUl, and the angle (f elevation of its highest point is observed at 
A to be 4^ 19'; find how much higher is than A. 

The required height x^AC, sin 4° 19' [Art. 2681, and AC is 
5118-2 feet, 

.-. log ^=log {AC. sin 40 19') 

=log5118-2+Zsin40l9'-10 
= 3-7091173 + 8-8766150 - 10 
= 2-5857323 = log 385*24. 
Therefore ^=385 ft. 3 in. nearly. 



SU)3J( 



EXAMPLES. T.XXT. 

(Exercises xiv. and lxi. consist of easy examples on this 
Bupject), 

(1) Two straight roads inclined to one another at an angle 
of 60^, lead from a town A to two villages B and C; B on one 
road distant 30 miles from A, and C on the other road distant 
15 miles from A. Find the distance from B to C Ans. 25*98 m. 

(2) Two ships leave harbour together, one sailing N.E. at 
the rate of 7^ miles an hour and the other sailing North at the 
rate of 10 miles an hour. Prove that the distance between the 
ships after an hour and a half is 10*6 miles. 

h^ (3) A and B are two consecutive milestones on a straight 
road and C ia a. distant spire. The angles ABC and BAC are 
observed to be 120*^ and 46^ respectively. Show that the dis- 
tance of the spire from A is 3*346 miles. 

(4) If the spire C in the last question stands on a hill, and 
its angle of elevation at ^ is 15^, show that it is *866 of a mile 
higher than A. 

(5) If in Question (3) there is another spire D such that the 
angles DBA and DAB are 45<^ and 90** respectively and the angle 
DAC is 45** ; prove that the distance from (7 to i> is 2f miles 
yer}' nearly. 
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(6) A and B are two consecutive m^estones on a straight 
road, and C is the chimney of a house visible from both A and B, 
The angles CAB and CBA are observed to be 360 18' and 120^ 27' 
respectively. Show that C is 2639*5 yards from B, 

log 1760 =3-2455127 Zsin36<>18'= 9*7723314 

log 2639-5 =3-42152 L cosec 23^ 15' = 10*4036846. 

(7) A and B are two points on opposite sides of a mountain, 
and C lAB, place visible from both A and B, It is ascertained 
that C is distant 1794 feet and 3140 feet from A and B respec- 
tively and the angle ACB is 58<* 17'. Show that the angle which 
the line pointing ftom Aio B miakes with ^4 (7 is 86^ 55' 49", 

log 1346 = 3-1290451 L cot 29^ 8' 30" = 102537194 

log 4934= 3-6931991 L tan 260 4! 19" = 9*6895654 

(8) A and B are two hill-tops 34920 feet apart, and C is the 
top of a distant hilL The angles CAB and CBA are observed to 
be 6P 53' and 76^ 49' respectively. Prove that the distance from 
^ to C is 51515 feet, 

log 34920=4*5430742 L sin 76^ 49' = 9*9884008 

log 51515=4*71103 X cosec 4l0 18' = 10*1804552. 

(9) From two stations A and B on shore, 3742 yards apart, 
a ship C is observed at sea. The angles BAC^ ABC are simul- 
taneously observed to be 72^ 34' and 81^ 41' respectively. Prove 
that the distance from A to the ship is 8522*7 yards, 

log 3742 = 3-5731038 X sin 810 41' = 9*9954087 

log 8522*7 = 3*9305774 L cosec 25® 45' = 10*3620649. 

(10) The distance between two mountain peaks is known to 
be 4970 yards, and the angle of elevation of one of them when 
•seen from the other is 9^ 14'. How much higher is the first than 
the second 1 Sin 9<' 14' = -1604555. Ans, 197'5 yards. 

(11) Two straight railways intersect at an angle of 60^. 
From their point of intersection two trains start, one on each 
line, one at the rate of 40 miles an hour. Find the rate of the 
second train that at the end of an hour they may be 35 miles 
apart. Am. Either 25 or 15 miles an hour. (Art. 264.) 
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226 TRIGONOMETRY, LXXI. 

\/ (12) A and B are two positions on opposite sides of a 
mountain ; (7 is a point visible from A and B ; AC and i?(7 are 
10 miles and 8 miles respectively, and the an^le BGA is 60^. 
Prove that the distance between A and B is 9*165 miles. 



V 



(13) In the last question, if the angle of elevation of ^7 at ^ 
8®, and at J? is 2^ 48' 24" : show that the height of B above A 
is one mile very nearly. 

sin 80 = -1391731 sin 2^ 48' '24" = '0489664. 



(14) Show that the angles which a timnel going through the 
mountain from J. to ^, in Questions (12) and (13), would make 
(i) with the horizon, (ii) with the line joining A and C, are 
respectively 6° 16' and 49^ 6' 24". 

sin 60 16' =-1091 ; tan lO^ 53* 36" ='192460. 

(16) A and B are consecutive milestones on a straight road; 
C is the top of a distant moimtain. At A the angle CAB is 
observed to be 38^ 19' ; at B the angle CBA is observed to be 
1320 42', and the angle of elevation of C' at J5 is 10^ 15'. Show 
that the top of the mountain is 1243*5 yards higher than B, 

L sin 380 19' = 9-7923968 log 1760 = 3*2455127 

L coseo 80 59' = 10*8064669 log 1243*5 = 3*09465 
Z sin 100 16' =9*2502822. 

(16) A base line AB^ 1000 feet long is measured along the 
straight bank of a river; (7 is an object on the opposite bank ; 
the angles BAC^ and CBA. are observed to be 650 37' and 530 4' 
respectively. Prove that the perpendicular breadth of the river 
at (7 is 829*87 feet ; having given 

X sin 650 37'= 9-9594248, X sin 530 4' =9*9027289 
L cosec 610 19' == 100568589, log 8*2987 = '91901. 
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* MISCELLANEOUS EXAMPLES. LXXH. 

(1) A man walking along a straight road at the rate of three 
miles an hour sees, in front of him at an elevation of 60^, a balloon 
which is travelling horizontally in the same direction at the rate 
of six miles an hour; ten minutes after he observes that the 
elevation is 30^. Prove that the height of the balloon above the 
road is 44,0 J 3 yards. 

(2) A person standing at a point A, due south of a tower built 
on a horizontal plain, observes the altitude of the tower to be 60^. 
He then walks to a point B due west from A and observes the 
altitude to, be 46% and then at the point C in AB produced he 
observes the altitude to be 30^. Prove that -45=5(7. 

(3) The angle of elevation of a balloon, which is ascending 
uniformly and vertically, when it is one mile high is observed to 
be 35^ 20' ; 20 minutes later the elevation is observed to be 
55<^ 40'. How fast is the balloon moving ? 

Ans, 3 (sin 2(fi 20') (sec 550 40') (cosec 35<* 20') miles per hour. 

(4) The angular elevation of a tower at a place A due south 
of it is 30^ ; and at a place B due west of A, and at a distance a 
from it, the elevation is 18®; show that the height of the tower is 



V2(l+V5) 

(5) The angular elevation of the top of a steeple at a place 
due south of it is 45*^, and at another place due west of the former 
station and distant a feet from, it the elevation is 15® ; show that 

the height of the steeple is ^ (3* - 3"^) feet. 



4- 



(6) A tower stands at the foot of an inclined plane whose in- 
clination to the horizon is 9®; a line is measured up the incline 
frcan the foot of the tower of 100 feet in length. At the upper 
extremity of this line the tower subtends an angle of 54®. Find 
the height of the tower. Ans, 114*4 fb. 
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(7) The altitude of a certain rock is observed to be 47®, and 
after walking 1000 feet towards the rock, up a slope inclined at 
an angle of 32® to the horizon, the observer finds that the altitude 
is 77®. Prove that the vertical height of the rock above the first 
point of observation is 1034 fL Sin 47® = -73135. 

(8) At the top of a chimney 150 feet high standing at one 
comer of a triangular yard, the angle subtended by the adjacent 
sides of the yard are 30® and 45® respectively ; while that sub- 
tended by the opposite side is 30®. Show that the lengths of the 
sides are 150 ft. 86*6 ft. and 106 ft. respectively. 

(9) A flag staff h feet high stands on the top of a tower. 
From a point in the plain on which the tower stands the angles 
of elevation of the top and bottom of the flagstaff are observed 
to be a and )3 respectively. Prove that the height of the tower 

' ig ^tanff ^^ Asing.cosa ^^^^ 

tana-tan^ sin (o - jS) 

(10) From the top of a cliff h feet high the angles of de- 
pression of two ships at sea in a line with the foot of the cliff are 
c and p respectively. Show that the distance between the ships 
is h (cot j8 - cot a) feet. 

(11) The angular elevation of a tower at a place due south of 
it is a, and at another place due west of the first and distant d 
from it, the elevation is /5. Prove that the height of the tower is 

d c? sin a. sin 13 
, i.e. — 



Vcot*)8-cot*a' ' Vsin(a-i8).sin(o+/5)' 

(12) A man stands on the top of the wall of height A, and 

observes the angular elevation (a) of the top of a telegraph post ; he 

then descends from the wall, and finds that the angular elevation 

is now i3; prove that the height of the post exceeds the height of 

.. , ,sin)8.cosa 

the man by h . ^^ — r . 
•^ sm (jS - a) 
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(13) Find the height of a cloud by observing (1) its elevation 
(a) and (ii) the depression {p) of its reflexion in a lake h feet 
below the point of observation. Arts, Height above the lake 
A sin (a + i3) cosec O - o) feet 

(14) If the angular elevation of the summits of two spires 
(which appear in a straight line) is a, and the angular depressions 
of their reflexions in a lake, h feet below the point of observation, 
are and y, then the horizontal distance between the spires is 
2Acos^ asin (fi-y), cosec (/S-o) . cosec (y-a)feet. 

(15) A statue AB on the top of a pillar BC situated on level 
ground is found to subtend the greatest angle (a) at the eye of an 
observer E when he is distant c feet from the pillar. Prove 
that the height of the statue is (2 c tan a) feet ; and, if & be the 
height of the observer's eye from the ground find the height of 
the pillar. (See Note in the Answers.) 

(16) A man walking along a straight road observes that the 
greatest angle which two objects subtend at his eye is a. From 
the place where this happens he walks a yards; the objects then 
appear in a straight line making a right angle with the road. 
Prove that the distance between the objects is (2 a tan a) yards. 

(17) A man standing on a horizontal plain at a distance 
h feet from a tower, observes that a flagstaff on the tower sub- 
tends an angle a at his eye, and that on walking 2 k feet towards 
the tower the flagstaff subtends again the same angle. Prove 
that the height of the flagstaff is 2{h-k) tan afeet 

(18) A man walking along a straight road observes that the 
greatest angle which two objects subtend at his eye is a; from 
the place where this happens he walks a yards, and the objects 
then appear in a straight line making an angle fi with the road. 

Prove that the distance between the objects is — ^ yds. 

•* coso+cos^ -^ 
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CHAPTER XIX. 

On Triangles and Circles. 

273. To Jmd the Area of a Tricungle. 

The area of the triangle ABC is denoted by A. 



/ »: 





B C 



Through A draw UK parallel to BG, and through ABC 
draw lines AJDy BK, CH perpendicular to BG. 

The area of the triangle ABC is half that of the rectan- 
gular parallelogram BCHK pEuc. i. 41]. 



Therefore 



But 



A = 



BG,CH BCDA 
2 " 2 

a . 6 sin (7 



.(i). 



o 

sin (7 = -V . \/» (« — a) (s — 6) (« - c) ; 

.*. ^ = Js (s - a) (s -h) (s - c) = S (ii). 
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274. To find the Radim of the drcumscribing drde. 

Fig. I. Fig. n. 





Let a circle AA'CB be described about the triangle ABC. 
Let R stand for its radius. Let be its centre. Join BO^ 
and produce it to cut the circmnference in A', Join A'C. 

Then, Fig. i. the angles BAG, BA*0 in the same segment 
are equal; Fig. ii. the angles BAG, BA'G are supplementary; 
also the angle BGA' in a semicircle is a right angle. 

GB 

Therefore -jrj. = sin GA'B = sin GAB = sin -d, 



or, 



g^==sinJ; 



.-. 2i? = 



a 
sin ^4 * 



275. Similarly, it may be proved that 



2R = -. — - ; and that 2R- 



Hence, 



sin C 



.= 2i?. 



sin -4 sin J5 sin C 

Thus d, the value of each of these fractions, is this 
diameter of the circumscribing circle. 

^ E. T, DigHi.ed by CjfgPgle 
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276. To find the radius of the Inscribed Oircle. 



.^^^ 




M. 


1 


f 


? 


B f, 



Let D, Hf F be the points in whicb the circle inscribed 
in the triangle ABC touches the sides. * Let / be the centre 
of the circle ; let r be its radius. Then ID -IE- IF= r. 

The area of the triangle ABC 

= area of /i5C+ area of IGA + area of lAB. 

And the area of the triangle IBG = \ID .BG = ^.a, 
.-. area of ABC^\1D . BC -^^lE .CA-^^IF .AB 

or, A = |r (a + 6 + c) = Jr . 2« = rs, 

A S 
.'. r= — =-. 

8 8 

277. A circle which touches one of the sides of a 
triaiigle and the other two sides produced is called an 
^K^ilbed Oirde of the triangle. 



1 
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278. To find the radius of an Escribed Circle. 

Let an escribed circle touch the side BG and the sides 
AG, AB produced in the points />„ E^, F^ respectively. 
Let /j be its centre, r^ its radius. Then 

The area of the triangle ABG 

= area of ABIfi - area of I^BG, 

= area of IfiA + area of I^AB - area of I^BC^ 

or ^=:\I,E^.CA-\-\I^F^.AB-\I^D^.BG 

= i^j (6 + c -a) = ir, (2«- 2a) 

* « — a « — a' 

279. Similarly if r^ and r^ be the radii of the other two 
escribed circles of the triangle ABG, then 

S S 

* 280. The following results are often useful 

With the construction of the last two articles ; the lines 
lA^ IB, IG bisect the angles A, B, G respectively ; the lines 
I^A, I^B, I,G bisect the angles BAG, GBF^, BGE^ respect- 
ively j so that AII^ is a straight line. 

16—2 
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^^^ 

^ ,^-" 


.-'"'7 


r ^" 


W 








/ 




B i 


' 



(i) Two tangents drawn from an external point to touch 
a circle are equal ; therefore 

AE, = AF,; £D^ = BF^; CE^ = CD^. 

(ii) 2AE^ = AF^ + AF, = (AG + CD,) + (AB + BD,) 
= AG-hGB-\-BA=^a-\-b + e=28. 

(iii) 2AF ^AF + AF^{AG-GD) + (AB - BD) 

= AG'hAB''BC = b + c-a = 2(9-a). 

Similarly, i?J^ = ^2>= (*- 6); GD ^ GF = (s - c), 

(iv) BD, = BF,=^AF,''AB=^(8'-c). 
Similarly, GF, = GD, = (« - 5). 

(v) Hence, BD, = GD, and C2>, = BD. 

(vi) FF,^AF^^AF=B'-{8'-a) = a. 



Similarly, 



EF,=^a. 



,y Google 
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(vii) .7/,=^/. -AI = AF^aoo^-AFmi^=FF^fsoo^ 

■■"•■— ^ 

(yiii) IF=AFi^^;at, r = (»-a)ten^, 

A A 

I,F =AF^i^-^; or, r, = «tan^. 

(ix) .AF^IFooi^yBJidBF^IFooi^', 

.-. c = AF + BF^ r (cot^ + cot 1^ ; 

. A . B . A . B 

•'• "^ — 73 — ;^= . A^B ^ v^' 

(x) F^BO = 180* -B, .\ LBG = 90« - 1 . Hence, 
r, {cot (90»-D + cot (90«- !)} = «; 
a cos ^ . cos -^ 

'•' = 3 • 

(xi) r, = ii^, tan - , and r = ^^tan ^ ; therefore 
r,-r = i^^,tan4 = atan^. 
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* 281. To find cm expression for the area of a quadrir 
lateral inscribed in a circle, in terms of the sides. 




Let DEFG be the quadrilateral ; and let d^e^fg repre- 
sent the sides. 

The angle F= 180*- 2>. [Eua in. 22.] 

The area of GDE= \dg sin D. [Art. 273.] 

The area of EFG = Je/sin F^ Je/sin (180* - D) 

= Jc/sin D. 
Thus the area of the quadrilateral is 

^{dg'\-ef)miD. 

We must find an expression for sin i> in terms of the 
sides. 

From the triangle FGD we have 

EG'^d'-hg'' 2dg cos D. [Art. 239.] 

From the triangle FGF we have 
FG^ = e*-\-f'-2efcosF 

= ^+f* + 2efcoa D ; [For ^ = 180* - 2>] 

.-. d' ■¥g'-2dg COB D^e'+f' + 2ef cos D; 

Digitized by VjOOQ iC 



ON TRIAN6LE8 AND OISOLSS. 237 

.-. 2 (<^ + «/) COS Z> = «?+/-«•-/•; 

.. 1-008 2)-l n^^e/y ' 

The numerator of this expression is equal to 
{{2dg + 2e/) + (d»+/ - ^-/")} {{^dg + 26/) -(rf« +/-«--/")} 

- {{d + ^)' - (e -/)'} X {(^ ^/y - (^-^n 

=={d-¥g + e-/){d + g-e'\-/){e'hf-hd--g){e+/-hg'-d). 

Let 28 stand for {d-he +/+ gr). 

Then the above expression may be written 
(28 - 2/) (2s - 2e) (2s - 2g) (2s - 2d). 

Therefore sin»2> = ^(B"^ (Bje)(s--/)(s-<y) 

. y, 2>/(s-t£)(s-e)(s-/)(8-^) 

or sin Z; = ^ ^-^-r — ^ ^^ ^ • 

dg+ef 

Hence the area of the quadrilateral DEFG 
which is J (c^ + ^) sin 2> 

= N/(8-4)(8-e)(s-/)(8-i,). 
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* 282. To prove that if I and a/re the cent/res of tlie 
inscribed and circumscribed circles of a triangle, then 

0P = B^-2Rr. 




Let 01 produced cut the circumscribing circle in U and 
K, Join lA^ IC \ produce I A to cut the circle ABG again 
in F. i>raT7 the diameter VOW and join GW, Then the 
angle YIC^IAG^IGA^\A^\G^\{A^C), The angle 

ICV^ICE^BGy^IGB^BAy=\G^\A^\{A^G). 
Therefore the angle VGI^ VIG, and .-. VI = VG, 
FoM* OK' - or = HI. IK [Euc. ii. 5] 

= VI.IA=^VG. I A. [Euc. III. 36.] 

A 



Bat VG - VW. mnGWV^ 2R.BmGAV== 2B . sin 



2' 



and 



rA==' 



[See Figure on page 234.] 



Hence 



OK'-- OP 



= 2^sm~x— J, 
^2 



or 



72'- Or = 2Br. 



\ 
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EXAMPLES. TiXXIH. 

(1) Find the area of the triangle ABC when 
(i) a =4, 6 =10 feet, (7=-3(y>. 

(ii) 6=5, c = 20 inches, ii = 60". 

(iii) c=66§, a=15 yards, B^17^ 14' [sinl7« 14' = -29626]. 

(iv) a =13, 6=14, c= 15 chains. 

(v) a =10, the perpendicular from A on BC= 20 feet, 

(vi) a=625, 6=505, c= 904 yards. 

(2) Find the Radii of the Inscribed and each of the Escribed 
Circles of the triangle ABC when a=13, 6 = 14, <;«=15 feet. 

(3) Show that the triangles in which (i) o=2, ^=60''; 
(ii) 6= J . n/3, ^=30^ can be inscribed in the same circle. 

(4) Prove that ^=t^ ; find jB in the triangle of (2). 

(5) Prove that if a series of triangles of equal perimeter are 
described about the same circle, they are equal in area. 

(6) If -4 = 60^ a = V3, 6 = s/2, prove that the area 

= i(3+V3). 

(7) Prove that each of the following expressions represents 
the area of the triangle ABC : 

(i) ^. (ii) 2/22 sin J[. sin iff. sin (7. 

(iii) rs. (iv) Br (sin A + sin B-\- Bin C). 

ABC 
(v) ^'sin5.sin(7.co8ec-4. (vi) ra cosec — cos ^^ cos ^ . 

(vii) (rr^r^^K (viii) ^ (a* - 6*) sin ^ . sin J5 . cosec (A - B), 
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240 TRIQONOMETMY. LXXIII. 

Prove the following statements : 

(8) If a, 5, c are in A, P., then ac=QrK 

(9) The area of the greatest triangle, two of whose sides ara 
50 and 60 feet, is 1500 sq. feet. 

(10) If the altitude of an isosceles triangle is equal to the 
base, B is five-eighths of the base. 

(11) B{BanA+BiaB+BmC)=8, 

(12) 5c=«4iP(coSil+cofl-5.cos(7). 

(13) If (7 is a right angle, 2r + 2i2sa + 5. 

(14) rjr8+r8ri + rir2=«2. 

/,rx 1111 

/,«N i.^ x^ 4,0 .A ,B ,C 

(16) ficot ^=r2Cot ^^fjcot 2=r cot -^ . cot - . cot ^ . 

Q 

(17) ri+rj^ccot-g. 

Vi fj fj r 
(19) !i^%!ilir = l. (20) ri+r, + r3-r=4R. 

(21) a.6.c.r=4/2(«-a)(»-6)(»-c). 

(22) The distances of the centres of the escribed circles of the 
triangle ABC from that of the inscribed circle are 

4i2sin— , 4Asin^, 4i2sin^. 

(23) If il is a right angle, r^+r^—a. 

(24) In an equilateral triangle 3i2 = 6r = 2r,. 



(^^) £+a*S— i-4- 
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* CHAPTER XX. 

On the Abba of thb Cibole, ths Gonstbuctiok or 
Tbioonometrical Tables, Ao, 

283. Let r be the radius of the circle described about 
a regular polygon of n sides. Let be the centre ; HE 
one of the sides. 




From draw OD perpendicular to HK, bisecting both 
ffK and the angle ffOK. Then, since the polygon has n 
equal sides, n times the angle HOK make up four right angles 

.-. IIOK=—, and .-. DOK= - . Hence, 
n n 

the perimeter of the polygon, which is n times HK^ 

= 2n . DH=^ 2n . O^'sin DOH 

= 2nr sin - : 
n 

the area of the polygon, which is n times the area of HOK^ 

= nOD . HD = nr cos - . r sin - 
n n 

« wr sin - . cos - , 
n n 
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284 Let r be the radius of the circle inscribed in a 
regular polygon of n sides. Let be the centre, HK one 
of the sides. 




H i M t K 

From draw OM perpendicular to HK, bisecting both 
HK and the angle HOK, Then since the polygon has 
n equal sides, n times the angle BOK make up four nght 
angles, 

Hence 



HOK^ — and .-. MOH=-. 
n n 



the perimeter of the polygon, which is n times HK, 
= 2n.MH^2n.0Mt8JiM0H 

= 27W tan - . 



The area of tlie polygon, which is n times the area of HOK, 
= n.OM. MH=n. OM. OMtan MOH 



- 7*r*tan- 



= the radius x half the perimeter. 

285. \jtk ii circle of radius r have a regular polygon 
of n sides ciroum scribed about it, and also a regular polygon 
of th^ Bamo number (n) of sides inscribed in it 



^ 
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The perimeter of the circumscribing polygon is 2wr tan - . 

n 

The perimeter of the insci-ibed polygon is 2wr sin - . 

The ratio of these perimeters is 1 : cos - (1). 

The area of the circumscribed poly con is m^ tan - . 

•'^ n 

The area of the inscribed polygon is wr* sin - cos - . 

The ratio of these areas is 1 : cos''- (ii). 

n ^ ' 

286. We must assume the two following axioms : 

(i) The circumference of the circle lies in magnitude 
between the perimeter of a circumscribed and that of an 
inscribed polygon. 

(ii) The area of the circle lies in magnitude between 
the area of a circumscribed and that of an inscribed polygon. 

Now, when n is increased, - is diminished, and therefore 
n 

(by Art. 94) cos - approaches 1. 

Hence, as the number of the sides of the two polygons in 
Art 285 is increased, their perimeters approach to equality. 

And since the circumference of the circle always lies in 
magnitude between them, each of these perimeters must 
approach the circumference of the circle. 

Therefore, the circumference of a drde is that^ to which 
the perimeter of a regular inscribed (or circumscribed) poly- 
gon approaches as the number of its sides is increased, 
and from which it can be made to differ by less than any 
assignable quantity however small (Of. Art. 32.) 
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287. In like manner it follows, from (ii) Art. 285, that 
the area of the circle is the * Ivmit ' of the area of a regular 
inscribed (or circumscribed) polygon when the number of the 
sides is indefinitely increased. 

Now, twice the area of a polygon circumscribed about 
a circle is equal to (the radius x the perimeter). [Art 284] 

This is true however great be the number of the sides. 
It is therefore true when the number of the sides is in- 
definitely increased. 

Therefore it is true for the circle itself Hence, 
twice the area of a circle = the radius x the circumference. 
Or, the area of a circle = ^r (2wr) [Art. 34] 



EXAMPLES. T.XXTV. 

(1) Prove the surd expressions of Art 37 for the ratios of the 
perimeters of certain regular polygons to the diameters of their 
circumscribing circles. 

(2) Prove that the area of a regular polygon of twelve sides 
described about a ciixjle whose radius is 1 foot is 3*216 sq. ft 

(S) Prave th^it the area of a square described about a circle 
is I Qf the dodecagon inscribed in the same circle. 

; (4) Find the perimeter of a regular polygon of 100 sides 
Jf) when described about a circle of ,1 foot diameter, (ii) when 
inacribed in the same circle. Ans. (i) 3*14263, (ii) 3*14108 ft 

(5) An equikberal triangle and a regular hexagon have the 
same x^rimeter ; show that the areas of their inscribed circles 
fare as 4 : 9. 



^^: 
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(6) Prove that the area of a regular polygon of n sides, each 

. , ., . . Tia* .1800 
of whose sides is Oj is — j- . cot . 

(7) If the areas of a regular pentagon and decagon are equal, 
the ratio of their sides is n/Io : 1. 

(8) If a be a side of a regular polygon and R and r the 
radii of the inscribed and described circles respectively, then 

2/2=acosec- and 2r=a cot -. 
n n 

(9) If R and r be the radii of the inscribed and circum- 
scribed circles of a regular polygon of n sides, each = a, 

(10) The triangle formed from one side each of a regular 
pentagon, hexagon and decagon inscribed in the same circle, is 
right-angled. 

(11) Prove that the area of an irregular polygon described 
about a circle is equal to the product of the radius and half the 
perimeter of the polygon. 

(12) The area of an irregular polygon of an even number of 
sides circumscribed about a circle is equal to the radius x the 
sum of every alternate side. 

(13) The diameter of the dome of St Paul's is 108 feet ; prove 
that it covers an area of 1018 sq. yds. 

(14) The radius of the circle whose area is one acre is 39J yds. 

(15) A length of 300 yards of paper, the thickness of which 
is the hundred and fiftieth part of an inch, is rolled up into 
a solid cylinder. Find approximately the diameter of the 
cylinder. Ans, 9*575 in. 

(16) The diameter of a roll of carpet is 2 feet and the thick- 
ness of the carpet is the eighth of an inch. What is the length 
of the carpet % Arts, 301*6 ft. 
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On the Consteucjtion op Trigonometkical Tables. 

288. To pr&0e that, \f 6 he the cvrcula/r tneaswre of an 
angle less than a right angle, sin 0, 6, tan $ are in ascending 
order of magniiJtnjde. 




Let EOP be an angle {$) less than a right angle. Make 
the angle BOF" on the other side of OR equal to BOP. 
With centre and any radius OE describe the arc F'EF. 
Draw FT, FT to touch the circle at F and P'. FT and 
FT will meet on OR The line FF is bisected by OE at 
right angles at M, 

Then, since the circumference of a circle lies between the 
perimeter of the inscribed and circumscribed polygons, it 
follows that the arc FEF lies in magnitude between FMF 
and FT + TF. In other words, FMF, the arc FEF, and 
FT-^- TF are in ascending order of magnitude. 

Therefore also their halves MF, EF, TF are in ascending 
order of magnitude. 

MF EF TF 
OF' OF' OF' 



And so also are 



That is, sin B, 6, tan 6 are in ascending order of magni- 
tude, where = — r- — is tite circular measure of the 
L radiiw 

angle referred to. 
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B 1 

289. Hence, 1, -?— ^ , ^ are in ascending order of 

srn^ oosc' 

magnitude. 



290. To prow thai the 'UnUt' qf-r-^, when tf- 0, w 1 ; 

sin u 

$ bevng the cvrculcur measv/re of the angle referred to. 

B 1 

The value of -r— 2 lies between 1 and ;.. As tf is 

sin^ 008 9 

diminished, cos B approaches 1 ; and the smaller ^ becomes, 

the more nearly does -^ approach 1. [Art 94] 

Therefore, by <1iTniniahing B sufficiently, we can make 
-r—z. differ from 1 by less than any assignable quantity 

however small. 

This is what is meant when it is said that Hhe limit of 
6 
-. — 3r» when 6-0, IB 1.' 
sin^ ' 

291. The student must notice carefully that here is 
the number of radians in the angle refeiTed to.* 

Kxampie, Prove thai the limit of —. — 5 , when n=0, i» — . 

Let B radians =n®, then 

B ji_ . ^]^ . n ^180 B 
it"" ISO' •'•^" w ' •'sinn® n ' onB' 

When n is diminished, B is diminished also, and the limit of 

B n / 

-:— T, when ^=0, is 1. Therefore the limit of -: — x (which 



180 ^ \ , ^ . 

I — . -r— 7: ) , when n=0, IS 

IT sm ^/ ' ' 



180 

IT 



* It is on this account that a radian is used as a unit of angle 
(Art. 62). 

L.E.T. 17 
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292. To prove that \f $ be the cvrcfula/r measwre of a 
positive angle leae than a right angle^ ^$ lies between $ and 

It has been proved that sin is less than $ (i). 

And that $ is less than tan $, 

6 6 Q 

Therefore ^ is less than tan^; or, ^cos^ is less than sin ^. 


Now,sin^=2sin2.cos^; [Art. 166] 



(0 6\ 
^cos^jcos^ 



e\ e 

2' 



6 

i.e. greater than cos* „ > ^•®« greater than 6-6 sin* ^ . 



But ( ^ j is greater than sin* „ • 

Still greater therefore is sin than 6 - \6^ (ii). 

Hence, sin ^ is less than 0, and greater than 6--t. 

293. To find sin 10". 

In the above, 6 is the cvrcuUvr meami/re of the angle. 

The circular measure of 10", correct to three significant 
figures, is -0000484.... [Examples X. (17).] 

Let ^=-0000484.... 

Then, 

tf-j^= tf-i (.0000484....)*= tf- 000000000000028... . 

Hence, 6 and (tf — \ff^ are decimal fractions which agree 
in their first twelve figures at least. 
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And siDce sin 10'' lies between these fractions, therefore 
the first twelve decimal places of sin 10" are the same as 
those of the circular measure of 10", 

Hence, if the value of ir be given to a sufficient number 
of decimal places, we can calculate the circular measure 
of 10", and therefore also sin 10", to 12 decimal places. 

294. To show how to construct a Table gwmg the Trigo- 
nometrical Batios of angles which form an arithmetical pro- 
gression hoAJvng 10" for the common difference, 

. In the identity 

sin (to + 1) a + sin (to - 1) a = 2 sin na . cos a, 
let a= 10", and suppose a table of the sines of all angles at 
intervals of 10" to have been calculated up to to. 10". 

Then, sin (to - 1) a, sin na and cos a [ = ^/l -sin'lO''] are 
known. 

Therefore by the above formula sin (to + 1) a can be foimd. 
Hence, since we know sin 10", the sine of 20" can be 
found ; and then the value of sin 30"; and so on. 

295. When the sines of angles up to 45*' have been 
calculated, the rest may be found from the formula, 

sin (45" + il) - sin (45« - ^) = ^2 . sin il. 

Also, when the sines of angles up to 60" have been cal- 
culated, the remainder up to 90" can be found still more 
easily from the formula, sin (60" + -4) - sin (60" - ^) = sin -4. 

The other ratios may be found from the following : 

cosii=sin(90"-^), tanii=55_^, cotii = tan(90"-ii), 

cos A \ n 

cosecii=-T— 2 , sec ^ = cosec (90" - il). 

17—2 
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296. Since 3* = 18* - 15*, the sines of angles differing by 
3*, or by any multiple of 3®, can be found independently. 
(See p. 120.) These values may be used to teat the accuracy 
of the Tables calculated as above. 

297. The following formul» may be also used to test 
the accuracy of the Tables, 

8in(36»+ii)-sin(36»-ii)-sin(72*+ii)+sin(72»-ii)=sin^, 

cos(36'+^)+cos(36*-ii)-cos(72«+^)-oos(72*-ii)=cos^. 

They are called f ormu)» of ▼eriflcatlon. 



On the Limit of the Visible Horizok. 

298. The surface of the sea is very nearly that of a 
sphere whose radius is 3957 miles. 

The height of the highest mountains on the globe is less 
than 6 miles. Thus a point must be considered to be at 
a very considerable height above the surfi^ce of the sea if 
its height is a thousandth part of the earth's radius. 

299. In the figure, let be the centre of the earth, 
PRP part of thq surface of the sea, T a point of observation, 
TR its vertical height. 

Draw TP^ TP tangents to the earth's surface. Then 
FMP is parallel to the 'horizontal plane' at R. 

The angle TPM is called the dip of the horizon at T. 
It is the angle of depression of the most distant point on 
the horizon seen from T, It must obviously be a very 
small angle, since TR is so small compared with RO, 
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300. If RO be produced to cut the circle again in Z, 
then TP'^TR, TL [Euc. in. 36] 

^TR{RL'^TR)=^2TR.R0-{-TR\ 

But TR will in general be much less than a thousandth 
part of ROf and therefore TB^ will be much less than a 
thousandth part of 2TR. RO. 

Hfence, the formula TP*=-^TR.RO, ie. 17**= twice 
the earth's radius x vertical height, will give the value 
of TP correct to at least three significant figures. 

Example, Three times the height in feet of the place of cheer- 
vation above the sea is equal to twice the square of the disUmoe of 
the horizon in miles. 

Here, TP^^RL x 7914 miles. 

Let / be the number of feet in JRX, then the number of 
nules in RL is ^^ ; let 4; be the number of miles in TP^ then 

^^-^^xVOU" ^nearly. Q.I.D. 
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EXAMPLEB. LXXV. 

ft Sir 

(1) Show that the limit of ^ iS' sin — (Le. the area of a poly- 
gon of n sides inscribed in a circle of radius J2), when n=aois 

(2) Prove that the limit of wr* tan - , when n= oo , is wr*. 

(3) Given that Yr= 3*141592653589793... prove that the cir-* 
oular measure of 10" is -00004848136811... 

(4) Provethat2sin(72»+^)-2sin(720-^)=(V6-l)sinil, 
and that 2 sin [w+A) - 2 sin (36»-^)=(V5 + l)sin^. 

(5) If a mast of a ship be 150 feet high, show that the 
greatest distance seen from its top is 15 miles nearly. 

(6) Prove that if the dip of the horizon at the top of a 
mountain is 1® 26' [=tan""^ '025], the mountain is about 6530 feet 

high. 

• 

NOTE. The definitions given in Arts. 75, 78 of the Trigonometrical 
Ratios are now used exdnsivelj. 

The NAHES tangent, secant, sine, were given originally to quantities 
defined as follows. 

Let BOP be any angle. With centre and any radius describe 
the arc RP. Draw PM perpendicular to OB and PT perpendicular 
to OP, (See Figure on previous page.) 

Then PB is called an arc, PT is the tangent of the arc PB, OT is 
the secant of the arc PB, MP is the sine of the arc PR. 

The name sine is derived from the word sinus. For, in the figure, 
PJfP' is the string of the "bow" {arcus), and the string of a bow 
when in use is pulled to the archer's breast. 

The co-tangent, co-secant and co-sine are respectively the tangent, 
secant and sine of the complement of the arc or of the angle. 

The fdne, tangent, etc. of the angle are the same as the measures 
of the sine, tangent, etc. of the are, when the radius of the oLrde is 
the unit of length. 

Digitized by VjOOQ IC 



APPENDIX. 

The Yebnieb, the Level, the Theodolite, the Sextant, 
THE Mabineb's Compass. 

301. The practical Surveyor t has to measure distances 
and angles, and has also to make plans or pictures, re- 
cording the result of his measurements. 

For the measurement of distances the surveyor uses 
either rods, or chains, or tapes. 

Bods used in measurement are made of wood, or of 
metal or sometimes (when extreme accuracy is required, as 
in the case of the measurement of the base line of the 
ordnance survey on Salisbury Plain) of glass. 

All these instraments, when exposed to changes of temperature, 
are liable to change of length ; hence for great accuracy, a surveyor 
must know the exact length of his measuring rod at all ordinary 
temperatures; and when making a measurement, must note the 
temperature of his rod at the instant of observation. The change 
of length caused by change of temperature is greater in a rod of 
metal than in a rod of wood. Hence wood is a very suitable material 
for measuring rods under ordinary circumstances. A tape made of 
cotton or hemp if used for measurement must be carefully protected 
from moisture by varnish or otherwise ; as such tapes sensibly shrink 
when allowed to become damp ; also, if of any considerable length, they 
stretch sensibly under tension. 

A tape of 66 feet can be easily stretched an inch or so, 

t It must not be supposed that any yerbal or pictorial description, such as the 
following, can in anv war take the place of a practical ezplanation of the instruments 
themselves. A study of these figures may perhaps tell the student what to look for 
when he actually has the instrument hi his hands. 
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The Yebnibr. 

302. A Temier is a simple instrument for increasing 
the accuracy of the measurement of a small distance by one 
significant figure. 

303. Description of a Vender. Suppose we have a 
rule (i.a a measuring rod) of brass graduated f to tenths of 
an inch. 

The vernier is a little slip of brass which slides along 
therula 

This slip of brass is a little more than 1^ inches long, 
and a portion of its length 1-^ inches in length is divided 
into ten equal parts, by fine scratches on the surface of the 
metaL 

Thus the distance between each scratch and the next is 
^^ of an inch or (^ + j^) of an inch ; i. e. this distance 
exceeds the distance between two scratches on the rule, by 
an hundredth part of an inch. 

304. To read the Vernier. This will be best explained 
by an example. 

Suppose the length to be measured is ascertained to be 3 ft. 11*5 
inches and a little over. 

This can be ascertained by the use of the role (or measuring rod). 
Now let the rale be so placed that one end exactly coincides with one 
extremity of the length to be measured ; then the other extremity K 
of the length to be measured will be between the scratches on the rale 
indicating 3 ft 11*5 in. and 3 ft. 11*6 in. Now slide the CD vernier on 
the rale till its extremity D coincides with the extremity K of the 
length to be measured. 

t Le. hftTiiig fine scratches upon it, each the tenth part of an inch from the next on& 
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Rule. 




It will be observed that one of the soratohes on the vernier 
coincides with one of the scratches on the rule more nearly than 
any other. 

Suppose this to be the scratch marked 6 on the vernier. Then 
the length to be measured is 

3 ft. 11*56 inches nearly. 

For the length exceeds 3 ft. 11*5 inches by just as much as 6 spaces on 
the vernier exceed 6 tenths of an inch, that is by 6 hundredths of an 
inch. 

305. A vernier may be used to read the graduations 
of a circular arc ; in which case it is made curved so as to 
follow the line of the arc. 

306. The student should notice that the advantage 
gained by the use of the vernier depends on the fact that 
the eye is able to judge with considerable accuracy when 
two scratches are or are not, coincident. 

Note. French instrument makers make their verniers (tV - xH) 
of an inch and divide it into ten equal parts. We leave it as an 
exercise to the student to discover how such a vernier would be 
used. 
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The Level. 
307. A level is an instrument used for ascertaining 
whether a given straight line is or is not horizontal. 




a 

The essential part of it consists of a glass tube ABCy in 
the form of the arc of a circle, which is closed at both ends 
and is nearly full of water. 

The tube, being not quite full of water, will have a 
bubble D in it. 

This bubble, when the tube is at rest, will only rest at 
the highest point of the tube. 

The tube is fixed in a case of wood or metal which is so 
made that when the base of it FG is horizontal the highest 
point K of the tube is visible, and the bubble can be seen 
at rest in it at the highest point of the arc of the tube. 

This highest point is carefully marked on the tube. 

To ascertain whether any given line is horizontal it is 
only necessary to put the base FG of the case of the * level' 
in the position of that line and watch the position which 
the bubble takes up when the tube is kept at rest in that 
position. 

If the bubble rests at the position marked on the tube 
the line is horizontal and not otherwise. 

308. The student can easily purchase for himself an 
ordinary carpenter's level and can make experiments 
with it. 
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Thb Theodolite. 



309. A Theodolite is an instrument for measuring the 
horizontal angle subtended at the position of observation 
by two distant visible objects. 




Let P, Q be two visible distant objects seen from a place of obser- 
vation 0. 

Let PM, QN perpendiculars be let fall from P and Q respectively 
to the horizontal plane passing through 0. 

Then the horizontal angle subtended at by P and Q is the angle 
MON [See Examples lxxvi. (16)]. 

[The angle subtended at by P and Q is the angle POQ.] 

310. The essential part of a Theodolite may be de- 
scribed as follows. 

Suppose two circular brass plates to be laid one on the 
other so that they are concentric and both are free to turn 
about an axis through their centre. 

Let the rim of the lower plate be graduated. 

That is on the rim will be marked 360 lines at equal distances 
indicating degrees subtended at the centre. Each degree will be 
subdivided into minutes etc. according to the size of the circle 
and the degree of accuracy to which the instrument is to be read. 

Let the rim of the upper plate have inscribed on it a 
vernier suitable for reading the graduations of the other 
rim. 
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Now suppose the lotoer plate can be fixed in a hori- 
zontal position and that a telescope or other means of 
pointing at a distant object is mounted centrally on the 
upper plate. 

Then by first turning the upper plate till the telescope 
points to one distant object and reading the vernier ; and 
again by turning the upper plate till the telescope points to 
another distant object and again reading the vernier, we 
shall obtain from the difference of these readings, the 
harizontcU angle between the two distant objects. 

311. The following figure is a picture of a part of a 
theodolite, shewing the arrangements usually made for 
fixing the lower plate in a horizontal position. 
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EFD is the upper plate on which is engraved a vernier 
at JE^. 

AB is a portion of the rim of the lower plate. 

,IHKa,re the upper parts of a tripod stand whose feet 
are placed on the ground. 

LM are two of the three screws which connect the 
head of the tripod stand with the axis round which the 
plates can turn. 

These screws are fastened to the tripod head by a clip 
which is indicated near M, 

When the tripod stand has been firmly placed on the 
ground so that the tripod head is fairly horizontal the 
plates can be made accurately horizontal by judicious 
turning of the three screws X, Jf, JN". 

The screw at C allows the lower plate to be slightly 
turned with reference to the axis and tripod head. 

The arrangement FGff is a * clamp' and a 'tangent 
screw.' 

When the screw head F is loosened, the upper plate can 
be turned quite freely round its centre; so that the telescope 
which is mounted on it, can be turned freely through any 
angle. 

When the screw F is tightened, the upper plate can 
only be turned with reference to the lower plate very 
slightly, by turning the screw head at B which is a tangent 
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312. On the following page is a picture of a complete 
* Transit ' Theodolite. 

The upper plate is here shewn carrying a telescope TT' 
which is fixed to an axle of which one end B is seen. 

This axle is kept fixed parallel to the plate by the two 
pairs of upright legs which are firmly screwed to the upper 
plate. 

The graduated circle XYZ is fixed to the axis of the 
telescope and turns with it. 

The verniers b and c are fixed to the upright legs. 

a is a small magnifying glass for reading the verniers. 

dm a, level fixed to the telescope and parallel to its axis. 

At^ e are the clamp and tangent screw which respect- 
ively fixes the graduated circle XYZ and slowly turns it. 

^ is the end of a level fixed parallel to the plane of the 
upper plate. 

On the top of the upper plate itself is seen a mariner's 
compass. 

313. Suppose now that we are about to use the 
theodolite. 

We arrange the tripod; we loosen the clamp F; we 
turn the screws. L, My ^ so that the plate ABC is 
horizontal; testing this by turning the upper plate into 
various positions and observing the level g in each position. 

The instrument is now ready to make an observation. 

314. To make an observation. 

Suppose in the fig. on page v the observer is at 0. 
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X TRIOONOMETBY. 

He turns the upper plate of the theodolite and moves 
the telescope until he can see P through it. 

He then clamps both circles BFJ) and XTZ, 

And by means of the tangent screws brings the point P 
exactly into the centre of the field of view. 

He then reads both verniers. 

He then unclamps both circles. 

And repeats the operation for the point Q. 

The diiference between the reading of the horizontal 
vernier gives the horizontal angle MON, 

By unclamping the vertical circle and reading the 
vernier when the level d shews that the telescope is hori- 
zontal he can obtain each of the angles of elevation POM^ 
QON (from his reading of the vernier of the vertical circle 
when it pointed first to P and then to Q.) 

The Sextant. 

31 5. There are three experimental £Etcts connected with 
Optics which the student must understand who wishes 
to understand the principle of the sextant. 

I. When a telescope is pointed at a plane mirror (or 
looking-glass) the eye sees exactly what it would if the 
telescope were placed on the other side of the mirror as in 
the following diagram. 
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Let the plane of the mirror be perpendicular to that of 
the paper. Let AJDB be the line in which the mirror is 
supposed to cut the plane of the paper. 

Let HF be a section of the telescope and CJD the line 
of sight. 

Make the angle CJDB equal to CDB, 

And draw B'F' a dotted section of a telescope round 
C'i>sothat (7'i> = (7i). 

Then an eye placed at G and looking directly at the 
plane mirror in the direction CO' would see in the direction 
BOf exactly what an eye placed at G\ the eyepiece of a 
telescope whose line of sight is C^J), would see if the 
mirror were removed. 

It follows that the angle BDG between the mirror 
and the axis of the telescope is half 0D0\ the angle 
between the direction of the axis of the telescope and the 
direction from D of the object 0, 

II. When the half of the object glass (or large glass) 
of a telescope is covered over, then an eye looking through 



the telescope will see exactly what it saw before except 
that the image will be half as bright 

The effect is veiy Bimilar to the effect of looking at a picture in the 
first case by the light of two candles and in the second by the light of 
only one candle. 

L. E. T. 18 
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III. When looking through the eyepiece of a telescope 
the eye looks at an image (which is a small picture formed 
by the rays of light coming from the object looked at, 
inside the tube of the telescope) of the distant object at 
which the telescope is pointed. 

The eyepiece or small glass of a telescope forms in fact 
a microscope with which the eye sees this image magnified. 



^ 



Thus in the figure, is the object-glass, E is the eyepiece 
or microscope ; / is the position of the image. 

/ is called the focus of the object-glass. 

316. To describe the arrangement of a Hadley's Sextant. 

Let the axis AB of a telescope be directed to the edge G 
of a plane mirror perpendicular to the plane of the paper 
whose section is CD, 



And let EGF be the section of another plane mirror 
arranged so that light coming from a distant object Q 
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falls on JSF and on being reflected by the mirror falls on 
CD and on being again reflected is in the direction of the 
axis of the telescope AB, 

Then an eye looking through the telescope would see 
the images of ^o distant objects P and Q, 

These two images would be superposed. 

One image that of a distant object F in the direction 
ACD the light from which is direct. 

The other image is that of a distant object Q in the 
direction GQ the light from which is reflected. 

The mirror JSF is arranged so that it can turn about G 
keeping always perpendicular to the plane of the paper and 
the angle through which it turns can be observed. 

When the mirror JSF is turned so* as to be parallel to 
CD the reflected image and the direct image would be that 
of the same very distant object. 

The angle through which the mirror EF is turned, from 
the above position, until the image of Q is visible in the 
telescope is half the angle between CP and GQ ; that is, 
half the angle subtended by P and Q at the observer's eye. 

[P and Q are always very distant objects such as the horizon at sea 
or the son or a star.] 

For, prodaoe QC to A'B' ; then the angle PCB' is fixed. 

Draw G^" perpendicular to EF; the angle turned through by EF 
in any moment, is equal to the angle turned through by EK ; and the 
angle QEC is always double of KEB' ; therefore the amount of turning 
of EQ relative to EC (which is fixed) is double that of EK relative to 
EB' ; that is is double of the amount of turning of EF. 

18—2 
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317. The following is a picture of a Hadley's Sextant. 




AB is the telescope; C is the fixed mirror; Fib the mirror 
which can be turned about an axis perpendicular to the 
plane of ABCF. 

FN is an arm by which the mirror F is turned. 

LL' is a graduated arc and ilT is a vernier for reading 
its graduations with the aid of the microscope M\ K and T 
are the usual clamp and tangent screw ; JET is a handle for 
holding the instrument. 
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At Z are three blackened glasses to interpose between 
the light and the telescope when looking at a bright object 
such as the sun ; each glass is on a hinge so that it can be 
brought into the line of sight or turned back at pleasure. 

At X are blackened glasses which can be placed in the 
line of the reflected light or turned out of it at pleasure. 

318. Thus, the sextant is an instrument for observing 
the angle subtended at the observer's eye by two distant 
objects. Its peculiar advcmtage is that it does not require 
a steady platform as the Theodolite does. The observer holds 
it in his hands, and the observation consists in his noting 
when he has so moved the mirror [EF^ that the images of 
the two distant objects, whose angle he wishes to take, are 
superposed in the field of the telescope. 

This he can do even if he cannot get the images to rest 
for any length of time in the field of view. 

Accordingly the angle subtended by the edge of the sun 
and the horizon can with a sextant be observed with con- 
siderable accuracy by an observer standing on the deck of 
a ship in motion. Also, at night, the angular distance be- 
tween the moon and a star can be observed under like 
circumstances. 
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319. Below we give a figure of a Mariner's Gom|»a8& 




It) consists of an ordinary magnetic compass with a card 
attached to the needle, this card is so arranged that when 
the needle is pointing along the magnetic meridian the 
pointer on the card is pointing due North. 

The Points of the Compass are figured on the card. 
They are N. = North. 

N. by E. = North by East. 

N.N.E. = North North East. 

N.E. by N. = North East by North. 

N.E. = North East. 

N.E. by E. = North East by East 

E. by N. = East by North. 

E. = East. And so on. 
The angle subtended at the centre of the card by two 
consecutive points is = J of 90** = 12J°. 
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KXAMPLEB FOB EXEBOISE. LXXVIa. 

1. Define the terms sine, cotangent; and prove that if J be any 
angle, ein'^ + co8*-4 = 1. 

If tan^sj, find suiil and cos^. 

2. Traoe the changes in the sign and magnitnde of cos - sec 
for values of between and x. 

3. Prove geometrically that cos (180'' - ii) = - cos -4. 
Findil if 2siAil=:tanil. 

4. Prove 

(1) sin (-4+B) . sin {A -J5)=sinM -sin^B; 

. sinii-fBinJ B tanJC^+B) 
^' sin^-sin^"tanJ(^-B)' 

5. Prove that 

cos«-4-cos^cos(60»+-4) + sin«(30»-J)=J. 

6. Find the greatest side of the triangle of which one side is 2183 
feet and the adjacent angles are 78^ 14' and W 24'. 

log 2183 =r 3*3390537, log 42274=4-6260733, 

Lsin 780 U'= 9-9907766, log 42276 =4-6260836. 

L sin 300 22' =9-7037486, 



7. Express the other trigonometrical ratios in terms of the 
cosine. 

8. Prove sin (180 + -4) = - sin ^; 

tan(90+il)=:-cotJ. 

9. Write down the sines of all the angles which are multiples of 
80« and less than ^W. 

■i^ -n^ 1. n A l-C0S2ii 

10. Prove t«i'^=j^^^^. 

11. If tan ^ + sec ^ =2, prove that sin ^ =f , when A is less than 
90». 

If sin J = f , prove that tan J + seo^ = 8, when A is less than 90o. 
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12. The length of the greatest side of a triangle is 1085*43 feet, 
and the three axigles are 44^, 66^ and 70®. Solve the triangle, having 
given 

L Bin 44«= 9-8417713, L an 66«= 9-9607302, 

L Bin 700=9-9729868, log 1036 -43 =8-0161212, 

log766432=6-8839067, log 10066=4-0028666. 



18. Express the other trigonometrical ratios in tenns of the 
cotangent. 

14. Prove that oos(1800-^) = -coSii; 
cosec (180^ + -4) = - coseo A 

16. Write down the tangents of all the angles which are multi- 
ples of 30<^ and less than 360<^. 

16. If tan ^ +8ec ila3, prove that sin ^ =4 when A is less than 
90*. 

If sin il ={, prove that tan il + sec J =2, when A is less than 90®. 

17. Find the sines of the three angles of the triangle whose sides 
are 193, 194, and 196 feet 

18. Investigate the following formula : 

(1) cos-^ = (2coB^-l)cosi^; 

(2) cos ^ - cos (^+ d) =sin ^ sin a (1 +cot tan i S), 



19. Define the secant of an angle. 

1 1 

Prove the formula 



sec'^ coseo*^ 
If sinil=i, find sec^. 

20. Trace the changes m sign and magnitude of 
sin^+cos^ 



sin 9- cos ^ 



, as $ changes from x to 2r. 



21. Find a formula to indlnde all angles that have the same 
cotangent as the angle a. 

Solve the equation tan 9 a cot 9. 

22. Prove the formula to express the cosine of the sum of two 
angles in terms of the sines and cosines of those angles. 

Express cos 6a in terms of cos a. 
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S8. Ftore the fommla 

2Biniil=dk^(l+Bin^)dk^(l-8in^). 
Aooonnt for the double signs in this fonnula, and examine which 
signs mnst be tak^ if ^ be an angle between 540^ and 680®. 

2^ A ring 10 inches in diameter is suspended from a point 1 foot 
aboTe its centre bv six equal strings attached to its circumference at 
equal int^rals ; nnd the cosine of the angle between two oonsecutiye 
strings. 



Si 



25. Define 1*. Assuming that V ^ ^^ circular measure of two 
right angles, express the angle A^ in circular measure. 

Find the number of degrees in the angle whose circular measure 
is-1. 

26. Find the trigonometrical ratios of the angle whose cosine 
is|. 

27. Prove that 
cos (180»+^)=cos (180* - J) J 
tan (90o+il)==cot(180«-il). 

X do; 

28. Prove sma;(2cos«-l)=2sins00s-^ • 

29. Trace the changes in sign and magnitude of 

2Bm$+an2$* 
as changes from to 2t. 

30. If the angle opposite the side a be 60®, and if (, e be the 
remaining sides of the triangle, prove that 

(a+6+c)(6+c-a) = 36<;. 



31. Assuming ^ to be the circular measure of two right angles, 
express in degrees the angle whose circular measure is 0. Find Uie 
number of degrees in an angle whose circular measure is }. 

32. Prove that tan-ia:-tan-i«=tan-i^^^. 

83. Prove sina;(2cos«+l)=2cos|sin^. 

34. Trace the changes in sign and magnitude of 
BiD.0+2Bmi0 
sin^-28ini^* 
as changes from to 2r. 
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85. If (Bm^+BinB+BinC)(8in^ + sin£ 
d -4+J5+ C=1800, prove that C=60». 

86. Giyen A^lSf^^ B=144S and d»l, solve the triangle. 



85. If (Bm^+BinB+BinC)(8in^ + sinB--8inC)=8Bm^ BinB^ 
and -4+J5+ C=1800, prove that C=60». 



37. Give the trigonometrical definition of an angle. 
What angle does the minute-hand of a dock describe between 
twelve o'clock and 20 minutes to four? 

88. Express the cosine and the tangent of an angle ii^ terms of 
the sine. 

The angle A is greater than 90^ but less than 180<^, and sin il =). 
Find cosil. 

89. Find an expression for all the values of for which 

cos0+cos2^s=O. 

40. If in a triangle acos^=&cos£, the triangle will be either 
isosceles or right-angled. 

41. The sides are 1 foot and ,J5 feet respectively, and the 
angle opposite to the shorter side is 80^; solve the triangle. 

42. The sides of a triangle are 2, 8, 4. Find the greatest angle, 
having given 

log 2= '8010300, 

log 8= -4771213, 
L tan 52« . 15'= 10-1111004, 
L tan 62« . 14'= 10-1108395. 



48. Distinguish between Euclid's definition of an angle and the 
trigonometrical definition. 

What angle does the minute-hand of a dock describe between half- 
past four and a quarter-past six? 

44. Express the sine and the cosine of an angle in terms of the 
tangent. 

The angle A is greater than 180^ but less than 270^, and tan il =|. 

Find sin il. 

^r T»_ /•> • o^ 2cot-4 

46. Prove (i) Bm2A^ ^^^^,^ . 

(u) Show that UA+B + C-W, 
sin 2il + sin 2B + sin 2C7=!4 cos A cos B cos (7. 

46. Find an expression for all the values of for which 

sin ^ + sin 2^=0. 

47. If in a triangle bcos J=acosB, show that the triangle is 
isosceles. 
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48. The sides are 1 foot and ij2 feet respectiTely, and the angle 
opposite to the shorter side is 80^; solve the triangle. 



49. Express in degrees, minntes, eta (1) the angle whose circular 
measure is ^r; (2) the angle whose oiroolar measure is 5. 

If the angle subtended at the centre of a circle by the side of a 
regular heptagon be the unit of angular measurement, by what 
number is an angle of 45^ represented? 

50. Prove that 

(sin 30<>+oos8(y>)(sinl20«+cos 1200) =r sin SO*. 

61. Prove the formulie : 

(1) cos«(a+/9)-sin'a=cos/9cos(2o+j8); 

(2) l + cotaCotia=cosecacotia. 

52. Solve the equations: 

(1) 5tan3a;-sec*a;=ll; (2) sin 59 -sin 3^=^/2. cos 49. 

53. Two sides of a triangle are 10 feet and 15 feet in length, and 
the angle between them is dO^, What is its area? 

54. Given that 

8in400 29'=0-6492268, sin 400 80^= 0-6494480, 
find sm-i (0-6493000). 



55. Express in circular measure (1) lO', (2) ^ of a right angle. 

If the angle subtended at the centre of a circle by the side of a 
regular pentagon be the unit of angular measurement, by what 
number is a rij^t angle represented ? 

56. If seca=7, find tanaandcoseoa. 

57. Prove the formula: 

(1) co03(a~i3)-sin3(a+/3)=cos2aoos2/3; 

(2) l+tanatanjasseca. 

58. Solve the equations: 

(1) 6tan«a:+sec»«=7; (2) cos 59 + cos 89 =,^2. cos 49. 

59. The lengths of the sides of a triangle are 3 feet, 5 feet, and 
6feet. What is its area? 

60. Given that 

sm 38« 26' =0-6213757, sin 380 26' =0-6216036, 
find sin-i (0-6215000). 
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61. Which is greater, 76* or the angle whoie ciroolar measure 
is 1*2? 

62. Determine geometrioallj oos 80^ and cos 45®. 

If sin^ be the arithmetic mean between sinJB and cosB, then 

OO8 2ilsCOB>(£ + 450). 

63. Establish the following relations : 

(1) tanM - Bin^A s tan^il sinM ; 

(2) cotil-cot2iisoosec2il; 

^ ' sm2x+sm2y ^ *" 

64. Show that for certai n Talnes of t he angles 

2 sin i^ s i^l+sinil - ^1 - sin A. 
Is the formula true when A=2i(fi7 If not, how mast it be 
modified? 

65. Prove that sin(^+B)=sin^cosB+cos^sinB, and deduce 
the expression for cos {A + B), 

Show that 

sin il cos (B + C) - sin B cos (^ + C) » sin (^ - £) cos O. 

66. One side of a triangular lawn is 102 feet long, its inclinations 
to the other sides being 70^^ SO', 78® lO' respectiTely. Determine the 
other sides and the area. I. sin 70® 30^=9*974, log 102 = 2009, I. sin 
78n0'=9-990, logl85=2-267, L sin SI® 20' =9-716, logl92=2-283, 
log 2= -301, log 9234=3-965. 



67. Which is greater, 126® or the angle whose circular measure is 
2-3? 

68. Establish the following relations: 

(1) cot'^ - cos' A = cot' A cos* A ; 

(2) tan^ + cot2^=oosec2^; 

,.. cos(a;-3y)-cos(3x>i/) « . , . 

(3) ^-r-~ — :— s 2Z=2sm(a;-y). 

^ ' sm2« + 8m2y ^ *"^ - 

69. Show that for certain values of the angles 

2QOBiA=fJl-\-BiaA+Jl-~6mA. 
Is the formula true when il^SOO®? If not, how must it be 
modified? 

70. Prove that sin 30®+sin 120® =^2 cos 15®. 

71. Establish the identities : 

(1) l+C0Si< hsinil=iy2(l+C0Sil)(l + sinil); 

/Av A . oosec'ii 

(2) cosec2i = 



2jooBeo*A'l* 
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««% . 2ir . , 4ir . 6ir . . x . 8t . 6ir 

(8) Bm^ + flmy-smy=4sm^smy8my . 

72. The Bides of a triangular lawn are 102, 185, and 192 feet in 
length, the smallest angle being approximately 81^2(y. Find its 
other angles and its area. 

log 102=2009, Lsin 81« 20'=9-716, 

log 186=2-267, L sin 70® SO' =9-974, 

log 192=2-283, L sin 78010'=9-990, 

log 2 ='301, log 9234=3-965. 



78. If the drcnmferenoe of a circle be divided into five parts in 
arithmetical progression, the greatest part being six times the least, 
express in radians the angle each subteoids at the centre. 

74. Define the sine of an angle, wording yonr definition so as to 
inclnda angles of any magnitude. 

Prove that sin 190^ + ^) = cos A, 

and cos(90<>+^)=-sin^, 

and by means of these dednoe the formnlsB 

sin(180<^+^)=-8in^ eo»{180^+A)::=-(iOBA. 

75. Prove the formnlsB : 

m cot^A=^Goaec^A'l; 
(2) cot*-4 + cot^ii = cosec*-4 - cose6* J. 
Verify (2) when ii=30®. 

76. Show that all angles satisfying the equation 

cos^=co8a 
are included in the formula = 2nir d^ a. 

Solve completely the equation 2 cos'^ + sin'^ - 1=0. 

77. If sin JB be the geometric mean between sin A and cos A, then 

cos2£=2cos'(il+45<>). 

78. The lengths of two of the sides of a triangle are 1 foot and 
J2 feet respectively, the angle opposite the shorter side is 30®. Prove 
that there are two triangles which satisfy these conditions; find their 
angles, and show that their areas are in the ratio ^/3 + l : ^/3— 1. 



79. If the circumference of a circle be divided into six parts in 
arithmetical progression, the greatest being six times the least, 
express in radians the angle each subtends at the centre. 

80. Define the tangent of an angle, wording your definition so as 
to include angles of any magnitude. 

Prove that tan(90o + ^) = -cot^, and by means of this formula 
deduce the formula tan(180<>+il)=tanil. 
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81. Show that all angles satisfying the equation 

tan ^=: tan a 
are incladed in the formula ^asnx+a. 

Solve completely the equation sec'0 - 2 tan3^=2. 

82. Prove that cos (^ + £) = oos il oos B - sin ^ sin B, and deduce 
the expression for sin {A +B), 

Show that 

cos -4 cos (B + C) - cosB cos {A + C)=Bm{A-B) sin G. 

83. Establish the identities : 

(1) l+coSi4-sin^=,y2(l+co8^)(l-sin^); 

(3) cos — +cos-=-+cos-=-+4cos= cos -=- cos -=- + 1=0. 

84. Two adjacent sides of a parallelogram 5 in. and 3 in. long 
respectively, include an angle of 60^ Find the lengths of the two 
diagonals and the area of the figure. 



85. Investigate the following formulsB : 

SA 

(1) sin-s-=-(l + 2coSi4)sin}J; 

(2) sin (0+d) - sin $=qos$ sin S (1 - tan ^ tan }<). 

86. Prove that 

(1) sinl0»+sin600=sin70<>; 

(2) ^/3+tan40»+tan800=^/3tan400tan80^ 

(3) if ^+B + (7==180«, 

sin ^ - sin B cos C __ sin B - sin ^ cos (7 
cosB cos -4 

87. Find the value of sin 18®, and deduce that 

4 Bin 18<^ cos 360=1. 

88. The length of one side of a triangle is 1006*62 feet and the 
adjacent angles are 44<^ and 70®. Solve the triangle, having given 

L sin 44«= 9-8417713, L sin 70® =9-9729858, 

L sin 66®=9-9607302, log 1006-62=3-0028656, 

log 7654321 = 6 8839067, log 103543 = 5-0151212. 
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89. Find the length of the arc of a circle whose radius is 8 feet 
which subtends at the centre an angle of 50^, having given 

T=SU16. 

90. ProTe that sin^a- sin (^ - 1800). 
Find the sines of SQf* and 2010<>. 

91. Investigate an expression for all angles which have a given 
cosecant. 

Write down the general valne of cosec"^ ( - J2). 

92. Prove that 

(1) cos^^ +cos>B " 2 cos ^cosB cos {A+B)=Bm^ i^ + B); 

(2) coB^il + sin^il cos 2JB = cos^B + sin'B cos 2A, 

93. Prove that in any triangle 

a2cos2B + 62cos2ii=a*+6*-4a6sin^sinB. 

94. If a=123, B=29«ir, C=136«, find c, having given 

log 123 =2-0899051, log 2 =-3010300, 

log 3211 = 3*6066403, diff . for 1 = 1352. 

Lsinl5«43'=9-4327777. 



95. Define the nnit of circular measure, and prove that it is an 
invmable angle. 

If an arc of 12 feet subtend at the centre of a circle an angle of 50^, 
what is the radius of the circle, ir being equal to 3-1416 ? 

96. Express the cosine and cotangent in terms of the cosecant. 
If cot^ + cosec J=5, find cos A, 

97. Investigate an expression for all angles which have a given 
secant. 

Write down the general value of sec"^ ( - 2). 

98. Prove that 



8i 



sin* ^ + sin*B + 2 sin -4 sin 5 COS (^ + B) = sin^ (^ + B) ; 
sin'il - ooB^A cos 2B = sin^B - cos*B cos 2A. 



99. Prove that 2 cos }4 = ±<^1 + aiaA^Jl - sin A, and deter- 
mine the proper signs of t^e roots when il=2400^. 

100. Prove that in any triangle 

cos 2.^ cos2B _ 1 1^ 



101. Prove (i) 2cot 2^=cot-4-tan^, 

(ii) sm-i f - sin-i ^ _ gjn-i jj^ 

(iu) oot(4 + 15»)-tan(4-16«)=2^^ 
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102. Solve the equations 

oos(2x + 8y)=J, cos(8a?+2y)=J^3. 

108. Trace the changes in the sign and magnitude of sin (t sin x) 
as X increases from to 2t. 

104. Solve the equation 

tan-* « + tan-i (1 - a?) = 2 tan-i N^STTi*. 

106. A ship sailing due north observes two lighthouses bearing 
respectively N.B. and N.NJl.; after sailing 20 miles the lighthouses 
are seen to be in a line due east ; find the distance between the light- 
houses in miles accurately to four places of decimals ; having given, 

log 2=-8010300, L tan 22080' =9-6172243, log 11-716 =1-0687428, 
and log 11-716 =10687794. 



106. Prove (i) tan|= ^/f^-I^V 
^' 2 V \l + cos^y' 



.... tan6^ + tan8^ . 
<"^ tl b6g>tan3(? =^^^^^^«^^' 
(iii) sin-i{+sin-i,V=sin-iH. 

107. Solve the equation 2 sin' - (1 +^/3) sin 2^ + 2^8 cos' ^=0. 

108. Show that in any triangle 

(i) asin(B-C) + 6sin((7-^) + <;sin(^-B)=0, 
(ii) c(cos-4+cosB) = 2(a + 6)sin2J(7. 

109. Prove that if D, E, F are the feet of the perpendiculars 
from A, B, C upon the opposite sides of the triangle ABO the 
diameters of the circumscribing circles of the triangles AEF, BDF, 
CDE are a cot il, 5 cot £, c oot C respectively. 

110. A man who is walking on a horizontal plane towards a tower 
observes that at a certain point the elevation of the top of the tower 
is 10® and after going 60 yds. nearer to the tower the elevation is 16^; 
find the height of the tower in yards to 4 places of decimals, having 
given L sin 160=9-4129962, L cos 50=9-9983442, 

log 26-783 =1-4118884, log 26-784 =1-4118603. 



111. Prove that when sin ^ is a geometric mean between sin B 
and cos B, then cos2^=2sin(460-B)cos(460+B). 

112. Ptove (i) 8in^(cos2^ + oosli + cos6il)=sin8^oos4i, 

(ii) 2sin-ii=oos-ii. 
118. In any quadrilateral ABCD prove that 

^Boos^-BCcos(i4+JB) + CDcosD=.4D. 
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EXAMPLES FOR EXERCISE. LXXVIa. 263 

114. ProTe that in any triangle 

tanlLl+tan2B+tan2(7=tan2i!ltan2Btan2C, 
henoe show that if xyii are nnmbers such that 

then «(l-y9)(l-«2)+i^(l-«2)(l-««)+«(l-aj2)(l-y«)=4a:y«. 

115. From each of two ships a mile apart the angle is observed 
which is subtended by the other ship and a beacon on shore, these 
angles are 520 25'15" and 7 5^ 9" BO**; find the distances of the beacon 
from each of the ships, having given L sin 75^ 9' S(y'= 9*9852685, 

L sin 529 25' 15'' = 9*8990055, log 1*2197= 0862530, 
log 1*2198= -0862886. 



116. The cosines of two angles of a triangle are f and ^ respeo- 
tively ; find all the trigonometrical ratios of the third angle. 

^^„ - ... sin ^ + 2 sin 8^ + sin 5^ 4sinil-8co8ec^ 

117. Prove (i) 5 — rr g-j- r7 = -i z — 5 j-t 

^' cos ii- 2 COB 8^+ cos 5^ 4coSii-8Bec^ 

(ii) cot-i J =oot-i 8 + oot-i J. 

118. The lengths of the side of a triangle are 242, 1212 and 1450 
yards; show that the area is 6 acres. 

119. Prove that adi^+hd^^+cd^*=abe, where d^, d^ d^ are the 
distances of the centre of the mscribed circle from A,B, C, 

120. A man observes that when he has walked c feet up an 
inclined plane, the angolar depression of an object in the horizontal 
plane throngh the foot of the slope is a; and that when he has walked 
a farther distance c feet the angular depression of the same object is 
/3; show that the inclination of the slope to the horizon is 

cot-^(2coti3-cota). 



121. Prove tan-i (J tan 2^) + tan-i (cot^)+tan-i(cot»^)=0. 

122. The general solution of tan(45-ia;)+oot(45<>-ia;)=4 is 
(6n^l) 60^^, n being any integer. 

128. Prove that i,y(l + sin4)=l + 2sinj^^(l-sin Jil), when 4 
lies between - W and 180^. 

124. If asin^ + ftsinB+esinOsO, 

and acosi!l + &cos£+ccos(7=0, 

then a : 6 : c=sin (B - C) : sin (C-A) : sin {A-B), 

L. E. T. 19 
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264 TRIGONOMETRY. 

125. A man asoendB a moantain by a direct course, the inclina- 
tion of his path to the horizon being at first a and afterwards chang- 
ing suddenly to /3, which continues to the summit; the mountain 
being a feet high and the angle of elevation of the summit from the 
starting point being y, show that the length of the ascent ii 
^ ooB{Ha+p)'y) 
sin 7 COSMOS -a)* 



126. cosec A oosec 2A + coseo 2A oosec 8^ = oosec A (ooiA - oot 3^). 

127. Solve the equation 

cos 8^ + cos 6^ + ^2 (cos + sin ^) cos ^ s 0. 

128. In any triangle 

4 sin ^ sin J9 sin' ^(7 = (sin J9 + sin C - sin ^) (sin C + sin ^ - sin £). 

129. Find (without tables) to 8 places of decimals the numbers of 
which 1*6, *i and l*i are the common logarithms. 

180. Two chords direrging from the same point on the ourcum- 
ference of a circle are to each other as the sines of the angles they 
respectively make with the tangent at that point. 



181. Prove that there are eleven, and only deven, pairs of regular 
polygons which are such that the number of degrees in an an^e of 
one of them = the number of grades in an angle of the other ; and that 
there are only four pairs when the number is an integer. 

182. cos lLi+8cos 9^+8 oosT^+cosSil 

=:16cosS^ 008(4il+iir) cos (4il -iir). 

133. If sin-iar + sm-i Jar=}ir, then a;=^{^(5-2^2)}. 

184. Transform ^(2 aeoA)-if/(ooB*B oosec C) into an equation 
between tabular logarithms. 

185. The distances of A one of the angular points of a regular 
octagon ABCDEFGH from the sides BC, CD, DE respectively are as 

1:1+^2:2+^/2. 



186. sin(2o+/5+7)sin(j8-7)+sin (0+2/5+7) sin (7-0) 

+ sin(o+/§+27)sin(o-/3)=sa 

187. If log HU«a and log 2s/3, then log 4100= a +12/3. 

138. sin SV - sin 89^ - sin 21^ + sin 99^ « sin 90>. 

139. Solve 8in(n+l)^+Bin(n-l)^=sin2tf. 
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140. ABOD is a qnadrilaieral and AB, DC produoed meet in E ; 

the angle DAC=DBC=a\ the angle CAB-p; the angle CBE=y; 

XI- X «»;,..« Binflflin(o+i5) 

prove that BE^AB -r— ? — ^, . \ ,' , . . 

^ sin (7-^) sin (0+^+7) 



141. 0O8l4+8in2B=28in{iT-M-B)}co8{^-(il + B)) 
oo8 2^-Bin2B»28in{^T-(^+B)}ooB{iT~(^-£)}. 

142. (i) oos55*+oos65<>+oob176<^~0, 
(li) Bin«24»-Bin«6<>=t(^6-1). 

148. If ^+B + C+D»180o,then 

0OB2il-0O8 2B+0OB20-0O8 2Ds4Bin(B + (7)cos(C+il)Bin(^+.P}. 

144. Given log 86 » a, log 825 = &, log 245 » c, 
find log 5, log 7 and log 18. 

145. A train iB going due East at the rate of 24 miloB an honr; 
when will it be 18 nules distant from a town which is on the N.E. of 
the train at a distance of 24 mileB ? 



146. If 4Biniitan(^-B)+88ec^=4Bin*^Beo^ 
then tan^tanB=8. 

147. If tan(TCottf)soot(Ttan0), 
then 4tan^=:2ii+liii^(4n'+4n-15). 

148. If «=oos2a+coBa, yssin 2a + 8ina, 
then 2«=(x«+y«)«-3(x«+y«). 

149. In any triangle 2iJ sin 0= 6 cob -4 + ^(a* - 6» Bin« -4). 

150. In a triangle right-angled at C 

tan-i r----+ tan-i ss -j- . 



151. One angle of a quadrilateral is 60^, another 50s, another {t ; 
express all fonr angles in degrees. 

152. If sin-^m+Bin-^ na^T, prove that sin-^ m=cos-i n, 
168. Ifoo8.=j'^'»^.thentania=^(i±f)tani^. 

154. (ooB^+sintf)(ooB2^+Bin2^)scoB^+coB(8^-^). 

155. In any triangle a^ftV- 46252; a^b-c^ coa A - 4bc8'^ and 
a^bk' - ic^S^ are in o. p. 



19—2 , 
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266 TRIGONOMETRY. 

166. Simplify oos« {A-hB)-\- oob« (-4 - B) - cos 2A cos 2B. 
157. With two units differing by 10^ the measure of an angle is 
as 8 is to 4; find the units. 

168. coB7^>80'=i(-l+^/2+^8)V(2+^/2). 

169. In any triangle 

mnjA-heosiB -anjC l+i&n jB 
sin iii +COB iC- sin JB "* 1 + tan JC ' 
160. In any triangle a', 6* - c*, 6^+ c* - 26c cos (B -C), are in o. p. 



161. Solve cos 3^ + sin 8^ = cos d + sin ^. 

162. If «s8oos^+cos8^, ys3sin^-8in8^, then 

168. oosn8«8in9 360-cos 860sinl8»= A. 

164. Given that cos^s-J is one solution of the equation 
oos ^ + cos 3^ s i, find the others. 

165. If the diagonal BD of a quadrilateral inscribed in a cirde 
passes through the centre its area = (s - a) (« - d) = (« - b) (i-e). 



166. U tan(^+B)=dtanil, 
then sin(2^+2B) + sin2^=2sin2B. 

167. sin 18® + cos 180=^2 cos 27®. 

168. Solve tan39+tan2d+tantf=0. 

169. If A+B + C=W, then cos»24 + cosS2B+cos»2a 

=B 8 sin il sin B sin C7 - sin 8^ sin 3B sin 8C + 1. 

170. In any triangle be cos^ ^A + ca cos^ iB + db cos^ ^0 = (s)*. 



171. Prove that 70 ^w satisfies the equation 

8 cos 9 cos 20 cos 89= 1. 

172. If ^+B+Os90o, then cos ^ cos B cos C cannot be greater 
than 1^/8. 

178. sin-i i ^6 + cot-i 8 = iir. 

174. In any triangle 

sin 8^ + sin 8B +sin 8C7+ 4 cos iA cos (B cos 40=0. 

175. If the circle circumscribing an isosceles triangle is equal to 
the escribed circle touching one of the equal sides the triangle is 
right angled. 
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176. If sin«+Bm'd;=:l, then cos^«+co8^x=l. 

177. sinl00sm60»sm70«=:i. 

178. Simplify tan-l(,£52!^^-oot-l(-^V 

179. ^, B, C, D are the angles of a quadrilateral ; prove that the 
sum of the products of the sines of \A^ \B^ \G^ \I> taken two 
together is equal to the sum of the produoto of thdr cosines taken 
two together. 

180. At each end of a horizontal line of length 2a the aJtitude of 
a certain tower is a and at the middle point of ti^e line it is /3; show 
that the vertical height of the tower above the horizontal plane is 

a sin a 8in/3^{coseo (/3 + a) coseo (/9 - a)}. 



181. Prove that 

sin (a - /9) OOB 2/3 + cos (a - /9) sin ^ s sin (j9 - a) cos 2a + cos 09 - a) sin 2a. 

182. Find the values of sin 2^ cos \$ and tan B when B = sin'^ ^. 

188. Prove geometrically that sin 2^ and 2 sin cos ^ are always 
of the same sign. 

184. If D is the middle point of the side BO, then 

4iZ)«sr6»+c«+26ccos-4. 

185. If Zy ffi, n are the distances of the centre of the inscribed 
drde firom ABO^ then 

Vmti __ 2a6c 



186. If a sin ^= & sin ^, c=a cos 9+ & cos ^, then 
tan(^+0)(c«-a«-6*)=i,y{(a+6 + c)(-a+6+c)(a-6 + c)(a+6-c). 

187, If sin-i o+ sin-i/5+ sin'^ 7 = t, then 

as/(l-a«)+/3^/(l-/5») + 7N/(l-y)=2ai87. 

IQQ Bin(g-i9)sin(g-7) sin (g - 7) sin (g - a) 

sin (a -/3) sin (a -7) sin (j8 - 7) sin (j8 - a) 

sin (g ~ g) sin (^-/^) _| 

sin (7 - o) sin (7 - /5) "" 

189. If ^+B + C=90,then 

sin* A + sin* B + sin' cannot be less than f . 

190. The perimeter of a regular circumscribing polygon of a 
drde is double that of the inscribed polygon having the same number 
of sides; what is that number? 
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^0« TRIGONOMETRY. 

191. Eliminate $ from the eqaations 

m Bin 2tf =n sin tf, pcosS^agoostf. 

192. Bednoe 1-oos*^-oo§«^-oob*^+2oob^oob^oos!P to the 
product of four ooBineB. 

J98. tangit- ^*^°^-^Q^'^ + ^'^ . 

l-10tanM+6tan*i4 ' 

194. Prove (i) 4 8inl8<>cos86«=l, 

(ii) cos 86® -Bin 180= J. 

195. fKftani^taniBtaniC. 



196. Solve the equation 

ooB ^ - sin ^=scoB a - Bin a. 

197. Prove that when 

OOB (« + 2il) + COB (a; + 2B) + COB (a; + 2(7) + ooB (« + 2D) 

=4oos(^+J3)ooB(ii +(7) co«(-4 +2)), 

then gin («+ 2il) + Bin («+ 2B) + Bin (0 + 2(7) + Bin («+ 2D) 

s4 Bin (^ +B) Bin (il + (7) sin (^ + D), 

where ^, B, (7, D are the angles of a quadrilateral and x is not zero. 

198. Express in four factors 

Bin* il + sin* B + sin* (7 - 2 sin ii Bin B sin (7 - 1. 

199. In any triangle 

2B {coi^}^+ooB*iB + cos*i(7}=iB+r. 

200. The diagonals of a four-sided figure are h and h^ and the 
area is C; show that the area of its circumscribing square is 

MJk«-4(7« 

/i»+**-4a' 
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^^IQSOELLAITEOTJS EXAMPLES. LZXVI. 

(1) If 2cos^-ooB2^»a and 2 8m^-Bin2^»6, prove that 
(a«+6«-3)«-12-8a. 

(2) If AcoB^+i;sm0sl andZcos^ + msin^—l, prove that 
(Z-A)« + (m-ife)«»(i4-*ii*)«. 

(3) The diagonals of a rhombus are 2a and 26, prove that 

the cosines of its angles are ^^^r—^v 

ar + Q* 

(4) One of the values of 
V[2+V{2+V(2 + ...+V2 + 2cos^)}]is2cos^. 

(5) If &p»loge3, prove that the angle whose tangent is 

(6) If the number of degrees {A) in an angle is the same as 
the number of radians in another angle, and if the tangents 
of these angles are equal, prove that A is some multiple of 

180ir 
180-fr' 

(7) If a, /3, y are in ▲.?., then 

sin a + sin y »2 ;dn ^ . cos (/3 - a). 

(8) Two parallel chords of a circle, lying on the same side of 
the centre, subtend respectively *J^ and \4A^ at the centre. 
Proye that the distance between the chords is half the radius of 
the circle. 

(9) Prove that 4 sin (^- a). sin (m^— a). cos (^-m^ 

- 1 +COS (2^ - 2m^) - cos (2^- 2a) - cos (2m^ - 2a). 

(10) Express 4?* +y*+«^-2y««*-2«V-2.rV in a form fitted 
for logarithmic calculation. 
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270 TRIGONOMETRY. 

(11) Solve the equatdons 

(i) Bm3^ + V3cos3^»l. (ii) sin m^^ cob n^. 

(in) — iF r=s — r-^. (iv) tanmtf=ootn^. 

^ ' C0B(a-d?) nsrna ^ ' 

(v) tan^+tan2^+tan3^-»0. 

(vi) COS 8^-008 5^+008 3^=1. 

(vii) cos ^. cos 3^— cos 5^. cos 7^. 



(12) 



In any triangle tan — 5 — =tan (0 " 7 ) cot ^ , where 



,a 



^=tan~*r« 

(13) Prove that 

6«+c«-26c cos (60»+^)=c» + a«-2<ja cos (600+5). 
Hence prove that if equilateral triangles are described on the 
sides of the triangle ABC, the centres of circles inscribed in them 
will be the angular points of an equilateral triangle. 

(14) A round tower stands on an island in a lake. A^ B are 

two points on the land such that AB is a feet and points directly 

to the middle of the tower. At A and B the base of the tower 

subtends the angles 2a and 2/3 respectively. Prove that the 

-. . ^., . . ^asina.sinjS. 

diameter of the tower is 2 — r— r — r-^ . 
smp-sma 

(15) At F the top of a tower of height h, the angles of de- 
pression of two objects on the horizontal plane on which the 
tower stands are ^fr-a and ^9r+a. Ptove that the angle 
APB'^^ and that ^5»2Atan 2a. 

(16) On the side of a hill there are two places B, C inac- 
cessible to each other, but known to be at the same distance (a) 
from a certain station A also on the hilL At the lower place C 
the horizontal angle $ between A and B is observed as well as 
the altitudes X, ft of ^ and B, Prove that the distance between 

B and Cis 2a4cos(X-/i)cos*^-oo8(X+fi)sin*gL 
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(17) In the ambigaous case, given B, c, 6, if Oi, o^ are the 
two values of a, prove the following statements : 

(i) ai+a|—2ocos^. (ii) OiOj— o^-ft*. 

(iii) ai«-2aia,cos2-5+a2*=4ft»cos«A 

(iv) The distance between the centres of the circumscribing 

circles of the two triangles is ^ . ^ . 

zsm/> 

(t) The circumscribing circles of the two triangles are 
equal 

(vi) If ^—46<^, the angle between the two positions of ^ is 

(18) Prove that if I^^ I^, I^ are the centres of the escribed 
circles, then IfAI^ is a straight line, and /^ji, I^B, IJO are per- 
pendicular to /g/s, /s/i, /i/j respectively. Prove also that 

(i) Va-acosec:^. (ii) The angle Vi/.-l - 1 . 

(iii) TheareaofW,==^^ ^ ¥^ ^ . 

smrrsm-7 sm -r 
~"2 2 2 

(iv) The radius of the circle circumscribing IiI^^=2R 

(19) If D, E, F ajce the feet of the perpendiculars from 
A, Bf C on the opposite sides, the triangle DBF is called the 
' pedal triangle ' of the triangle ABC*; prove that 

(i) jE^=acos-4. (ii) The angle ^2)^=7r - 2A 
,..., 1 1 ^ 1 _^ 1 ,. , AB^ bo 

^"^^ r'^AD'^BE^CF' ('^^ BETCt^^a^' 

(v) The radius of the circle circumscribing AEF^ RcobA, 

(vi) The radius of the circle circumscribing DEF^^K 

* The stadent should notice that ABC is the pedal triangle oi 
I^IJL^ in Question (18). 
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(SO) IVove that in any trian^e ^^(7 

a«-(6-«)'{l+(-5^sm«|}. 

2\/So . A 
Henoe prove that if tan B^-r — sin ^ , then a^(6 - o) sec A 



(21) Prove that in any triangle ABC 

a=(6 + c)coB/3, where sin /J^x-T—o^^o-* 

+ 2s 

Use this method, or that of Example (20), to find a by the aid 
of the Tables, when 6»347, 0-293, A^Z^ 431. [See Art 26a] 

(22) Prove that in any triangle 

loga=»log(6-o) + Xcos^-Xco8^; where^=tan-ir — ^^^^ o^* 

(23) If 2>, j&, ^ are the middle points of BC^ CA, AB, then 

fmBAD^-==^===. [See Ex (11) (15) page 206.] 
vo* + 2ocoofljl+c* 

(24) If «-//i, y-//„ «=//8» d^^R, prove that 

(25) The drde escribed to the side BC of the triangle ABC 
will be the inscribed circle of the triangle whose sides are 

sa sb 8C 
8-a^ s-a* s-a' 

(26) If a point Q be taken within ABC such that the angles 
BQCf CQAf AQB are each 120<^, prove that 

"*'{12V3A+3(a«+6«+o«)}*' 

(27) If sin J. and cos ji are both given, prove that in general 
n different values and no more can be assigned to sin — . 
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(88) If from a point on a circular arc (of radius r) which 
subtends an angle a at the centre, perpendiculars are drawn to 
its bounding radii, then the distance between the feet of the 
perpendiculars is r sin a. 

(90) If two oircles, radii a and 6, touch extemallj, the angle 
between their common tangents =»2 tan-^^ ( ^| -» V" ) • 

(30) If the inscribed circle touches the sides in DEF^ prove 

that jK^ : J?!© : i>^-oos4 : cos I : cosf . 
SS 2 s 

(31) If the bisectors of the angles A^ B, meet the opposite 
sides in 2),^,^ then (i) AJ)=^cm^. (ii) CD^ . "i^^ ^ . 

(iii) TheareaofD-EF 

^ . A . B , C 

a r 2sm"s-.sm-^.sm-s 

-y 2abo J- 2 2 2 

'^(6+c)(c+a)(a+6)"^- S-C TTJ T^S' 

^ ''^ '^ ' COB Q .cos— ^.008 

(32) If a, /3, y, d are the angles of a quadrilateral inscribed 
in a cirde, then 

oos(a + /3).oos03 + y).cos(y + d).oos(d + o)«(l-cos*«-cos*i3)*. 

(33) If $1 and B^ be two values of B found from the equation 
acoe^+^sin^so, then 

-.cos ^^ ^ «T.sm ^^ ' «-.cos *a ^ . 
a . 2 b 2 c 2 

(34) If as&cosx +ccos<^| 

6»ocos^ +acosx> 
o—acos^+^cos^) 

prove that cos 2^ + cos 2^ + cos 2x + 4 cos ^ . cos . cos X + 1 « 0, 

hence [see Ex. (20), p. 143], prove that 

(^A<^Ax)=(2w+l)^- 
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274 TRIGONOMETRY. 

(35) A circle is drawn touching the inscribed circle and the 
aides AB^ AC (not produced) of the triangle ABC, Another 
circle is drawn touching the oirole and the same side. Prove 




that the radius of the n^ circle thus drawn is r\ j I and 



2> 

that the sum of the radii of all the circles, when n= oo , is 
r 



|(ooBec|-l). 



(36) If AO^ BO, CO pass through the centre of the circum- 
scribing circle and meet the opposite sides on DBF, then 

AD'^BB'^CF^R' 

(37) If h and k be the lengths of the diagonals of a quadri- 
lateral and $ the angle between them, prove that the area of the 
quadrilateral is ^ Air sin ^. 

(38) If-T^= . ^=-4-^ and Z+r+^= 1800, prove that 

sm^ sm X smi^ 

;F=ycosZ+«cos Y, 

(39) Two regular polygons of n and 2n sides are de- 
scribed such that the circle inscribed in the first circum- 
scribes the second; also the radius of the circle inscribed 
in the second is to that of the circle circumscribing the first 
as 3+ Vs is to 4 VI. Ftove that n=6. 

(40) Prove by the aid of a figure like that of Art 282 that 
I^0*~B^+2Rr^. 

(41) Ifyz+zx+anf^lf prove by Trigonometry that 

^?_ + _y_+ ' - ^^ 

l-.««"^l-y«^l-««"(l-^)(l-y2) (!-«»)• 

[See Ex. (33), (32), p. 194.] 
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tl. PBEVIOUS EXAMINATION. 

December, 1886. 

PAPEB I. 

L Dbvinx the secant and cotangent of an angle, and prove that 
(i) sec^ooseo^stan^+oot^, 

(u) cot* ^ r-— r— s + SeO* $ = ^ =0. 

^ ' l + Bin^ l + aec^ 

PAPEB n. 

1. From the definitions of the Trigonometrical Functions, prove 
that 

8in*^sl-oos*^ and sin^ltaniissec^-cos^. 
Prove that i(co8«ii +8in«^) - ^(coi^ii > Bixi^Af^^ 

2. Investigate the values of tan 45^ and sin 60^ 

Two adjacent sides of a parallelogram are of lengths 16 and 24, 
and the angle between them is 60^; find the lengths of both 
diagonals. 

II. PREVIOUS EXAMINATION, OAMBBIDGB. 

c7tm«, 1887. 

PAPEB I. 

1. Define the sine and temgent of an angle, and shew how to find 
the sine and tangent whose cosine (m) is given. 
If sin il = tan B, prove 

cos*ii cos* jB s (cos B+mnB) (cos B - sin B). 

t The Additional Subjects in the Cambridge Previous Examination, 
which are required of Gandidates for any Tripos, are now (1887) either 
Mathematics, or French, or German. 

The Mathematical subjects are (i) The Trigonometry of one Angle, 
{ij) Elementary Dynamics [see Lock's Dynamie$ for Beginneri], (m) 
Elementary Statics. The Trigonometry is set in the first one or two 
questions in each of the two papers. The questions quoted above 
were set in December, 1886, and in June, 1887. 
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2. Traoe the changes in the tangent of an angle as the angle 
changes from 180<^ to 270<^. ' 

If sin^s:-}, find tan^; and explain by means of a figure the 
reason why there are two answers to the question. 

PAPEB n. 

1. Explain the mode of measuring angles in degrees, minutes 
and seconds. 

Find the number of seconds of angle through which the earth 
rerolyes about its axis in a second of time. 

3. Find the value of sec 60^, and of sec 45<^. 
Solve the equation 

2 oosec ^ =s 2 sin ^ + cot il. 



m. CAMBRIDGE LOCAL EXAMINATIONS. 
Dec. 1886. 

JUNIOB ClNDIDATXS. 

1. Prove that the angle subtended at the centre of a circle by an 
arc equal to the radius is the same for all circles. 

Express the angle as a fraction of a right angle. 

2. Define the sine, cosine and tangent of an angle. Prove that 
these trigonometrical ratios are always the same for &e same angle. 

Find these ratios for an angle of 45<^. 

8. Prove that 

cos (ii + J9) = cos ^ COB B - aiuii sin B. 

Prove that the sum of the cosines of two angles is equal to twice 
the cosine of half their sum multiplied by the cosine of hidf their 
difFerence. 

4. Prove the following relations : 

<^) ^^^-^)-^^' 

(ii) (l+sin^+coSii)*»2(l + 8in^)(l+cos^). 
..... sinS^+sinSil . . 
^ ' ooBd^-cos5^ 

5. Prove that the logarithm of the product of two numbers is 
equal to the sum of the logarithms of the numbers. 

Having given log 2 » -3010800, log 7 ~ -8450980, find the logarithms 

of (1-76)4, (24 6ri 
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6. Prove that in any triangle ABC 

(i) asdoosO+coosB. 
(ii) 2&eooB^=:&*+c>-aS. 

7. Shew how to solve a triangle when one side and two angles 
are loiown. 

Find the side 6 in the triangle ABO from the following data : 
a«166-22, B^67^5\ (7=68*42', 
log 15-622=: 1*1987866, L sin 57025' » 9*9256261, 
log 15*87552sl-1868297» L sin 58053' » 9*9825830. 

8. The angles of elevation of the top of a tower on a horiaontal 
plane observed at two points distant a feet and b feet ren>eotivel7 
from the base and in the same straight line with it are found to 
be complementary. Shew tiiat the height of the tower is tJH feet. 
If ^ be the angle subtended at the top of the tower by the line joining 
the two points, prove that 

gintfai =-. 

a+6 



IV. OXFOBD LOOAL EXAMINATIONS. 
July, 1887. 

Jtjniob Ciin>n>ATBS. 

1. What is t7 

What is *the angle whose oironlar measure is T*t 

In A triangle ABO the angle ^ is s degrees, the angle B m grades, 

and the oironlar measure of is -3- ; find the nnmber of degrees in 

each of the angles. 

2. Prove that 

2 sin^ss A^/l + flin^Ji^l-sin^, 

and determine which are the correct signs when 
2700>ii>1800. 

8. Obtain the following formulie : 

(1) cos(^+J9)=cos^cos^-sin^8inB; 

(2) tan^ + tanB=8in(ii+£)seCilsecB; 
sin(i>+g)-2sini>+sin(i>-g) ^ 

^ ' cos(i)+g)-2coB|>+co8(p-g) ^* 

(4) sin 25 sin 2^ = sin^ (5 + 0) - sin* {0 - 0). 
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4. Given log 2 = -SOIOSOO, 

logs a -4771218, log 24668=4-8921339, 
log 11» 10413927, log 24669 sr 4*3921515 1 
find the logarithm of 30*25 and oaloolate the valne of 

{166x(80)»x</24)H-(121f. 

5. In a triangle ABO^ a, &, e are the sides, $ is the semi-perimeter, 
A the area, 12, r the radii of the oironmsoribed and inscribed circles: 
prove that 

(1) tan-2 ^^^^^r^ 



/ox . ^ /(«-6)(«-c) 

(2) sm^==;^ ^ ;^ ^ 



(8) 212saoosec^s&ooseo^seoosec(7; 
(4) 2A -ca sin B. 

6. In a plane triangle the sides a, h and the angle A are known ; 
shew that in general two valnes of c can be found, and that the differ- 
ence of these yalne^ is 

2^/a«-6asin«2. 

7. A ladder placed at an angle of 75^ just reaches the sill of a 
window 27 feet above the ground on one side of a street. On turning 
the ladder over without moving its foot, it is found that, when it rests 
against a wall on the other side of the street, it is at an angle of 15*. 
£ind the breadth of the street. 

8. IfB=360 46', 6 = 811*8785, c =521*05, find C. 

[L sin B =9-7771060, log 81187=4*4989736, 
log 521*05=2-7168794, log 81188=4-4989875.] 

V. OAMBBIDGE LOCAL EXAMINATIONS. 

December, 1886. 

Sekiob Students. 

1. Explain the method of measuring angles in circular measure, 
and find the circular measure of the angle of a regular pentagon. 

Prove that 

tan»^ co tf^ ^ l-2sin«^cos»^ 

l+tan*2 1+cot*^ sin^cos^ 

2. Establish the identities : 

,^x ^ AA 3-4cos2-4+cos4i 

(1) tanM=3^^^^3^_^^^^. 

. A^B A-^-B 

(2) sin-4-smB=2sm— s— cos - -. 
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If -4+J5 + C=180o, ihewthat 

A S G 

• (smB-BinC) oot^ + (8inC-Bin-4)cot^ +(8iii-4-BinB)oot5^=0. 

8. Find an expression for all the angles which have a given sine. 
Solve the equations: 

(1) cos''^+tan^=sec^. 

(2) sin 0-2 sin 2^ cos ^+008 8^ BOOS 2^. 

4. Prove that in any triangle if a, &, o be the sides opposite to the 
angles A, B, C 

--. sin^ sin B _ sin (7 

(2) cos-4+cosB + cosC = l+ p, 

where r and R are the radii of the inscribed and circumscribed circles 
respectively. 

If the line joining A to the centre of the inscribed circle meets the 
opposite side in D, prove that 

tan2DB=^tan^. . \ 

6-c 2 



'5. If ^ IS the circular measure of a positive angle less than a 
iit angle, shew that sin^ lies between and ^ ~ 7 • 

Find the limiting value of f- sin- ) when n is indefinitely in- 



creased. 

*6. Prove that, if lie between j and - j , 

^=tan^-^tan»^ + ttan«^- 

Shew that 

log(a+6^/^)=J log (a>+6«) + //^ tan-i - . 

* See Higher Trigonometry, 

VI. OXFOBD LOCAL EXAMINATIONS. 

July, 1887. 

Sekiob Ganbidatbs. 

1. Prove geometrically that the sine of 90^+ A is equal to the 
oosine of A for all values of ^. 

Find all the values of B, less than 1800, for which sin 5B = J^2. 

L. E. T. 20 
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2. (1) Prove that 2ajiAsz ^ Jl-^Bin2A^ Jl-taii2A; and 
determine the signs of the roots when 2 A is greater tnan 180<* and less 
than 2700. 

(2) Verify the identities : 

(a) sin4>i=4cos^(sin^-2sin'2); 

ifi) (tan42+tan2^)(l-tan*8^tanM)-2tan82seo*^. 

3. Prove the following properties of a triangle ABC^ of which the 
sides are a, (, e, and the semi-perimeter is $: 

(1) area=^/«(«-a)(«-6)(«-c); 
. 5c cos iH- CO cos B+o5 cos <7 
' ' hc+ca + ab 

aBinA + banB+canO 



(b + e)BiaA + {e^a)ajiB + {a+b)anC 

4. ABC is an isosceles triangle, having the vertical angle 
Ass66^3(y; on AB as base an isosceles triangle DAB is described, 
having its vertical angle D= 38^40': the perpendicular from^ upon 
PCs 22*75 inches: find the length of the perpendicular from D upon 
AB to four places of decimals. 

L cot 19020'=10-4548807; Zoos 28<» 15' :i^ 9*9449220; 
log 11375 =4-0663614; 
log 36754=4-5653046, difC. for 1=119. 

5. (1) If in a triangle the radius of the circumscribed drdle 
is double of the radius of the inscribed circle, the triangle is equi- 
lateral. 

(2) Compare the areas of two equilateral and equiangular 
polygons, each of n sides, one inscribed in and the other circum- 
scribed about the same circle. 

VII. WOOLWICH. 

December, 1886. 

[N.B. — Great importance will be attached to accuracy,] 

1. Explain what is meant by the circular measure of an angle* 
and shew that the circular measure of an acute angle is intermediate 
in value between the sine and the tangent of the angle. 

The perimeter of a certain sector of a drde is equal to the length 
of the arc of a semicircle having the same radius. Express the angle 
of the sector in degrees, minutes, and seconds. 

2. Prove that the secant of any angle will be either greater than 
+1 or less than - 1. 

Shew that sec il = * ^1 + tan'^, and explain the appearance of 
the double sign. 

3. Express mn{A-B) and cos (^ - B) in terms of the sines and 
cosines of A and B, 

Find the values of sin W, sin 105<>, cos 165^, and tan 195^. 
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4. Obtain a formula indading all angles which have a given 
tangent. 

If tan il + tan 2il = tan dA, prove that A must be a multiple of 60* 
or 900. 

5. A ring, 10 inches in diameter, is suspended from a point 1 foot 
above its centre by six equal strings attached to its circumference at 
equal intervals. Find the cosine of the angle between two consecutive 
strings. 

6. Prove that 

/i\ ' t>j 2tanii 

(1) sm2^=3= — r — >— . 
^ ' l+tan»^ 

(2) cosM-oos^cos(60i>+^)+sinS(30-^)=:i. 

7. State and prove the rule for finding, by inspection, the 
characteristic of the logarithm of a fraction. 

Find from the tables supplied an approximate value of the seventh 
root of -000026751. 

8. Express the cosine of any angle of a triangle in terms of the 
three sides. 

Ftovethat 

Bin(B-C?) : sin(B + C) :: h^-c^ : a*. 

9. The sides of a triangle are 17, 20, and 27. Find from the 
tables supplied all the angles. 

10. A man travelling due west along a straight road observes that 
when he is due south of a certain windmill the straight line drawn to 
a distant church makes an angle of 80® with the direction of the road. 
A mile further on the bearings of the windmill and tower are N.E. 
and N.W. respectively. Find the distances of the tower from the 
windmill, and from the nearest point of the road. 

11. Find the area of a regular polygon of n sides inscribed in a 
circle of given radius. 

If a regular pentagon and a regular decagon have the same 
perimeter, prove that their areas are as 2 : ^^5* 

VIII. SANDHXJEST FUBTHEB. 
December, 1885. 

1. Define the two common units of angular measure. 

Find the circular measure of 42^, and find the angle whose circular 
measure is f . 

2. Assuming that 

sin (il + £) = sin il cos B + cos il sin £ ) 
cos(^+B)=coSilcosB~sin^sinB) ' 
find in terms of the ratios of A^ the values of 

sin 2^, cos 2^, tan 2^, sin}^, cos ^^i and tan J^. 
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8. Prove that 

1 X m A J. • T> cos' R - ■"!' -4 
l-taii'-4tan*B= 5-r j-z^-; 

008*4 COS* B 

and from the equation 2tan*^=8eo*d find a general expression 
for^. 

4. ProYe that in any triangle 

cos4 +00B B=?-i£5^BinU0. 

c ^ 

A lighthouse appears to a man in a boat 300 yards from its foot, 
to subtend an angle of 6<^ 20' 27*7''; find in feet the height of the 
lighthouse, having given 
itan6»20'=9-0462836, difference for 1='0011607; log 8= •4771213. 

6. Prove that in any triangle 

tan 2il + tan 2JB + tan 2C7 = tan 24 tan 2B tan 2C. 
Hence shew that if :p, y, « are three numbers such that 

then a;(l-y«)(l-««)+y(l-««)(l-«8)+«(l-x«)(l-y)=:4«ya. 

IX. SANDHURST FURTHER. 
June, 1886. 

1. Express the value of the tangent, secant, and cosecant in 
terms of the sine of the angle, and sdso in terms of the cosine of 
twice the angla 

Find the values of the tangent, secant, and cosecant of 22<^30'. 

2. Prove the following: 

(sin 24)s = 2 008> 4 (1 - cos 24), 

. « ^ cos 64 - cos 74 

tan 64= . „^ ?— f7 » 

sin 74 - sin 54 

- .- ■ a cos 4 

and if r. = -r, 

h QoaD 

prove that a tan 4 + 5 tan JB = (a + 6) tan |(4 + B). 

8. Shew that in any triangle 
(6+c-a)tan}4=(c+a-6)taniB = (a + 5-c)tania 
{ {b+c~a){c+a'-b)(a+b-c) )i^ 
^\ a+b+c ) * 

If 12, r«, r», r« are the radii respectively of the circumscribed and 
three escribed circles of a triangle, shew that 

Br. (« - a)=Brt {$ - b)^Br, {s - c) = Joftc, 
where 8 is the semi-perimeter of the triangle. 
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4. Find the area of a triangle in terms of (i) two sidefl and the 
angle between them, (ii) two angles and the side between them. 

5. Define the oharaoteristic and the mantissa of a logarithm. 
Find the logarithm of 5 when the base is 8, and the logarithm of j 
when the base is 5 ; 

logxo 3 =-4771213, logj^ 2 = -3010300. 

6. Two sides of a triangle are 9 and 7, and the indnded angle is 
88<* 56' 32*8"; find the base and remaining sides 

L tan 19029'-9-6487471, L tan 19« 28'=9-5483462. 

X. COLLEGE OF PREOEPTOBS, PUPILS' EXAMINATION. 
July, 1886. 

1. In a quadrilateral ABCD, the angle A=:SO^j B=60 grades, 
C=|ir; find the number of degrees in D. Find what number of 
degrees must be taken from the angle D and added to A so that- the 
figure may be inscribed in a circle. 

2. If secii=m, what will cot -4 be? Shew from your result 
that when A^O or 180^ the cotangent will be infinite in both ckses. 

8. Prove sin (A+B)^aiji A oobB+cobA sin B. 

Shew that if A+B + 0= 180o, 

sin ^ + sin B + sin (7= 4 cos ^A cos ^B cos JO; 
and that this is true numerically if A, B, C the angle of a triangle be 
80, 60, 90 degrees respectively. 

4. Solve cot* ^ + tan' A^^; giving the general value of A . 
6. If loa,243=6, finda. 

Given logio 30 = 1*4771213, logj^ 20 =1-3010300, find logio72 and 
logiol-44. 

6. In any triangle, prove the formula 



tan^-± /{< ^-^)(^-^) > 



and shew from it that if a=6, 5=3, c=4, then A will be a right 
angle. Can you give any explanation of the double sign ? 

7. Find the area of a regular polygon of n sides, each side 
being a. 

8. Two angles of a triangle A and B, and their included side C 
being given, find an expression for the area; shew from the result 
that if A and B each remain constant while the side C varies, Euclid's 
statement is true; *that the areas of similar rectilineal figures vary in 
the duplicate ratio of their homologous sides.' 
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9. Standing at a certain point, I observe the elevation of a house 
to be 15<^ 15', and that the nil of one of its windows, known to be 
20 feet above the ground, subtends an angle of 20^ at the same point ; 
shew that the height of the house is nearly 22 yards ; 

logio200=2-3010300, I,tan50n6'=10-0800879, 
I, tan 200=9-6610669, logi^ 6 '606 =0-8200020. 

XI. OXFOBD AND CAMBRIDGE SCHOOL EXAMINATIONS, 

1884. 

1. Define a degree, and the unit of circular measure; and 
find the ratio of the first to the second. 

In a triangle ABC^ the circular measure of one angle {A) is 
a, and the number of degrees in another ib B. If the ratio of 
the number of degrees in the third angle (C) to the circular 
measure of ^ be B : a, prove that A, B, C are in continued pro- 
portion. 

2. Define the secant of an angle, and trace its changes in 
sign and magnitude as the angle increases from 90^ to 270^. 

Simplify 

( 1 1 ) sec^cosecg— I j 

(cos^+tan^^sin^ cos^cot^^ + sin^f cosec ^ - sec ^ ) ' 

3. Prove that if two angles have the same tangent, their 
difference is a multiple of two right angles. 

Solve the equation 

sec (sec* ^ +2) (cosec ^- sin d) =4. 

4. Prove geometrically that when ^ + B is less than 90^, 

cos (^ + B)=cos AgosB- sin a sinB. 

Prove that 

. ,1 . , 1 . , 3 T 

sm-i3 + sm-i^-^ + Bm-i^--=^. 

5. A hill is inclined at a angle 36^ to the horizon. An observer 
walks 100 yards away from ti^e foot of the hill, and tiien finds 
that the elevation of a point halfway up the hill is 18^. Find 
the height of the lull ; and find the ratio of an error in measuring 
the distance walked to the consequent error in the height of 
the hill. 

6. In any triangle prove that 

sin^_sinB_sin(7_ 1 

where R is the radius of the circle described round ABC, 

Find 6, c, JR in the triangle for which B=45«, C7=60o, a=y/2. 
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7. Find the area of a regular polygon of n sides ; and deduce the 
area of a circla 

8. Find the cosines of the half angles of a triangle in terms 
of the sides. 

If the bisectors of the angles A^ B, of a triangle meet the 
sides in D, £, JP respectively, prove that 

{8 - h) DF« {8 - C) DE^ -( 7,\\ ^^^ )^ 

(c + a)« (a + &)2 "^*^ ^i(b+c){c+a){a + h)\ ' 

Questions 9, 10 in Higher Trigonometry, 

XII. OXFOED AND CAMBRIDGE SCHOOL EXAMINATIONS, 

1886. 

1. What is the unit of circular measure? Why is this unit 
used? 

The angles of a triangle are in A.P. ; prove that the mean 
angle is 60^, If the number of right angles in the greatest is equal to 
the circular measure of the least, express the angles in degrees 



("?)■ 



2. Define the tangent of an angle less than 90^, and extend 
the definition to angles unlimited in magnitude. 

Find tan 80°, tan 120®, tan 240o. 

3. Find the general solution of the equation sin ^ = sin a. 
Solve the equations : 

(i) 2cos2d+V2sin^=2. 

(ii) (1 + tan ^) (1 - sin 2^) = 1 - tan ^. 

4. Prove geometrically : 

(i) sin(il-JB)=sin-4cosB-cos^ sinB. 

cos {A + B) __ 1 - tan -4 tan B 
^^^ sin(^-JB) "" tan^-tanB ' 
Find the relation between a, jS and 7, in order that 

cot a cot j8 cot 7 - cot a - cot j8 - cot 7 should vanish. 

6. Prove the following statements : 

,.. 1 + sin 2a; + cos 2a; 

(1) -=- — 7—^ ^ - = cot X. 

^' l+sm2a;-oos2a; 

(ii) 3 cos^a = 4 cos^ ^ + 4 sin® o "" !• 

(iii) cos 3a cos 2a + sin 4a sin a = cos a cos 2a. 
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6. Prove that in any triangle 

Having given that 

a=12270ft., 5=11560ft.,c= 11433 ft., 
log 1-76266 = -2461661, log 6-3565 = -7288811, 
log 1-156= -0625820, log 1-1433 =-0581602, 
L cos 320 15'=9-9272306 diff. for 1'= -0000797 ; 
find the angle A. 

7. Find an expression for the radius of one of the described 
circles of a triangle in terms of the sides. 

Prove that 

r^ rj rg \a a h h c c J 

8. Prove that if ^ be the drcnlar measure of an angle, the 
limiting value of — ^— as is diminished is unity, 

V 

What is the limiting value of when n is diminished? 

Questions 9, 10, 11 in Higher Trigonometry. 



XIII. TRINITY COLLEGE. June 6, 1885. 9—12. 

1. Define the sine and tangent of an angle. 

The base BC of a triangle ABC is trisected in Q and B, 
Prove that 

Bin BAB sin CAQ=4^ sin BAQ sin CAB. 

2. Give a geometrical proof that 

(i) coQ {d + <p) =coadooB<p- sine Bin <pf 

(ii) eoB <p - cos =2 Bin i (0 + ^) Bin i {&-</>), 

where and <p are each less than a right angle. 

Show that if 

,„ . sin2^cos0-cos'^ sin0 sin^Acos^-cos^^sin^ 

cos {0+d>)= '— = , 

^ ^' cos tan a cos (p tan /3 

then will 

, ^, sin' a cos fl - cos^ a sin fl sin^flooso-cos'iSsina 

cos (tt + 8) = — =: ■ • 

COS 4 tan ^ cos /3 tan 
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3. Find by mathematical indaction the value of 

tan ($1+$^ + ,., + ^J in terms of tan dj, tan B^,..., 
Show that in a triangle ABC 

tanj^+tan fB+tan iC=oot jii + cot |B + oot jC, 
provided tan iA tan |£ = cot fO. 

4. From the results 

acosec^ = 6coseoB=ccosec^, and A+B + C=7r, 
deduce the formulsB 

(i) a«=62+c*-2&ccoSil; 
(ii) a=6oos C+coosB. 
In the base BG (produced if necessary) of an isosceles triangle 
ABC a point D is taken such that the sum of AD and AB is n times 
CD. Show that their difference is 1/nth of BD, 

5. The base of a triangle is equal to its altitude, and the two 
other sides are known. Determine the remaining parts of the 
triangle by formulsa adapted to logarithms. 

S^ow that if r be the ratio of the two given sides, r must lie 
between _ _ 

6. Find the radius of the cirde inscribed in a triangle in terms of 
one side and two angles. 

Circles are inscribed in the triangles DiE^F., D^g^j, DjE-Fg, 
where D,, Ei, F, are the points of contact of the circles esorfl)^ 
to the side BO, &c. Show that if r^, fj, 7*3 be the radii of these 
circles 

1:- : -=l--tanj.i : 1 - tan JB : 1 - tan JO. 
ri r^ rj, * * ' 

7. Prove that the ratio of the radii r and It of the circles 
inscribed and circumscribed about a triangle ABC is 

4 sin i^ sin |£ sin J(7 : 1. 
Two circles of radii p^ and p^ are drawn through the centre of 
the cir9um8cribing circle to touch the sides AB and AC, Show that 
L i._ y _r+2R 

Pi Pi PiPi~ -R' 

8. Show that 

tan~^ X - tan~* y = tan"^ — tan~^ - , 
^ y x' 

Eliminate a between 

a cot (^ - a) = 6 cot (0 - a) = c cot (^ - a) . 

Qtiesticyns 9, 10, 11, 12 in Higher Trigonometry^ 
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XIV. JESUS, CHRIST'S, EMMANUEL AND SIDNEY SUSSEX 
COLLEGES. Jun« 9, 1885. 1—4. 

1. Define the sine and tangent of an angle. 

A pyramid has for base a square of side a; its vertex lies on 
a line through the middle point of the base, perpendicular to it, 
and at a distance h from it; prove that the angle a between two 
lateral faces is given by 

2. Prove geometrically that 

, ^ . A+B . A-B 
(i) cosB-cos^=2sm — ^ sm ^ . 

t.ft f > A — tan B 
(ii) tan(^-B)= ^^^^^^ . 

If a, /3, 7 are in Arithmetical Progression, prove that 
^ f tan(a + i3) tan (a - ffl "^ ^ ^ ^ sin 4^ 
(tan (/3+7) tan (jS - 7)] sin(a-7) ' 

3. Investigate the value of cosine 72<>. 
Solve the equation 

32 sin*a;+ 16 cos*a; + 12 sin 2x cos a; + 20 sin'j; - 22 sin a;=15. 

4. Find the value of tan 22^*. 

Trace the changes in irrr" ^^^ ^ *° 2 ' ^^^^"^8 *^at 17 + 12 V2 
is a minimum, and 17 - 12,^2 is a maximum value. 

5. Prove that 
sin' a sin (/3 - 7) + sin' /3 sin (7 - a) + sin' 7 sin (a - /3) 

+ sin (a - j8) sin (/3 - 7) sin (7 - a) sin (a + /3 + 7) = 0. 
Also, if a, /5, 7 be the angles of any triangle, prove that 
cos 4a (cos 2/3 - cos 27) + cos 4/3 (cos 27 - cos 2a) + cos 47 (cos 2a - cos 1^) 
= 16 sin (/3 - 7) sin (7 - a) sin (o - /3) sin o sin j8 sin 7. 

6. Prove, with the usual notation, that the area of a triangle 
is equal to 

,y«(«-a)(«-6)(«-c). 
Show that the sum of the areas of the two equilateral triangles, 
each of which has its vertices at three given distances from a 
fixed point, is equal to the sum of the equilateral triangles on 
these distances, and the difference of the aforesaid areas is three 
times the area of the triangle whose sides are iibe given diBtaneea. 
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7. If A be the area of any quadrilateral whose semiperimeter is s, 
and sides a, b, c, d^ prove 

A«={«-a){»-&)(«-c)(»-d)-a6cdco8«^^, 

where a, 7 are opposite angles of the figure. 

8. Two persons are stationed on two different floors of a honse, 
one yerticalljr above the other, and observe the snn sinking behind 
a distant tower. From the higher station the sun's lower limb 
seems to graze the top of the tower. From the lower station 
the higher limb seems to graze it. Determine the height of the 
tower in terms of its horizontal distance from the stations, the 
distance between the stations, and the angular diameter of the sun. 

9. Prove that the distance between the ce ntres of t he inscribed 
and circumscribed cirdes of a triangle is ,jE^-2Jir, where r, B 
are radii of these circles. 

If the sum of the pairs of radii of the escribed circles of a triangle 
taken in order round the triangle be denoted by s^, 8^, s^, and 
the corresponding differences by d^, c2,, d^y prove that 
d^d^ + di8^^ + d^^i + d^8i82 = 0. 

10. Find an expression for the area of a segment of a circle. 
With each comer of a square of side a as centre, and a side 

as radius, a circle is described, show that the area of the curvilinear 
quadrilateral formed by the intersection of these four drdes has 
an area 



Qiteittons 11, 12, 13 in Higher Trigonometry. 

XV. MATHEMATICAL TRIPOS. PART I. May 21st, 1885. 
2—6. 

Q%ie8tion8 1 — 6 Algebra, 

vii. Prove the following formulae geometrically, 
(i) an A + BmB=2 Bin i[A+B)oosi{A-B), 

(u) -r = tan 1 ( - I - tan"i , 

^ ' 4 \nj m + n* 

(iii) sin3a+sin«/3=sin2 (a +p) - 2 sin a sin /3 cos (a+/3). 
viii. If cot-i X - cot-i {x + 2) = 16®, find x. 

-(M)=*-'(M)- 
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prove that 

(l + g^ Bm«0) {1+^ Bin»0) 

and find a and /3. 

ix. liA+B + C=w, prove the f ormnlsB, 

tan^ tanB tan G 

^^' tanBtan C"*" tan Ctan^ **" tan ^ tan JB 

=tan ii-ftanB+tanC-2 (cot ^ + cot B +cot 0), 

(ii) sini^+siniB + siniC7-l 

=4sinJ(7r-^)8mi(ir-B)8inJ(ir-C), 

andif-4 + B + C=WTr, 

(iii) sin 2A + sin 2B + sin 2(7= ±4 sin -4 sin B sin C, 
(iv) cos 2^ +cos2B + cos2(7+l= =i=4cos^ cosB cos (7, 

and determine when the upper sign is to be used. 

X. Express the area of a triangle in terms of the sides. 

Show how to construct the right-angled triangle of minimum area 
which has its vertices on three parallel lines; and if a, 6 are the 
distances of the middle line from the other two, show that the 
hypotenuse makes with the parallel lines an angle 

cot-i — -^ . 
a + b 

If the given angle of the triangle instead of being a right angle 
is equal to a, find the angle which the side opposite to it makes 
with the parallel lines when the area is a minimum, 

xi. Show how to solve a triangle when two sides and th6 included 
angle are given. 

If two sides of a triangle are 71 and 25 feet and the contained 
angle ^9^ 32' calculate the remaining angles and side, and show 
that if a small error has been made in the measurement of the 
smaller side it will affect the calculated value of the third side 
very slightly. 

xii. Find the radii of the inscribed and escribed circles of a 
triangie; and if these are r, r^, rg, r^ and that of the circumscribed 
circle is J2, prove that ri+r^+r^-r=4^. 

It Df E, F axe the centres of the escribed circles and O that 
of the inscribed circle, prove that 

EF^ FD^ DE^ Op^ OE^ ^^-8 - 
'iVz "*" ^8^1 n^a '^ rr^ rr^ rr^ r' 
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ANSWERS TO THE EXAMPLES. 







I. Page 2. 


(1) 


80. 


(2) 10. (3) 16. (4) lot 


(6) 


5 acres. 


,„ 1760a ,„, a.c ^ 
(6) J . (7) 3 yds 



(8) A shilling and a three-penny piece. 

II. Pages 4, 5. 
(1) 77440. (2) 6 ft. (3) i-f*. (4) 6f , i^, y. 

(6) 16-625, 15|, i|A, ijA. (6) 9^. 9 BliiUings. 

„, 80a 80a 80a 80a ,«, ^, , .„. 

(7) —,—,—, — . (8) 21 shillings. 

III. Pages 7, 8. 
(1) 10 ft. (2) 80 yds. (8) 20 ft. (4) 60 ft. 

(6) 90 ft. (6) 20^ nearly. (7) 6a feet 

(8) 12a yards. (10) ^ a yards. (12) ?^ a feet. 

(13) 1:V2. (14) Vsift. (16) 2V9a«-6«ft. 

IV. Page 13. 
(1) 9-899 ft. (2) 2489 yds. (3) 68*36 in. 

(4) 1188 in. (6) 938*4 ft. (6) 2604 in. 

(7) 8-66 ft. (8) 4-607 ft. (9) 48 in. 
(10) 86 ft. 11 in. 

V. Pages 21, 22. 
(1) Sfyds. (2) 25^ ft. (3) 160f in. (4) 8^- ft. 

(6) 7J^ft. (6) 660. (7) 16J nearly. (8) 88600. 

(9) 82f. (10) 7 ft. (11) 668^,18-8 in. (12) 339^ ft. 
(18) 448 in. (14) 286111. (16) 203 in. 

(16) 274 in. (17) 1886 in. 

Vn. Page 28. 

(1) -632118 of a right angle. (3) -021827 of a right angle. 

(2) 1-0426991 „ (4) -03294894 
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(5) *0P6241 of a right angle. 

(6) 10000812 

(7) -8204052 „ ' 

(8) -0102034 



(9) '6900071 of a right angle. 

(10) 1-19030045 ,, 

(11) 100618(Jl 

(12) -0226048 „ 



.(13) 36i78'9r. (14) 104« 30r 21". (15) li20^3". 

(16) ia2(r. (17) 6126*. (18) 802i 12* 5a\ 

(19) ioo» icr. (20) i« r -r. (21) 645i io\ 

(22) 2i30r. (23) riO**. (24) 10'\ 



Vni. Page 30. 

(1) -09175 of a right angle=9«ir5(r. 

(2) -0675 

(3) 1-07875 

(4) -1804296l234567d 
(6) 1-467 

(6) -54 

(7) 1«14'15". 
(10) 21® 36' 8-1". 



=6«76'. 
107t 8r M\ 
18« ^ 29*, etc. 

=146« IT ii-'r. 

=54>44*44-4r. 

(8) 7» 62^30". (9) 

(11) 160 12' 37-26". 



1530 24' 29-84". 
(12) 31«30'. 



IX. Page 85. 
1. (1) 2 right aBgles or 1800. (2) | of a right angle. 



2 

(3) - right angles. 

IT 

(5) 2 right angles. 

20 
(7) — right angles. 



(4) - right angles. 

4 
(6) — , right angles. 

(8) -002 of a right angle. 



(9) 30 right angles. 




2. (1) ». 


(2) 2x. (S) |. 


(^)|- 


<«) i^- 


(6) 1". (7) j^x. (8) 


i-. (9) ^. 


3. (1) l- 


(2) i- (3) n- 


W 5^- 


<^' 20000- 


<®> aooooo- ^"^ aoo- 


(8) V. (9) 6». 


4, (1) 4. 


(2) V. (8) 1. W g. 


(6)H. (6)i^ 
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X. Pages 87—89. 
(1) |. (2) 90. (8) 4|. (4) W. 

(5) 112ift. (6) 6H ft. (7) 9ffk. 

(8) 838000 miles. (9) | radian =6^ degrees. 

(10) 21tt degrees. (11) 61^". (12) about 84 yds. 

(18) 1:8-1416. (14) 8-1416. (16) 8-14l6. 
(16) 400:1. (17) -0000484.... (18) 49^ in. 

(19) J i.e. a right angle. (21) 478:489. 

IRA 
(92) (i)l;=l, (ii) *=i^. 



ZI. Pages 40—48. 



V 



(1) Jq . (2) 880, 150. (8) 900, 450. (4) igo, 22J^ 

(6) 38», 18®. (7) 45®, 60«, 75®. (8) 39®, 60®, SI®. 

(9) 33-3«, 66-6«, 100*. (14) 25®, 8® 6'. (16) H- 



(in) 


166», 178-Si,^. 


(30) 450'. 


(21) (i)8i, (u)^. 


(22) 


«•• (28) . 


i right angle. 


(^) '-?• 




(26) 


9a+106^^^ 


W T- 


(27) g. 


9ir «• 
88 • 2 * 


(28) 


ISOOr 
19x+180()' 


<>»») isrSiBss 


(. (80) 


9 or 16. 



Xn. Pages 60-62. 
(1) (i) BA, BD. (u) DB, 42). (iii) DA, CD. (iv) DC, 42). 

P) «3b- <")ai- ^"'^iS- <^^)b2- Wid- 

, . 2)0 , ... (72) , .... 2)il ,. , B2) , , DA 

<^)35- (^)52- <^>a5- ^"^:rZ- W ^. 

/«. «x J^-B Bil ,.., CD OB ...,. DB BA 

W Wc5' Cl- ("'CB* CA' ^"^^CD' CB' 

,. , DB BC , , AD AB , ., 2)B BO 

^'""^ IB^ To' ^^^AB' AC' ^"^^ ADDAS' 
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,.^ .,. BA .... BA AC ,.... DO ,, , AB 







(vi) 


BD , ... DB 
BO- '''^'W 


BA 


, or 


AB 

CA' 


('^)Bi 


. (ix) 


BA 
EB 


AO 

"'ea' 


«?-^ 


W 


DB 
AB 


BC 
""'AC 


(-)!J- 

















(1) 



(5) emA^l, oobA^^^, tan^=i; sinBsf, oosP=|, tan£=|. 

(7) Of the smaller angle, the sine = A, cosine =^), tangent =i^. 
Of the larger angle, the sine=s^}, cosine = A, tangent =V. 

(8) Of the smaller angle, the sine^i, cosine =^ , tangent = -7^ . 
Of the larger angle, the sine=^ , cosine =i, tangent =V3. 

XIV. Pages 63-66. 
(1) 179 ft. (2) 346 ft. (3) 86-6 ft. (4) 138-6 ft. 

(6) 74 ft. (6) 600,178 ft, (7) 63-17 yds. (8) 84-16 ft. 

(9) 73-2 ft. (10) 86-6 ft. (11) -866 miles =1624 yds. 
(12) 178-2 yds. (14) 373 ft. (16) 3733 ft. 

(16) ^miles=6466ft. (17) ^^. (18) 30o. 

(19) about 623*6 miles. 

XVI. Page 74. 

• M r* i~r A A vl-cos*^ , . cos 4 

sm -4 = VI -cos* -4, tan^as-^i . — cot ^ = — p-----r — 

cos^ Vl-oos«^' 

sec^s 5, ooseo-4=- 



S -. • UVDBW J3. — / - «. 

008^' Jl-0OB*A 

1 COt^ 1 

(2) sin^=— = , oos^=-7= ^ . tan^=— — r, 

^' ^/l + cotM 7l+oot»^' ootil' 

BecJ=^^ — ^ — , oosec A = Jl+ cot* A. 
cot ^ 

(8) sinil=-^^ 7^, oosilss J, tan-4 = ^/aeo^Z^T, 

^ ' seoil ' sec^' ^ 

A. J 1 - sec -4 

cot^=-p , coseciiss 




i^ sec* -4-1 
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(4) Bin^=-^,,ooB^ = ^/^^4B,tan^=- 
^ ' ooseo^' coseoii ' 



cot ^ = x/coBeo* ^ - 1, seo-4=- 



coseo^ 



JcoBeo^A -1* 



^ooseo* A-l' 

/e\ ^ /^ . . J - ^ J mnA ^ , Jl - sin* A 

BeCii=— 7= , OOSeOils-: T. 

^/l-Bm»il 8in^ 

... .. tan -4 . 1 J. . I 

^/l + tanM ^/l+tan«^ tan-^ 

860 ^ = Vl+tan*Z, 00860 il= ^^— r — ^. — • 

tan^i 





XVn. Page 76. 




(1) 


# 4 m ^'^ ^ 


(8) *. 1- 


(4) 


1 Vis m n/3 1 
Vi6' 4 • <«) -2-'i- 


(6) f . 1 


(7) 


' (a\ " 


h 


^/?r^- ^' ^/a«+6»' V 


'^TP* 


(9) 




[i+*«)=i. 



XVIII. Page 77. 
(2) 860 ^ inoreases oontinnonsly from 1 to oo . 
(8) sin A diminishes oontinnonsly from 1 to 0. 
(4) oot $ diminishes oontinnonsly from oo to 0. 

ZIX. Page 82. 
(4) Yes. (6) No. (6) Yes. 

(7) (i) W. (ii) -1000. (iii) 0®. (iv) -2600. (y) 115o. 

(Yi) 4100. (vii) -J. (viU) ^. 

XX. Page 84. 
(1) 460. (2) 800. (3) 460. (4) eoo. 

(6) 800. (6) 300. (7) 30*. (8) QO, or 45o. 



L. E.T. 
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(9) 90®, or60«. 
(13) 900, or45«. 
(17) W. 



(10) 600. 
(14) 180. 
(18) 800. 

XXI. 



(11) 

(15) 



450. 
450. 



(12) 
(16) 



460. 
450. 



Page 85. 
(3) the value 3 is inadmissible. (4) 

(5) f,orJ. (6) i,orl. 

7 /s 
(7) the value — ^r- is inadmissible. 



2dbV2 
4 



(10) 
(13) 

(14) 
(15) 



l-38in«^+38in*^. (11) 

1-sia/i 

1+sin^ * 

oosec decreases continuously from 00 to 1. 

cot increases continuously from to oo . 



(9) l-sin*d. 
-2cos'^+2cos*d 



oos*d 



(16) 6^\, <t>=^r 







XXTI. Page 89. 




(1) 


+ 6. (2) 


0. (3) +2. 


(4) +8. 


(5) 


+ 10. (6) 


0. (7) +7. 
XXIV. Page 94. 


(8) +7. 


(1) 


The seoond. 


(2) The fourth. 


(8) The second. 


W 


The third. 


(6) The fourth. 


(6) The first 


(7) 


The aecond. 


(8) The first. 


(9) The first. 


(10) 


The fourth. 


(11) The fourth. 




(12) 


The first, if n be even, the third, if n be odd. 






XXV. Page 98. 




(1) 


+, +, +. 


(2) +, -,-. 


(8) -,-,+. 


(4) 


-. +, -• 


(6) -. +. -. 


(6) -, -. +. 


(7) 


+ , -. -• 


(8) +, +, +. 


(9) +, +. +. 


(10) 


+, +. +. 


(11) +, -, -. 
XXVI. Page 100. 


(12) -, +, -. 


(1) 


+ 4< 2 ' 


^- (^) ^Tr 


-^•- 


(3) 


+^ -* - 


-V8. (4) -4. -t 

1 


V3 1 
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(6) 


-± +1- -1 


(6) 


+^... +i, +V3. 


(7) 


^ ^ 4.1 


(8) 


^ -i- +1 


(9) 


. VS 1 
+J, +-2-> +V3" 


(10) 


.i..f..J,. 


(11) 


-f . -i. +V8. 


(12) 


-f . +4. -V3. 


(18) 


+^'+;^'+^- 


(14) 


f . -4. -V3. 


(16) 


*• 2 • ^VS' 







XXVn. Page 100. 

Each of these expressions changes continuously as the angle A 
increases from 0® to 360^, and theur valnes are repeated at each com- 
plete revolution of the revolving line. 

Their values are given below when they are zero and when they 
cease to increase and begin to decrease, and vice versa. The first 
table gives also the sign of each between the values. 





00 




900 




1800 




2700 




(1) eoaA 

(2) tan^ 


+ 1 


+ 





_ 


-1 


_ 





+ 





+ 


00 


- 





+ 


00 


- 


(3) cot^ 


00 


+ 





- 


00 


+ 





- 


(4) sec^ 


+1 


+ 


00 


- 


-1 


- 


00 


+ 


(6) coseo-i 


00 


+ 


+1 


+ 


00 


- • 


-1 


- 


(6) 1-sin^ 


+1 


+ 





+ 


+1 


+ 


2 


+ 


(7) sin«^ 





+ 


+ 1 


+ 





+ 


+ 1 


+ 



00 


460 


900 


1350 


1800 


2260 


2700 





+ 4 





-4 





+4 





+ 1 


+V2 


+ 1 





-1 


-V2 


-1 


00 


+ 2 


00 


-2 


00 


+ 2 


00 


-1 





+1 


+^/2 


+1 





-1 



(8) sin^ . COB A 

(9) sin 4 + cos A 

(10) tauil + cot^ 

(11) sin ^ - cos il 



-4 

-2 

-V2 



The following figures exhibit the changes in the sign and magni- 
tude of sin ^ (fig. i.), cos (fig. ii.), and tan (fig. iii.). The measure 
of the distance from along the line OX = the circular measure of the 
angle ; the vertical distance from OX measures the Batio. 
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Fig. i. The Carre of the Sine. 



%' 




/(i 


^ 


IT 


V 


/< 


f 


-1 


V 





? 


V^ 


^ 


iw 


X 


Fig. ii. The Carve of the Cosine. 






N 


? 


' •?; 


r- 


A 


f 


/.IT 


e 


VC 


^ 






V 



Fig. ill. The Carre of the Tangent. 




XXXI. Page 112. 

(1) (i) 80», 160®, -210», -S30®. (ii) 46», 136», -226®, -816». 
(iii) 60«, 1200, -240®, -3W. (iv) -8(y>, -150*, 210», 33(y 

(2) (i) 2(y>, 1600, 380*, 62(y>. (ii) ^, ^, ^, ^. 

,..., 8t 13t 22ir 27t 
(m)y, -^-. — , -^. 

(8) (i) ^=nT+(-l)*^-jy (ii) ^=w^ + (-l)»I. 
(lu) nir ± 2 • 
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XXXII. Page 115. 
(1) (i) ^=2»t±Jt. (ii) d«nr+jT. (iii) e=^nir-^ir. 
(iv) d=nT-|T. (v) ^=2nT±tir. (vi) ^=nT+iir. 
(3) The tangent. (4) No. 

(6) (i) 60<>, -60», 3000, -3000. (ii) 460, 226^ 405^ - 136*. 
(iii) -460, -225», 1360, 316<». (iv) -dO*, -240«, 120®, SOO®. 
(v) 1440, - 1440, 2160, - 216o. (yi) I860, - 460, - 2260, 316o 

XXXIV. Page 120. 

(5) 1,«. (6) «,«. 

XXXVni. Page 181. 
(1) ain(^+0) + 8in(^-0). (2) oo8(a-/8) + cofl(a+/8). 

(3) sin (2a + 3/8) + sin (2a -3^). (4) oos2a+oo82j8. 

(6) sin 8^ -Bin 2^. (6) cos ^+ cos 2^. (7) J (cos 8^ -cos 6^). 
(8) i (sin 4^- sin ^). (9) sin600+sin400. 

(10) J (sin 600 - sin 300). ^nj g cos 3tf cos 2^. 

(12) -cos4tfsin2^. (18) 4 cos* | sin 2^. 



Page 132. 

(4) tan 2a. (6) tanaj. (7) -2 cot 2a;. (8) tanM. 
(12) sin2d=l, .-. ^=460; sin20=i, .-. 0=16O. 

XLV. Page 147. 

(2) sin2^=|, sin3^=-i^ V5- 

(3) sin2^= -tVie, sin3^=A\/16, cob3^= -|| ; in the second. 

XLVI. Page 149. 
(8) sin|=+ -v/E|5i. (6) da|=+ ^Efil. 

XLVII. Page 164. 

(1) (i) +,-. (ii) -,+. (iii) -, -. (iy) +, -. (v) +, -. 
(vi) +, +. (vu) -, -. (yiii) -, -. 
(3) sin90=l{V(8+V6)-V(6-V5)}, 

cos 9<»= J {V(3+ V5) + V(5- V6)}, 

sin81o=cos90, cosl890= -cos9o, tan202io=V2-l, 

tan 97*0= -(N/3+V2) (V2 + 1). 
(7) Between (2n x I8O0 - 46®) and (27i x 180* + 4oO). 
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XLVni. Page 167. 
(1) ^=-:?+nT+(-l)n^. (2) d=-|+«»r+(-l)»^. 

(8) ^--|+nT+(-l)«^. (4) ^=+r+nT+(-irj, 

(6) d=+^ + 2nT±j. (6) ^=g+nT±|^. 

(7) x=-68n2'+nxl80®+(-l)*(21«48'). 

(8) «= -69«26'30"+2nxl8(y>±(69026'30"). 

(9) aj=76H'+nxl800+(-l)»(14«66'). 

(10) a?--a- j+2nTdfe^. 

L. Pages 159, 160. 
(7) db(v3 + l). (8) ±V2. (9) dbl. 

(13) \ (2n+l)T; or, i(3ndfel) x. (U) nT±| ; or \ (2fi + l)T. 
(16) i(2n+l)T; or!^+(-l)«^. 

(16) (2n+l)T;or,cos-ii^. (17) ^; orJ±^.r. 

(18) Both equations are satisfied if (re* - y*) = an odd integer ; or, 
if (x+yf—2nt and (aB-y)*=4m - 2n, m and n being integers. 

(19) (i) 2 sin ^. cos ^= sin 2^, and therefore it goes throogh the 
same changes as sin ^, while ^ changes from to 2t. (ii) cos'0-sin'^ 
=cos2^. (iii) sin 3^ goes through the same changes as sin ^, 
while Q goes from to 8t. (iv) cot 2-4 ; compare with cot^. 
(y) sin (^+ a) goes through the same changes while $ goes from to t, 
as sin d goes through while $ goes from a to «- + a. (vi) cos (2^ - a) 
goes through the same changes while B goes from to r, as cos 2tf 

goes through as $ changes from - ^ to r - ^ . (See Ans. to XXYIL) 

(20) They are the solutions of the equations sin ^a-sin a, and 
COB ( s-^j^*^"!^"*) 5 and we know that cos ( ^-d]=sin^. 

(21) They are the solutions of the equations sin(^+Jj=sin^, 
andcos(d-^j=cos^; alsocosf ^-^j=sin (^+7)» sin^=cos|^. 
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LI. Page 162. 

(1) (i) a^^^ (ii) o,^-^, (iii) a«"*«. (iv) a"*"^*. 

(2) (i) 6-4690116. (ii) 10-6243928. (iii) 13-7509366. 
(iv) -8863661. (v) 1-7968680. (vi) 8-9699698. 

(vii) 2-7345058. 

(8) 2», 2B, 2-', 2-^ 2-«, 27. (4) 3«, 3*, 3-^, 8-8, 3-«, 3"*. 

LII. Page 163. 

(1) -60206, -9542426, -90309, -7781613, 1-20412, 1-690196. 

(2) 1-146128, 1-20412, 1-2552726, 1-3802113, 1-4813639, 1-6232493. 
(8) 1, -69897, 1-1760913, 1-39794, 1-4771213, 16440680. 

(4) 1-6663026, 160206, 16812413, 1-69897, 2-30103, 3. 

(6) 7-201693,8-868708. (6) -7545679, 2-989843. 

(7) 1-4632. (8) 2408-6. (9) (i) 4-6868. (u) -93646. 
(10) 3-9549. (11) 40975-3 sq.ft. (12) 84-926 in. 
(13) 8-2617 in. (14) 110116 cub. yds. 

Lin. Page 165. 

(I) 8, V, J, f, -|. (2) 3, 6, -1, -3, -6, 2. 

(3) 2,4, -1, -3, -2, -4. (4) j, }, -L -1. 

(6) 3, -1,6,-2,3, -3. (6) j, f i, i, i- 

(7) -7781613, 1-6232493, 1-20412. 

(8) 1-6901960, 1-6663026, 1-7993406. 

(9) 2-30103,2-7781513,1-845098. 

(10) -69897, 6228787, 1-69897. 

(II) 1-644068, 2-1760913, - 1 + -30103. 
(12) -6440680, -8627278, - 2 + -9084852. 

LIV. Pages 168, 169. 

(1) 4,2,0,6,1. (2) -2,-6,-1,-3. 

(3) 3,-1,0,1,0, -7. (4) 4,1,6,3. 

(5) the second decimal place, the first dec. pi., the sixth dec. pi. 

(6) ten thousands, units, hundreds, third dec. pi. , first dec. pi. , units. 

(7) 10,4,26,31. (8) 9,11,86,4,9,6. 

(9) units, fourth dec. pi. , thousands, seventh dec. pi., second dec. pi. 

(10) tenth integral pi., twelfth dec. pi., fifth dec. pi., nnits, twelfth 
dec. pi., first dec. pi. 
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302 TRIGONOMETRY. 

LV. Pages 171, 172. 

(1) 2-8901023, -8901023, 4*8901023, 5-8901023. 

(2) 6-7714652, -7714662, 4-7714662, 2-7714652, 8-7714662. 

(3) -27724... (4) -00001638... (6) '77448... (6) -006963... 

LVI. Page 174. 

(1) Divide each log by 8. (2) Multiply each log by 2. 

(3) Divide each log by -30103. 

(4) Multiply each log by -4771213. 

(6) Divide each log by -4771213. (6) 8-32190... 

(7) 1-183... (8) 1-10730... -66438... 

LVII. Pages 175, 176. 

(1) 3, 0,J, 0,{. (4) 1-8121177,66. 

(5) -61376. (6) 7,4,3,3. 

(7) (i) x__il2iL- (ii) ^_71og2+41og7 

(7) VI) ^-iog2+41og3' ^"' ^-21og3+log7- 

..... , 21og7 ,.. ^_ 4(log3+log7) 

^""^ *"'21og2+log3' ^^' '^""81og2+3(log3+log7) 

ni\ n ^ 8a 2 6 3a+2 6c 

^"' "' 6 + 1' 26qF2' 6+1* 6+1' 26+2* 6+1* 

(12) 63 > 31 = 32. (13) (a^^ - a^O) integers. (14) 1-9486 nearly 

(19) 2-63865. (20) 4-69999. (21) 167 years. 

LVni. Pages 181, 182. 

(1) -8839066. (2) 2-7613738. (3) 4-9413333. 

(4) 6-8086920. (6) -6710750. (6) 3*70404. 

(7) 46740*26. (8) 2492837. (9) -000439668. (10) 6-689168. 

LIX. Pages 184, 186. 

(1) -6737662. (2) -6737662 (3) -9306672. 

(4) 410 48'87^ (5) 70^31' 43-6''. (6) W^V2V^ 

(7) 9*8615694. (8) 9-7114477. (9) 10*1338768. 

(10) 36«4'23". (11) 280 16' 27-6". ^ig) 210 56'41'' 
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LX. Pages 188, 189. 
(1) S4n9'81-8". (2) 1498-2 ft. (8) 46»S6'66\ 

(4) 5293-4 ft., 6982*3 ft. (5) 576-2ohiiiiiB. 

(6) 4729 dhains. (7) 8666*8 feet. (8) 42® 15', 11444 chains 

LXI. Page 190. 
(1) 8842*9 ft. (2) 281*74 ft. (8) 116*8 ft. (4) 286*6 ft. 

(6) 68® ir 24", 8P 42^ 86". (6) 666*1 chains, 4P IT 12". 

(7) 81ft. (8) 1942 ft. (9) 646*7 miles. (10) 1000 ft. 

LXVI. Pages 208, 209. 
(1) 4in6'61*6". (2) 78» 82' 12", 620 46' 18". 
(3) 29«17'16", 81»66'81". (4) 64«81'68".. 

(6) 78»,28'64*4". (6) 410 24' 84*6". (7) 82M9'9". 

(8) 76», 60»,46». (9) 186», 80*, U*. 

LXVII. Page 211. 
(1) 318*46 yds. (2) 28*87 inches, 81*48 indhes. 

(3) 1192*66 yds. (4) 22*416 ft. 

(6) 24*996=26 ft. nearly, 17 •669ft., 66o 69'' 42". 

LXVni. Pages 213, 214. 
(1) 108«86'80", 810 23'80". (2) 93*11' 49", 36<> 48' 11' . 

(3) 67" 27' 26*4", 62» 32' 84*6". (4) 640 26' 47", 87*, 7' 13\ 

(6) 720 12*69". (6) 20*5 chains. (7) 122*7. 

(8) 74* 13' 50", 360 16' 10". 

LXIZ. Pages 218, 219. 

(1) ii=5in8'21",C=88041'89"; or4 = 128»41'39",C=lin8'21". 

(2) B=700 0'66",C=:69«69'4"; or, ^=1090 69' 4", (7=200 0' 66". 

(3) B=88«88'24", C=91«21'36", c-166-8. (4) 6in6'10". 
(6) ^==720 4' 48", B=4P66'12"; or, 4 =107* 66' 12", 

B = 60 6' 48", h = 17*66. r 6) /3 is ambiguoos ; 60*3898 ft 
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LZZ. Page 220. 
The angles are given correot to the nearest second. 
(1) 280 85' an (2) 1040 44' 39". (3) 32«20'48*. 

(4) 480 40". (5) 1280 28' 13". (6) 106581ft. 

(7) 8487*6 yds. (8) 1728*2 ohains. (9) 25376 yards. 

(10) ^«6602r48",B=12066'12''. (11) ^=92012' 58^ 5=85087' 7". 
(12) 5=29or40",(7=74055'60^. (18JB-*70085'24";or,109024'36". 

(14) B=51056'17'';or,12808'48''. (15) B= 6206' 10"; or, 117053' 60". 
(16) Very nearly 900. (17) 1819-6 yds. 

LXXb. P. 220(i), (u). 

(1) cos^=i, oosiil=iV8- (2) 450,600,750. 

(3) 1350300,150. (4) 8. (5) 14. (6) 1+^8. (7) 1200. 
(8)1200. (9)1200. (10)900,360 52'. (11)1300 27'. (12)1250 6'. 
(13) 1200. (14) il=540orl260, B=1080or360. (15) a-1. 
(16) C=800, a=V3+l, 6=2. (17) ^=750, a=65=2^3+l. 

(18) (7=600 or 1200. (19) 100^3. (20) no. 

(22) ^ = 1050, (7=600, B=150. (23) iV8(N/6+l). 

(24) A =900 or 60*, (7=750 or IO50, a=2V2 or V6. (25) 300 

or 1500. (26) ^=450 or 1350, B=300 or 120o, 6 = 2^2 (l + V^) 

or 2 V6 (1 + s/3). (27) 60®, 750, 6 yds. (28) It is impossible. 

(30) 15 :8<v/3: 4^3+9. 

TiXXTT, Page 229. 

(15) To find the point £ in an nnlimited straight line CE at 
which a finite straight line AB subtends the greatest angle, a oirde 
mnst be described passing through A and £, and touching the line CE 
in the point E, In (15) the centre of the circle lies vertically above E, 
and in the horizontal line through the middle point of AB, 

LXXm. Page 239. 

(1) (i) lOsq.a (ii) 43*3 sq. in. (iii) 148*13 sq. yds. 
(iv) 84 sq. chains =8*4 acres. (v) 100 sq. ft. 

(vi) 151872 sq. yds. 

(2) 4, lOJ, 12, 14 ft. (4) 8ift. 
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LXXVI a. Pages 263—268. 

(1) smii=f, coSii=4. (8) ^3=nxl80»; or, 360«db60». 

(6) 4227-47 feet. 

(9) 800, 600, 900^ 120», etc. have for sine i, V*» h >Jh h 0, -J, 
/f - 1» - ijit - J respectively. 
(12) The other sides are 765-4321 ft. ; 1006-6 ft. 
(16) 300, 600, 900, etc. have for tan i ^3, ^B,oo, - ^S, - 4^3, 0, 
W3» «> . - v3, - i V3 respectively. 

,,_, 168 168 32692 ,,^, ^ . ,. 

<^^ i93'195»r93-7l96- ^^^^ sec4=W2. 

(21) ^=:i(2n+l)T. (22) oos6a=16<3os<'a-20cos3a+6oosa. 

(28) Boi^ signs negative. (24) |U 

(26) ^ A radians ; 6-729560. 

(26) sine, |-, tan, |; oot, {; oosec, i; seo, {. 

(31) W^deg.; 19-098640. (86) (7=180, a=c=^^p^^-^ . 

(37) -13200. (88) -§^2. (39) (2n+l)ir; or, 2nir±J,r. 

(41) 1 foot, 1200, 800; or 2 feet, 600, 90©. (42) 1040 28' 39". 

(43) -6300. (44) -^^6. (46) nr; and 2nT±|T. 

(48) } W6±>/2} and 160, 136©; or, 105o, 46©. 

(49) 90; 2860. 28'. 41-16"; J. 

(62) (i) nr ± Jtt. (ii) Jtit ± Jt, omr + ( - !)« Jt. 

(63) 374 sq.ft. (64) 40o . 29' . 19-85". 

(66) TiiWr; A^r 5 4« (56) tan a=4^3, coseo a=^^S. 

(68) (i) nrijT. (ii) JnT± Jt; or, 2nir*Jir. 

(69) 2^14 sq.ft. (60) 38© . 25' . 32-725". 
(61) 1-2 radians= 76-394168. 

(64) The proper formula is + ^^(1 + sin ^ ) + ^(1 - sin ii) . 

(66) 192 ft., 186 ft. and 9234 sq.ft. 

(67) 2-3 radians= 131-7799260. 

. (69) The proper formnla is - ^(l + sin ^) - ^(1 - sin ^). 

(72) 780 iQ/^ 700 30/^ 9234 gq. ft. 

(73) A^; A^; i*T; Hit; »»•. 

(76) (2n± J) T, or (2n± J) t. (78) 1350, I6O; or 460, IO60. 

(79) At; ^; ^ir; ^ir; ^t; «ir. (81) (2n,±J)T. 

(84) 7ft.; V19 ft. ;¥n/3 sq.ft. 

(88) 1036-43 ft.; 766-4321 ft.; 660. (89) 6-981 feet. 

(90) i;-§. (91) rMr + (-l)*f7r. (94) 821.0793. 

(96) 13-761 ft. (96) J|. (97) 2nT±|T. 
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306 TRIGONOMETRY. 

(99) 2eoaiA=:+J{l + siiiA)-^{l-Bi!iA), 

(102) x=fnr±AT±^T, y=|rx±iT±Air. 

(104) x=i. (105) 11-7157 mUes. (107) WT+iir; or,nT + iir. 

(110) 25-7834 yds. (115) 1-219714 miles and 1 mile. 

(116) 8in=H» cos= -if, tan= -H. 

(127) 4^±^=2nir±iT; or, }(2n+l)T. 

(134) 6 + Jlog2 + JLsec^ = l-log2 + |LcosB+iI.co8ec. 

(139) mir; or, n^=rT + (-l)»-(Jir-^). 

(144) log6 = 2a-c, log7=c-a, log 18=6 -4a+2c. 

(145) In J (2 ^2 ±1) hours. (151) 60«, 45», 1350, 1200. 
(156) 1. (167) 300and40». 

(161) 0=nirOT20=mr + iir. (164) 008^=J (1±<^6). 

(168) sin 2^=0 or cos 2^= J or - J. (178) $. 

(192) .4co8^±f::ico8^±4^0O8^±|^c^ 

(196) jT-^=nT+(-l)*(jT-o). 

(198) -4 cos 5 — ^—008 = 



900-^-B + C . i<+B+C-90» 

cos = Sm j: . 



LXXVl b. Pages 269—275. 

(10) -(a;+y+«)(y+«-«)(«+a?-y)(a:+y-«). 

(11) (i) A{6«r-2T+(.1)V}. (10 ^±^. 

(iii) « = «4^+cot-i|tan^.!!i^^£±^L 
^ ^ 2 ( 2 nsma-msm/S) 

(iv) Ij^i^. (v) 8in2d(8oofl2^-l)(2oos2tf+l) = 0. 

(▼1) sin 4^. 008-^. sin -J =0. (yii) sin 8^. sin 4^=0. 

(21) 223-17. 
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of terms seem particularly well worded.... The debt of |[ratitude which 
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IRON ^— " This is a good little book, well printed, with clearly 
drawn illustrations, accurate in work, the demonstrations ludd and 
brief, and with a very large number of exercises.. .The book is likely 
to be a favourite school-book." 
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and sensible arrangement and variety of problems to test one's know- 
ledge of that subject." 

GUARDIAN :— " In his 'Elementary Statics ' Mr Lock has made 
a valuable addition to his useful series of mathematical class books... a 
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